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Chapter 1

Preliminaries

Mathematical Preliminaries

A fundamental principle of QM is the superposition principle of dynamic states: The possible dy-
namical states of a given quantized system may be superposed linearly and therefore may be
represented by vectors of a certain linear space (to be defined). In this space, dynamic variable’s
are associated with linear operators.

1.1 Vector Spaces, Deal Spaces, and Scalar Products

1.1.1 Vector Spaces and ‘“kets”

Definition 1: A vector space, or linear space:

V={1),12),...,]a),[b),...}

has the following properties:
1. Is a group under addition
e closure (Ja) +|b) € V)
e exists identity: (|a) + |0)
e Jinverse: (|a) + |—a) = |0))
e associative: (|a) + (|b) + |c)) = (la) + b)) + |¢))

2. Commutative under addition

ja)  V]a))

3. We can also define a multiplication of elements of V with num-
bers “a, 3,7,...” so that Vla),|b) € V:
e ala)eV
a(Bla)) = (ap)|a)
(a+pB)la) = ala) + Bla)
a(la) + b)) = ala) + a|b)
o 1-[a) =la) Vl|a)
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Remark 1: |a),|b),... are vectors
a, (3, ... are scalars that define a field over which the vector space is defined
If o, 0,... € R, then we have a real vector space
If o, 3,... € C, then we have a complex vector space

Remark 2: |a) is a “ket” in Dirac notation
It is an abstraction of the more familiar column vector

Definition 2: The vectors |i) for ¢ = 1...n are linearly independent if:

dailiy=0 = a;=0 Vi
=1

Definition 3: Let n be the number of linearly independent vectors in V. Then n =
the dimension of the vector space, denoted V", and the linearly independent
vectors form a basis.

1.1.2 Dual Spaces and “Bras”

Definition 1: The adjoint of a vector |a) in the vector space defines a “bra” (a|, which
is a member of the dual space. The dual space is antilinear.

If |¢) =a=|a)+ G|b), then (c| = a" (a] + 5% (D]

Remark 1: “bras” are abstractions of row vectors

Remark 2: The adjoint operator takes the “ket” from the vector space to the corre-
sponding “bra” in dual-space and vice versa

)" = {a] and (af' = |a)

Remark 3: If there d any type of scalar multipliers, they are replaced by complex
conjugates. Adjoints of complicated expressions are written in reverse order.

Ex: [oa) (b 13 |c)]" = (c] 6" [b) (a| "
1.1.3 Scalar Products

Definition 1: For any vectors |a) ,|b) € V™, we denote (a|b) to be the inner product,
or scalar product. (a|b) € C, and has the properties:
o (a|b) = (bla)®
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e (ala) >0,=0<% |a) =|0)

e Linear in ket and antilinear in bra

Remark 1: The properties of the scalar product imply the Schwartz inequality:

[{alb)|* < (ala) (b0)

Postulate: The space of ket vectors (and the dual space of bra vectors) form a
Hilbert Space. It is complete and separable. Here, complete refers to the
existence of a basis in which any vector can be expressed as a superposition of

the basis vectors.
Definition 2: |a),|b) € V" are orthogonal iff (alb) =0
Definition 3: \/(ala) = |a| is the norm of the vector |a)

Definition 4: The set of basis vectors, [1),...,|n), that have (i|j) = ;;, Vi, j, is an
orthonormal basis.

Theorem (Gram-Schmidt): An orthonormal basis may be formed from a linear
combination of basis vectors.

Remark 2: We will write vectors as expansions of orthonormal basis so that

=> aili) and [b) = b;ls)
i=1 Jj=1

= (alb) = Zabz Zab

1
7.7 6”

Definition 5: A subspace is a subset of the vector space V that is also a vector space.

Definition 6: & and & are orthogonal subspaces if every vector in &; is orthogonal
to every vector in &s.

Definition 7: The vectors orthogonal to &; form a subspace £§ which is the complementary subspace
to 51 .
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Theorem: Any vector |a) € V may be written
|a) = lax) + [a)

where |a;) € & and |af) € &7 and &,&7 C V.

Definition 8: |a;) is the projection of |a) on the subspace of &;.

1.1.4 Tensor Products of 2 Vector Spaces

To represent a system described by products of wave functions in the bra-ket notation,
we use Tensor Products.

Example: Let |a1> represent the state of particle 1. Let |a2> represent the state of
particle 2. Then the 2 particle system is represented by the tensor product:

ja") @ [a%) = |a') [a*) = |a'a®)

Remark 1: An operator Ql(fﬁ) only operates on ‘a1> (|a2>), so that, if:
Q' fa') = [0
0% |a) 1)

Then
0! |ala?) = |ba?)

02 |a1a2> _ ‘a1b2>
Furthermore, every operator Q! commutes with Q2.

Ex: Q102 ‘a1a2> = 020! |a1a2>

1.2 Linear Operators

1.2.1 Products of Operators

Consider an operator 2 that transforms one vector |a) into another |a’):

Qla) = |a)

Definition 1: a linear operator obeys the following:
e Qala) = af)a)
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Qaa) + B(b)] = all]a) + BQD)
(a| ) = (a] Qa
[(al @+ (0] B] 2 = a (a]  + 5 (0] ©2

Remark 1: the products of 2 operators are just 2 operations carried out in sequence:

(QA) |a) = Q(A]a))

In general, the product does not commute. Define the commutator:

QA — AQ = [Q, A]

Definition 2: The inverse of a operator € is denoted Q~1, and Q10 =001 =71 =

identity operator.

Remark 2: The inverse of a product of operators is:

(QR)! = A-10-!

1.2.2 Matrix Representation of Operators

Consider a vector |a) and operator ) such that

The matrix form of Q has elements Q;; = (i| Q|j), so that for:

@)= aili)
=361

Then
b = (jlb) = (j| Q]a)

= <jIQZai |4)
= Zai (J‘ QM
:ZQU(M



14 CHAPTER 1. PRELIMINARIES

And, in matrix and vector representation:

b1 (R Q) - Aem] T
| _ea ] |
b Lo wim] L

Examples:
e The identity operator I

Lj = G| 1]5) = (il5) = 03

e The Projection operator P: Consider a set of basis vectors
I1),]2),...,|n). The projection of any vector onto the i*" basis
vector is obtained by:

Bjla) = [i) (ila) = (ila) |3)

So:

P; = i) (i| = projector

Remark 1: Because the basis vectors form a complete set (in Hilbert Space), we
have

@) =Y ali) =Y Gla) i)

i
=371 ila)
= (Z i

Py

Since this is true for all |a):

I= Z i) (i| |= a completeness relation
i

Remark 2: Projectors have the property that:

pP’=pr

PPy = [i) (ilj) (] = 8 [i) (] = 6, P,
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In fact, any Hermitian operator (defined below) that satisfies the above is a

projector.

Remark 3: The projector is the first example of an operator expressed as an outer product
of vectors: |i) (i|. The jk element of this operator in matrix form is:

(412) (ilk) = 0ij0i

In matrix representation it is:

This concept can be generalized to other operators.

1.2.3 Hermitian and Unitary Operators

Definition 1: Consider an operator Q.
e () = Qf = Hermitian

o O =—Of = Antihermitian

Remark 1: Any operator Q may be decomposed into it’s Hermitian and Antihermi-

tian parts: R R R
Q=0+ Q4
Where )
R L&A At
Oa= 5(9 —Qn)

Remark 2: A hermitian operator is positive-definite:

(a|Qa) >0 Vla)

Definition 2: An operator U is unitary if:
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Remark 3: If Uy and U, are unitary, then so is the product of U1Us.

Theorem: The inner product of vectors |a) , |b) is invariant under a unitary transfor-
mation.

Then:
(d' V') = (a| UTU |b) = (a|b)

1.2.4 Transformations (Unitary)
Consider a transformation 7.

Definition 1: An active transformation transforms all vectors in a subspace:

la) — |a’) = T |a)

Definition 2: A passive transformation transforms all operators on that space, leav-
ing the vectors unchanged.

Remark 1: In general, T does not conseve Hermitian conjugation. For this, we
require that if:

(@) = (@QTY = (T-HIQHTT must = (T
=TH=7"1 or TT'=T"'T=1]
= T is unitary

Remark 2: 1f we have unitary transformations, active and passive transformations
are equivalent:

(a| Q1 |b) — {d| O |ty = (al UTQU b)) where a") = U |a)

Remark 3: In addition of Hermitian conjugation, unitary transformations conserve:
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o Trace
e Determinant
e Algebraic equations between matrices and vectors
Remark 4: Any Hermitian matrix may be diagonalized by a unitary transformation.

UQUT =Qp  where Qp is diagonal.

The diagonal elements are called eigenvalues of Q. They are real, and they are
solutions of the secular or characteristic equation.

det(Q2 — M) =0 (See below)

Remark 5: A single unitary matrix may diagonalize 2 (or more) Hermitian matrices
QA if: [Q,A] =0.
Remark 6: If the vector space is real, then
U '=0"'-0U"'=0UT = orthogonal transformation

which is a rotation.

1.2.5 The Eigenvalue Problem

Definition 1: Consider a linear operator A and |u). Then a € C is an eigenvalue of
A if:
Alu) = a|u)

and |u) is an eigenvector or eigenket.

Remark 1: If |u) is an eigenket of A, then any multiple of |u) is also an eigenket be-
longing to the eigenvalue a.. These eigenkets form a subspace of the eigenvalue «.
If n equals the dimension of the subspace, then:
e n = 1 = single or non-degenerate eigenvalues

e n > 1 = degenerate eigenvalues, where n equals the order of
degeneracy

Remark 2: If (v| A = o/ (v], then (v] is an eigenbra of A. If A is Hermitian, then:
e The eigenvalues for bras and kets are the same

e The eigenvalues are real
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e The subspace of eigenbra’s is dual to the subspace of eigenkets
for the same eigenvalue.

Remark 3: Eigenkets make up the columns of the unitary matrix that diagonalizes
a Hermitian matrix.

Remark 4: In some cases, the unitary matrix is time dependent, and gives the
time evolution of a vector in some initial state.

() = U (1) 2(0))

In these cases, it is called the time-evolution operator, or propagator.

1.2.6 Functions of Operators, Generalizations to Infinite Dimensions,
and More

In some cases, we will encounter functions of operators. (In fact, the propagator can
be expressed as et/ with H the Hamiltonian, see Section 2)

In order to evaluate the action of these on vectors, we expand functions in a Taylor
Series.

Remark 1: Expressing f (Q) as a Taylor Series in fine so long as the series converges.

Remark 2: 1t is often helpful to transform into an eigenbasis. For example, if
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Then
A "
a0 LR | A2
e = _— = _
Z n! Z n!
n=0 n=0
An
n
)‘1
S
- n!
n=0
An
eM
ez
ern

Remark 3: A power series expansion is also useful for taking derivatives with respect
to a parameter. For instance, consider:

Then

Remark 4: Here Q) behaves as if it was a complex number. The important distinction
is that multiple operators in general do not commute.

Generalization to Infinite Vector Space
Most of the the formalism we’'ve encountered deals with finite vector spaces.
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Sometimes we will need to consider infinite vector spaces which contain vectors having
infinite norm. The eigenvalues in this case are part of a continuous spectrum, and
most of the formalism still holds. (For instance, Section 1.2.5, remark 2 remains
valid.) Other generalizations are:

(x|y) = 6(x — y) — Delta Dirac Function
where §(z —y) =0 xz#y
b
/5(az—y)dy:1 Va<x<b
a
Also,
. b
- / 1) (z] da
a
expresses completeness for a continuous spectrum.
Remark 5: One caveat concerning operators in a continuous vector space:
af =@

is not sufficient to be Hermitian.

Example: Consider the operator:

d
s it
P ! dx

acting in real space representation. The matrix elements in this representation:

d
b lyy = —ihd(x — y)—
(x[ply) = —ihd(z —y) a
where x,y are eigenvectors. Checking to see if p is Hermitian:

Is (6151w = (] ]6)"
b b
@116 = [ [ 6le) k1 p) wle) dwdy
b b
= [ [ tle) (-impsta - y% () dody
(lb a d
= [ (0la) (it 7 Galw) da
CLb d
= [ talo)’ (=i (el do

b

= (=it} al6)" (alo) 2~ [ (=) {al) 7 (al6)" da

a

b *
— (it (i) o) o~ [ (twle) (-in ) (el o
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which will equal what we want if:

(—ih) (2[6)" (z|¢) | = 0

So we require surface terms to vanish for continuous Hermitian operators.

Remark 6: Restricting surface terms to vanish is equivalent to considering the
Physical Hilbert Space.

Remark 7: If (a,b) = (—00,00), then the typical functions

(x]) = Y(x) —4—ap 0 or etk

End of Chapter Asides:

. |0 )
ethr =ik’ =0 if k =k

—00

If k # K, then:

k—o0 L—oo

ik ik’ Lra i(k—k'
lim "% = lim —/ b=k g0 —
0

Some other properties:

p = hk
oy =alz) or K|k)=klk)
- . d . e
=k=—i— in position
dx
= k=i— in momentum
dx

i/ @) dk = §(z — y)

2m J_
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Chapter 2

Classical Mechanics Review

2.1 Lagrange’s and Hamilton’s Formulations of Classical Theory

2.1.1 Lagrangian

Consider a system with N degrees of freedom. In classical theory, the dynamical state
of the system is completely specified by the generalized coordinates ¢1,¢s,...,qn and
generalized velocities ¢1, g, ..., qN-

Remark 1: The description gives the evolution of the system in configuration space.

Definition 1: The Lagrangian of the system:

L=L(q1,92,---,9N,G1,G2,- -, qN)

is a characteristic function from which the equations of motion can be derived:

d (0L oL .
E(E?_(j,-)_a_qi_o fori=1,...,N

These are called Lagrange’s Equations of Motion.

Remark 2:
B oL

Pz‘—a—qi

These are called Lagrange conjugate momentum.

Remark 3: If all forces in the system are derivable from a static potential (the
situation we usually encounter), then the Lagrangian takes the form:

L= T — 'V
=~ =~

Kinetic  Potential

23
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Remark 4: The Lagrange Equations of Motion may be derived by minimizing the
action of the system:
to

Action = S5 = Ldt

t1

to
05 =96 / L dt — Principle of Least Action
t

1

2.1.2 Hamiltonian

An alternative but equivalent formulation of mechanics is in terms of the Hamiltonian.
Here, the dynamical state of the system is represented by a point in 2n dimensional
phase space, whose coordinates are the N position coordinates, ¢1,q2, ..., qn, and the
N corresponding conjugate momenta p1,pa,...,PN-

Definition 1: The Hamiltonian is defined as the function H:

N oc
HEH(Qb%a---»QNapl,p%---,pN): E qla_q—ﬁ

- i

1=

The equations of motion are:

oH
i=—,1=1...N
1 Op; !

oOH
i =——,1=1...N
p dq; !

Remark 1: If L =T —V, then H = T + V = the total energy. In more general
situations, we still consider the Hamiltonian to be the total energy of the
system.

Remark 2:
dH 0OH

g= M _ot

dt ot
This can be seen by using the chain rule and the Hamiltonian Equations of
Motion. This implies that if the Hamiltonian is not an explicit function of

time, then energy is conserved and we say that the system is conservative.

Remark 3: The Hamiltonian formulation is particularly important for QM since the
generalized coordinates and the conjugate momenta become operators in the
Hilbert Space.
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2.1.3 Cyeclic Coordinates, Poisson Brackets, and Canonical Transforma-
tions

Definition 1: A coordinate ¢; is cyclic if:

OH

— =0
0q;

Di =

which is a statement of conservation of conjugate momentum.

Definition 2: The Poisson Bracket between two variable w(p, ¢),A(p, q) is given by

. Ow O\ Ow O\
{w,)\} B zl: (3_% Op; a Op; a]h‘)

Remark 1: Consider w(p,q). Then

N
dw ow ., Ow,
@ (a—m“ B a—qﬂ’)

_i dwOH  Ow OH
- = \9p; i 0q; Dg;

={w,H}

So, if a variable’s Poisson Bracket with the Hamiltonian vanishes, then that
variable is conserved.

Remark 2: Note the similarity between the Poisson bracket and the commutator.
Remark 3:
{¢i;4;} = {pi;p;} =0

{gi,pj} = i

Definition 3: A transformation of coordinates and momenta

q—4'(g,p)
p— 9 (qp)
that preserves Hamilton’s equations of motion is canonical.
OH OH
-/ -/
== and = ——
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Remark 4: Poisson brackets are invariant under canonical transformations.

2.1.4 Symmetries

Theorem (Nother’s Theorem): Symmetry properties in the Hamiltonian imply
the existence of conserved quantities (conservation laws).
Proof: See Goldstein (p587, Section 13.7)

Remark 1: In classical mechanics, this is equivalent to finding a variable whose
Poisson bracket with the Hamiltonian vanishes. In QM, we’ll see that an
operator whose commutator with the Hamiltonian vanishes, then this implies
that there exists a conserved quantity.

Examples:
e Translational Invariance = Conservation of Linear Momentum

e Rotational Invariance = Conservation of Angular Momentum

e Time Translational Invariance = Conservation of Energy
Some examples closely related to QM:
e Reflection Invariance = Conservation of Parity

e Invariance under Permutation = Conservation of Symmetry
(symmetric, anti-symmetric)

Remark 2: Symmetries imply degeneracy in the eigenspectrum. Breaking the sym-
metry often lifts the degeneracy of the system. (Eg: Zeeman Effect)



Chapter 3

Postulates of QM

3.1 Postulates

I.
II.

III.

IV.

The state of a particle is represented by a vector [¢(t)) in Hilbert Space.

Every observable in classical mechanics corresponds to a linear Hermitian
operator in QM. In particular:

v X
p—P

A A A H__ D2 m

wia,p) — X, P {0

The particular action of the operators depends on the choice of basis.

Any measurement of the observable associated with the operator { will
result only in values, w, which satisfy

Q) = wlv)

For a system described by the normalized wave function [¢), the average
value of the observable corresponding to € is

() = (@)

This is called the expectation of Q). Note: if |1) is not normalized, one need
only divide the above equation by (1]t)).

The time evolution of the state vector is governed by the Schrodinger Equa-
tion:

L d -
ih— [(t)) = H [(1))
where H is the Hamiltonian.

27
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Remark 1: In measurements, |1)) may not initially be an eigenstate of Q (Postulate
III). But one can expand |¢) in an eigenbasis:

9y =3 i) wilh)

The coefficients in the expansion (w;|¢)) give the probability of finding the
system in eigenstate |w;) according to:

P(w) = [{wlv) |”

Remark 2: Once an eigenvalue is measured, the system has probability of 1 of being
in the corresponding eigenstate. The measurement (even if “idea”) has changed
the state of the system; this is known as the collapse of the wave function.

W 1 W 2 \/* “3

1/4 of being in state wy

The system has probability < 1/4 of being in state wo
1/2 of being in state ws

Say that a measurement gives the eigenvalues of ws, then the state after the
measurement is

¢) = |ws)

Remark 3: Because coefficients correspond to probabilities, expansions of normalized
wave functions must have

>l =1

Remark 4: We must be careful with the consequences of Postulate II! Operators,
unlike observables, must obey commutation relations. In general, we will take
the symmetrized form (though this is not a universal prescription).

XP+ PX

%2,_/

This also makes a Hermitian operator!

Eg:  ap—

Remark 5: For degenerate eigenvalues, probabilities represent projection onto the
corresponding “eigenspace”. Probability is for measuring a certain eigenvalue.
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Remark 6: For continuous eigenspectra, we require that

/ P(w)dw = / | () 2 de
- / (1) (wl) dw
— () =1

And P(w) is called the probability density. P(w)dw is the probability that
the measurement will give a value in the range w to w + dw.

Remark 7: Not all QM observables have classical counterparts. (Eg. Spin)

Remark 8: The probabilistic nature of QM is a fundamental aspect of the theory.
It is not the same as the classical probabilistic description of a many-particle
system where the probabilistic approach is for practical purposes and where,
in principle, know the exact ¢(0),p(0) and the nature of the interaction would
give exact time evolution solutions.

3.2 Compatability, Incompatibility and Uncertainty

3.2.1 Compatible Variables

Definition 1: Two variables are compatible if their corresponding operators com-
mute:

QA =0

Remark 1: If two (Hermitian) operators commute, one can find a unitary transfor-
mation which simultaneously diagonalizes them. Also, they will have a simul-
taneous eigenbasis. (See, for example, HW 2, Problem 2c¢, Shankar 1.8.10)

Definition 2: T'wo variables are incompatible if their corresponding operators do not
commute.

[2,A] #£0
Remark 2: Incompatible variables do have have any simultaneous eigenkets.

Remark 3: Two variables do not have to be either compatible or incompatible; they
may have some simultaneous eigenkets, but still do not commute. Thus they
fall into neither classification.
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Definition 3: For any number of variables that mutually commute, one can find a si-
multaneous eigenbasis which simultaneously diagonalizes each observable. The
set of these commuting variables is called a complete set of commuting observables
or a complete set of compatible variables if the eigenbasis is unique (up to an
overall phase); ie: is degenerate.

Remark 4: Consider an observable () and state vector [¢)). One can expand |¢) in
an eigenbasis of Q). The basis of (2 is unique (up to an overall phase) if none of
it’s eigenvalues are degenerate. If there is a degenerate eigenvalue, and if there
is an observable A that is compatible with €2, then the simultaneous eigenbasis
will be unique (up to an overall phase). If there are no longer any degenerate
eigenvalues, then (2 and A form a complete set of commuting observables.

Remark 5: Compatible variables may be measured simultaneously and precisely. A
simultaneous measurement of all compatible variables will completely define
the state vector of the physical system (and furthermore, that state will be
unique). Also, the dynamical state of the system is completely specified by
the quantum numbers associated with the eigenbasis.

Remark 6: A simultaneous measurement of a complete set of compatible variables
is akin to preparing the system at the time tg, after which the system evolves
according to the Schrodinger Equation (See 3.1, Postulate V)

Definition 4: A pure state is one that has been prepared by measuring all values of
compatible variables so that the state vector is know exactly.

Remark 7: In practice, a complete preparation is rare, and the dynamical state is not
specified exactly. In this case, the system is in a mixed state, and is described
by a statistical measure of states.

Remark 8: Mixed states include the statistical description in a classical sense, as
well as the inherent probabilistic nature of QM. We will visit this shortly in
Section 3.3 below).

3.2.2 Incompatible Variables and Uncertainty Relationships
Recall Section 3.1, Postulate IV ((Q) = (1| Q |1))).

Definition 1: The uncertainty in Q is given by:

a0 = (@~ ()" = Jwi@ - (a)r
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In a statistical description, this is also called the standard deviation or root-
mean-square, and is a measure of the uncertainty due to fluctuations.

Note:

Remark 1: If the state [¢)) is an eigenstate of ), then there is no uncertainty.
(AQ =0)

Uncertainty Derivation: Consider two incompatible Hermitian operators Q) and A
that have

[Q,A] =T

where I is also Hermitian. Let [Q, A], = QA+AQ denote the anticommutator,
and let [¢)) be a normalized state so that:

(@) = Wl Q)

<

>

) = (Wl ALy)

Then
(AQAAAY = (] (2= (2))* 1) (W] (A = (A)) )

If we let 6 = Q) — <Q> and 6A = A — <A>, then we have:

(AQ)*(AA)? = (4] (5Q)* ) (%] (6A)? [¢)
= (] (52)(592) [) (] (5A)(3A) [)
= (| ()T (8Q) |9) (| (FA)T(SA) |4) since Hermitian.
> ‘<¢| SQTA 1)) ‘2 by Schwartz Inequality
|

‘ 2

(W] 6Q5A |3p)
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But now, we also have that

o Q6N+ A QA — SASO
(60)(5A) = ‘; + -

[59 SA4 + = [59 SA]

And so we get that:

(AQ)2(AR)? ( 0130 )|
2
59 ,6A] 4 [v) + <w\fw>

3 (01159, 6A]. 199 + 7 (] T

This is the most general uncertainty relation between any two Hermitian op-

erators.

Remark 2: If Q and A are canonically conjugate, then

I'=nl
And thus
1 h?
(AQ)*(AA)? > 7 (V1108 0A), ¥)? + vy
h2
>
— 4
= AQAA > g «— THE uncertainty relation

Remark 3: The equality holds for
o 5Q[)) = (constant) - oA [1))

o (] (59,6414 ) = 0

Remark 4: The most popular statements are
o AZAp > g «— holds for each component

° AEAtZ%L
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3.3 Pure States and Mixtures: Density Matrices

Recall from Section 3.2.1 that:
e A pure state is one where we know the dynamical state of the system exactly

e A mixed state is one where the exact state of the system is unknown.
Suppose that we want to measure the quantity 2 in a mixed system. Then there is a probability

P, of obtaining the average <Q> = (m|Q|m), and
<Q> =" P (m| Q|m)
where € indicates an average in the classical sense.

Remark 1: In the above equation, the |m)’s are normalized but not necessarily orthogonal, and

P, >0 and Zszl
m

Remark 2: There are two kinds of averaging in the equation above:
e Quantum average (m/|€)|m) for each system in |m)

e Classical average over systems with different |m)

3.3.1 Density Matrix

Definition 1: A density matrix (or operator) is a convenient way to describe a mixed

state:
p=> Pulm)(m]

This is called the density operator.

Remark 1: The average value of Q) in a mixed state is given by

~

<§2> — Tr (50)
To see this:

T (5) = 3 (n] 2n)

n

= P (nm) (m|Q|n)

n,m
67L m

= Pp (m[Q]m)

(@)

2
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Remark 2: It is sufficient to know p in order to calculate all measurable physical
quantities, and thus every quantized, statistical mixture is exactly and com-

pletely defined by it’s density operator.

Remark 3: p = |¢) (¢| is a special case: it is the density matrix formulation of a
pure state (all P, = 0 except 1). In this case:

(2) = wIQw)
= Tr (] ©2[15)
=Tr () (] ©)
= Tr ()

which is the usual quantum average.

Properties of the Density Matrix:
1. p is positive definite: (1| p|¢p) >0 V¢ € H.

(vl ZP (wlm) (mly) = ZP [ wlm) * > 0
2. p is Hermitian
5t = (ZPm\m <mr> =3 Balm) (m] =

3. p has unit trace

r(p) = (ZPm\m m[) ZP Tr (Jm) (m]) = %: =1

1

4. Tr (p?) <1

Tr (5°) =YY PnPolm) m|n (m| = ZP2<1

m n
6 nm

3.3.2 Density Matrix of a Pure State
If the density operator represents a pure state, ie. p = |m) (m|, then we also have
o =) — (projector)
o Tr (p?) =1 — (see properties above)
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Suppose the density operator is expressed in its matrix form in a particular represen-

tation:
P11 P12 " Pln
P21 :
pnl “ e o« . pnn

with ppm = (n] p|m).

Question: Given the explicit matrix form, how do we determine whether it represents
a pure state or a mixed state?

Answer: Since the pure state can be written p = [¢) (|, and

aq
) =
Qp
Then we have that:
oy |? aal - aal
aq N
. (%07
[v) (] = (o], a,] = !
oy, :
anaT .« o . “ .. |a7/L|2

Now, if p satisfies a pure state, then its elements must satisfy:
_ * 2 _
PijPji = PijPij = pij|° = piipjj

If this holds for all 4, j, then the density matrix is a pure state; otherwise it is a mixed
state. This can be seen by doing the matrix multiplication.

3.3.3 Density Matrix of Mixed States
Given that p =3, Pj[¢;) (;] < it is not required that the 1;’s be orthogonal.

Example: Consider a two state system where |1) and |2) form the orthogonal basis
for the 2D Hilbert space. One possible density operator is:

.1 11 1
p= g1l 3 { St 1)l + 2}

1
= 50% mixture of state |1) and 5(!1> + |2)) which are not orthogonal.
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Remark 1: The density operator in the above is a non-unique representation of
non-orthogonal mixtures.

Remark 2: 1t is always possible to write p as a mixture of orthogonal states. For ex-
ample, consider the general density operator p = >, P;j [1;) (¢;|. Let R be the

matrix representation of p in the orthonormal basis defined by [1) ,[2),...,|N).
Then:
P11 P12 -0 PIN
p21 - f R
R= 1" , = = (mpln) =D Py mliy) (1;]n)
: . : r
le DY DY pNN

Then we write:

(1]
) (2]
p=11),12),....,INIR | .
(N

(1]

p=[1),12),...., MU TRUT .U <:2‘

[[p1):lp2)s|dn) P1 <N|

. N————

PN <¢‘1’

<¢'N!

p=> Pilo;)!
J

Remark 3: 1f[1),(2) ,...,|N) form a orthonormal basis, then so does [¢1) , [¢2) , ..., |pn)
because U is unitary.
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Recall Example:

.1 11 1
p= g1l 3 { St + 1)l + 2}

3 1 1 1
=—|D{A|+ =) 2]+ -2) 1|+ -12) (2
S G+ 5 1) @ 7 [2) (1] + 712 2
B 3/4 1/4] [(
=025 17a) [
<1I]
=[|1),|2)]R
). 2R |
Now we would just diagonalize R to create a diagonalized p in some basis.

Remark 4: In some cases, the non-uniqueness of p goes even further.

p=11),2)] [162 1(/)2] [g”

:qumﬁﬁﬂVQ 0]0m[m}

0 1/2 2|
i1 VU
B T2 07l
‘@iﬁﬂﬂ[o 1m]U[@J

~ o dwl [ 0] |21

In this case, p can be expressed in an infinite number of forms depending on
the unitary transformation U used.

3.3.4 Time Evolution of the Density Matrix

Regression: QM can be expressed in equivalent “pictures” depending on whether
the transformations which govern time evolution are passive or active. (Recall
§1.2.4)
e The Schrodinger picture (active) has state vectors evolve with
time while operators remain constant.

e The Heisenberg picture (passive) has states remain constant
while operators evolve.
In addition, there is
e Interaction Picture: Here, the non-interacting part of the Hamil-
tonian is in the Schrodinger picture while the interacting piece
has time-dependent operators.
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Time Evolution of j: Recall §3.1 - Postulate V — ik |¢)(t)) = H |)(t)). What then
is the time evolution of p?

=37 o (G 1) + (5100 ) wil
2.5
J

— o B [l 5]~ ) (| ]
J

) t
il (1) + 5 1) w]

1.4

= —[H. 5

Remark 1: This is the quantum version of the Liouville Equation from classical
statistical mechanics. (see §2.1.3, remark 1 with p = the density of phase
space.)

Remark 2: We'll see later that the Heisenberg equation of motion for an operator,
Ap, is given by:
X 1 . ~
Ag = —[Ag, H
i = gy A H]
Witness that the equation of motion for p has the commutator in reverse order.

Remark 3: The density matrix is a special operator since it changes in time in the
Schrodinger picture.

3.4 Schrodinger Equation

Recall §3.1, Postulate V, which said that the Schrodinger equation is:
L d -
ih— [0 (t)) = H [4(t))

where H is the Hamiltonian of the system.

Remark 1: In general, one may use Postulate II to construct the Hamiltonian H from the classical
Hamiltonian. Modifications to this are required if there is no classical analog (eg spin).

Remark 2: Though we can only postulate about the form of the time evolution of a vector in
Hilbert space, we do know that it must be linear and homogeneous (so that we can have
linear superposition). We also know that it must be a DE of the 1st order with respect to
time (so that the evolution is uniquely determined by the state at some initial time).
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Remark 3: Predictions of Quantum Theory must coincide with classical mechanics in the regime
where classical mechanics is valid (so there is some formal analogy with classical mechanics).
This is called the correspondence principle.

3.4.1 Solving the Schrodinger Equation

For now, we will consider H = H (z,p), where the Hamiltonian is a function of po-
sition and momentum, but not explicitly time. In general, the time dependence (if
present) is treated perturbatively, so we will discuss Hamiltonians with explicit time
dependence later.

Solving the equation formally gives a solution of the form:
[) = e~ /" |4(0))

Remark 1: One can write this as:
[$(t)) = U(#) [(0))

where U(t) — ¢t/ ig called the propagator or time evolution operator.

Remark 2: Since H is Hermitian, U is unitary.

Remark 3: Time evolution may be thought of as a rotation of a state in Hilbert
space.

To evaluate (%), it is useful to expand |1(0)) in an energy eigenbasis. This will diago-
nalize the Hamiltonian and allows one to write:
, g iy [P
—iHt/h E) = I .. E
g =+ () e
n E?’L
e—iElt/ﬁ

e—ibnt/h

To determine the energy eigenbasis:
1. First solve the time-independent Schrodinger equation:

H|E) = E|E)
2. The expand the wavefunction in terms of the energy eigenbasis:

(1)) = ) _IE) (Elp(t) = ) ap(t)|E)
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3. Now substitute this into i%|¢)) = H 1)) to obtain:

L d
zhaa};(t) = Fag

= ap(t) = ap(0)e " FU" = (E|y(0)) e /R
= [0 (6) = D 1B) (Blw(0)) e /" = T (#) [(0))
E

This, by comparison, gives a propagator of the form:

() = S |E) (B /"
E

Remark 4: If the eigenspectrum is degenerate, an additional index is required to
specify the state:

Ut)=>_ |E.a) (B ale #h
a E
If the eigenspace is continuous, then Y, — [ dE

Remark 5: |E(t)) = |E)e'PY" are the normal modes called stationary states since
the probability distribution for any variable is time independent in these states.
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Simple Problems in 1 Dimension

In general, we will need to chose a basis to solve Schrodinger’s equation. Though one can choose
any basis, some choices are better than others depending on the form of the Hamiltonian. The
following are some examples of 1 dimensional problems.

Remark 1: The x basis (position basis) is the basis for the alternative form for QM based on the
wave equation. In this basis, £ — z, P — —ih%, and H — ih%.

4.1 Free Particle

4.1.1 Solving the Schrodinger Equation

In the free particle case, we have

Solving the time dependent Schrodinger equation:

. d p?

ih— (1)) = D ) (*)
which gives us general solutions of

[$(t)) = |E) e "

Substituting this back into (x) gets us the time independent Schrodinger equation

P2
—|E) = E|E)
m

41



42 CHAPTER 4. SIMPLE PROBLEMS IN 1 DIMENSION

Remark 1: Here, we may choose the momentum basis since |P) is also an eigenstate
of P2

P2
—|P)=FE|P)
m

2
P
— —F)|P) =
<2m )r> 0
= p=+V2mE

Thus the two orthogonal eigenstates are:

|E4) = ‘p = \/m>

|E_) = ‘p = — 2mE>

Remark 2: The energy eigenstate is degenerate since a particle can be moving to
the right or the left with the same energy. Using the compatible operator P,
we can determine the possible outcomes so that a measurement of p, and thus
E, will give us a complete description of the dynamical state of the system.

Remark 3: The most general state is given by

) = alEy) + BlE-)

which is a superposition of the particle moving to the left and right.

Remark 4: Note that measuring the momentum gives us no information about the
position of the particle since Ap = 0 = Az = co by Heisenberg’s uncertainty
principle.

4.1.2 Propagator for a Free Particle in the Position Basis

The matrix elements for the propagator in the x-basis are

Uz, t; = (z|U@) |y) = ood x| e~P*t/2mh | py (p
(0.t y )= (2|0 |y) /_mpu P} (Ply)
(xo0)
Now consider:
(aly) = 8la =) = = [~ dree
21 Joo

[e.9]
= / dp (x|P) (Ply)  inserting a complete set
—00

= h/oo dk (x|k = p/h) (k = p/h|y)

— 00
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where the last step follows since we know p = hk. Now, by comparison, we can see
that

_ L ik-y)
(alk) (kly) = 5re

or
1

V2mh

Now, using this to evaluate U(z,t;y), we get

(x[k = p/h) = /M = (z|P)

1 R ,
U(f]}', t, y) e % ezp(x_y)/ﬁe—zpzt/%nh dp
1 oo _Zt m(f]}' _ y) 2 ' )
e _ A2 B 2
orh J_oo P <2mh <p I > exp (im(z — y)° /2ht)

from completing the square

_ L 2mAT i (aey)? j2me
27h it

— m eim(x—y)2/2ht
\ 2imht

Remark 1: For a free particle whose state is known at some time tg, the state at
some t > tg is given by

wawz/vmm%mwmmwy

where

U(z,t;y,t0) = (x| U(t — to) |y)

Note that this depends only on t —ty. This is because there is no explicit time
dependence in the Hamiltonian.

Remark 2: If we consider a free particle whose position is known at time #g:

Y(to) = 0(z — o)

Then

m \1/2 . 2
_ im(z—xz0)? /20t
V(@:?) (271'712'15) ¢

Physically, this corresponds to the delta function broadening as a function of
time.
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-L/2 L/2

Figure 4.1: Diagram of the “Box” Potential

4.2 Particle in a Box

Consider a particle under the influence of a potential V' (z) where:

_Jo0 lx|<L/2
V(gj) - {oo otherwise
We will choose the position basis for the time-independent Schrodinger equation:

.opr . .
H=3—+V  H[)=E)

(| H |[¢) = E (z|¢)) = By (x)

1 d\? - K2 2 .
(ol 5 (ifge ) + 7 19) = o e3(e) + V(2)

2m

Combining the last two, we have

d? 2m
TRVt (E-V)Y=0

Now in Regions I and III, ¢y = o777 = 0 (we'll see why in §4.4)

In Region II:
d? 2mE

V=0=pt="""

= 1 = Aexp [i\/2mE/h2w} + Bexp [—z\/mw}

. . [2mFE
= Ae'hr 4 etk where k = 7;;2

Remark 1: We require that the wavefunction must be continuous

Yr(=L/2) = ¢r(=L/2) and  ¢rr(L/2) = $rrr(L/2)
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So then, applying the boundary conditions, we have that

0= Ac—tL/2 | BeikL/?
0 — AHL/2 4 Be—ikL/2 (%)

e—ikL/2  gikL/2 A
eikL/2  o—ikL/2 B = 10)

The non-trivial solutions to this problem are found by finding the zeroes of the determinant.

Which implies

= ekl _ kL — 0 = _2jsin(kL) ik:% n=0,£1,%+2,---

Now we substitute k back into () to get the allowed values of A and B:
Ae—inw/2 + Beinw/2 -0

_ mm o __ 1 if n is even

if n is od

Thus we have that
A(eik”—l—e*““) n odd

¢(IE) = {A(eikx_eikx) n even
Remark 2: Choose A so that [¢*i¢ dz =1 (normalize):

¢(3§) _ \/%COS(LEI) n is odd
\/%sin( ”zz ) n is even

Remark 3: If n = 0, then ¥ = 0 everywhere, which is not very exciting. Also, 4+ values of n are
physically equivalent, so we only deal with positive n to make life simpler.

Remark 4: Comparing our expressions for k:

2mE_n7r
V2 T L

We find that the energy in the box in quantized

n2m2h2
E":TmL? n=123---

Remark 5: As L goes to infinity, the energy spectrum becomes continuous.

Remark 6: The ground state, n = 1, has E = 72h?/2mL? > 0 which in a necessary consequence
of the uncertainty principle.
Ax=L/2= Ap > h/2
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since

h
> (2m (Eq))'? = =
Lrnh h

4.3 Step Potentials: Reflection and Transmission

Consider the potential:

Vs

1%

=0

Here, the time-independent Schrodinger equation is

R d?
—%@Tﬁ:(E—Vl)l/f , <0

2 (4.1)
—%@¢:(E—V2)¢ , >0

Remark 1: We must consider two different energy regions: V3 < F < Vo and E > V,

Vi <E<Vy
We expect the wavefunctions to have the following form:

e:i:ix/Qm(}:Tf\/l)7 <0

b(x) = {eim7 >0 (4.2)

Remark 2: The actual solution is constructed as linear combinations of the forms in
(4.2)
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Remark 3: The solution oscillates in the region where E < V5, and decays (or grows)
exponentially when E > V5.

Remark 4: To satisfy the boundary conditions, we impose the following conditions:
1. ¢(x) must remain finite as x — oo to be physically realizable

2. 1(x) and ¢/ (x) must be continuous at the discontinuity at 2 = 0.
This gives a continuous probability in space (no source or sink
of particles).

Taking these considerations into account, the general solution will have the following

form: N N
A+ A e <0
vy =3 (4.3)
Bie™ +DB_e™™, x>0
where
hk =+/2m(E — V) ; Ik = +/2m(Va — E) (4.4)

Now, from Remark 4, we know that:
e B, =0 (from condition 1)

e A, — A_ = B_ (from condition 2, continuity of 1))
o ik(A, — A_) = —kB_ (from condition 2, continuity of )
Combining these and solving:

ik(Ay — A_) = —r(Ay + A_)
(ik + k) Ay = (ik — K)A_

(K% 4+ ke ™ = (k% + ke A_ (4.5)
where
tan(¢) = _k
K
= A =—e%0A,

Remark 5: A, and A_ are not necessarily complex conjugates of one another, but
we can introduce an overall phase. We multiply (4.5) by i so that

Ay = e d  A_=-—e%
DT an 2°
where A is some real constant.

Then, we have

e) = {Asin(kz‘—i—qﬁ), <0

Asin(¢p)e ™™, x>0
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Remark 6: In the region x < 0, we have a wave traveling toward the step potential
and a reflected component of equal magnitude traveling away. We see this by
the time-dependent Schrodinger equation:

(z,t) = et Bt/h A sin(kx + ¢)

_ A imneka-g) A iBt/nika—g)
21 21

Wave going right Wave going left phase shifted by m

Remark 7: Note that the wavefunction doesn’t vanish for x > 0; there is some
barrier penetration that decays more rapidly for larger step sizes. If Vo — oo,
there is no barrier penetration. This is the justification for setting ¢ (z) = 0
outside of the infinite square well in the previous section.

Remark 8: In wave phenomena, this penetration is a familiar part of reflection and
transmission. In E&M, the penetrating part of light at an interface is called
an evanescent wave.

E >V,
In this case, the solution of the Schrodinger equation is:

Apet®  A_emhRe 2 <0
T’Z)(:E) = ik'z —ik'x (47)
Bye™ "+ B_e , >0
with
hEk' = \/2m(E — Vs) (4.8)
Imposing boundary conditions, we have
AL +A_=B,+B_ (4.9)

Remark 9: Note that we only have 2 equations to specify 4 unknowns. This is
because there are 2 linearly independent solutions for each energy (energy is
2-fold degenerate, or doubly degenerate, or has a degeneracy of order 2.

The 2 possible scenarios corresponding to this degeneracy are:
So we see that the wave is “launched” from either the right or the left and is partially
reflected (or transmitted) at the step boundary.
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EE——— «——
ky kit
«—  —> <« -
" Vs | 7
Vi — Vi
z=0 =0
Case A Case B

Consider now scenario A above, where the wave is launched from the left. In this case,
we have B_ = 0, which, from Eq (4.9) above implies that

B+ == A+ + A_
Using Eq (4.10) above, we also have that
ik(AL + A ) =ik/ (AL + AD)

Ay(k—K)y=A_(k+ k) (4.11)
Thus we get that the solution for a wave originating from the left is
. kE—k .

A(ezkx + me—zkx)’ <0
v = . (112)

P et x>0
where A4 = A for convenience. Now, including the time dependence for x < 0:

. E—k .
_ —i(Et/h—kx —i(Et/h+kx

Yz, t) = Ae Y >+Ame (Bt/htke) (4.13)
Remark 10: As E — oo, the amplitude Aéi_klfl) of the reflected wave — 0 while the
amplitude éf,lj,) of the transmitted wave goes to the amplitude of the incident

wave (eg, the step became negligible). As the energy E — V3, then &/ — 0
and the amplitude of the reflected wave goes to the amplitude of the incident
wave and the transmitted wave amplitude — 0 since it is preparing to become
exponentially damped barrier penetration.

4.4 Finite Square Well: Discrete Energies and Resonances

Consider the potential

So we have
Vi, z|<L/2
V(z) = {V;, imi>L;2

From our previous two examples, we expect the following:
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Vs

W

SIS
ol ——
\4

e Discrete energies for V; < < V5
e Barrier penetration for V; < E < V5 where |z| > L/2

e For I > V5, transmission and reflection at discontinuities in potential. We also expect

2-fold degeneracy since we can have waves coming from the left or the right.

e Resonances as a function of energy in the transmission and reflection of waves.

To actually solve the problem, we will again consider each energy range separately:

Vi<E<Vg:
The time independent Schrodinger equation is:

__7i2d_2¢ _ { (E=V1), |z|<L/2
om dz2” ~ \—(Va=E), |z[>L/2

Then the solutions are
(@) Ape™ 1 A_em kT x| < L)2
€T ey
Bie™ + B_e ", x| > L/2
where

hk =~/2m(E — V1) and hk = /2m(Va — E)
Applying boundary conditions, we have
o Y(x — +o0) < 00
=B =0 forz>1L/2
B_=0 forxz<—-L/2
Arek® 4 A emke |z < L/2
= (r) =< Bie™, x < —L/2
B_e ", x> L/2
e Continuity of ¢ at = £L/2
— Aye kL2 LA Rl B oL/

A+eikL/2 _|_A_e—ikL/2 _ B_e—/@L/Z
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e Continuity of ¥’ at x = +L/2
= 1k <A+€_ikL/2 - A_eikL/2> = /QB+e_“L/2 (7)
ik <A+eikL/2 _ A_e—ikL/2> — B oKL/ (8)

Now we solve the system:
1. take k- (5) £ (7)

(k + ik)Ape /2 4 (k — ik)A_e™™/? = 2k B, e " L/2 ()
(5 — ik)Aye 2 4 (4 ik) A2 = 0 (10)

2. Similarly, take k- (6) £ (8)

(k +ik) Ay P2 4 (5 — ki)A_e *E/2 = (11)
(k —ik) AL ™2 4 (k4 ki)A_e *E/2 = 9k B_e"L/2 (12)

3. From (10) and (11), we have

A=A = A, =44 (13)

Remark 1: The “plus” in (13) corresponds to an even parity solution (cosines in
box)’ the negative sign corresponds to an odd parity solution (sines in box).

Even Parity Solutions: Let
A
A+ - A_ - 5 (14)
Then from (10) or (11):
kL
V k2 + k2 cos <7 + gb) =0 (15)
where ¢ = arctan(k/k).
L
= kL + arctan <E> =" Where n = odd (16)
2 K 2
Also, from (9) and (12), we get:

VK2 4+ k2Acos(kL/2 — ¢) = 2B e "L/?

(17)
VK2 + k2Acos(kL/2 — ¢) = 2kB_e "L/?
AVK? 2 L
=B, =DB_= /{27;_]{: cos <% - qﬁ) erL/? (18)
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So the wave function for the even parity solutions is

Acos(kx), |z| < L/2
AVK2 + k2 kL
AVEKZ + k2 kL
27: cos <7 — QS) el2emre g s L/2
(
Odd Parity Solutions: Let
A

Then, following the same procedure as in the even case, we get the energy

constraints:
kL k
5 + arctan <E> S (21)

And the coefficients By and B_ are:

VK2 + k2 kL
By =-B_= —AL sin [ — — ¢ | /2 (22)
2K 2
This gives us odd parity solutions of:
( Asin(kz), |z| < L/2
A \4 '%2 + k2 . kL kL/2 KT
W(z) = —,——sin <7+¢>e (—e™), < —LJ2 (23)

AVE? + k2 kL
%sin <7—|—¢> L2 (e > L2
(

Remark 2: The general form of the solutions looks like:

Remark 3: The allowed energies are obtained from Eq (16) and (21) for the even

and odd parities (respectively). Consider the even parity energy values. It is
helpful to eliminate the x so that all energy dependence is in k. As a reminder,

Eq (16) was:
n—ﬂ—g—l— rctan ﬁ
5 = 5 Tarctan | —

Looking at just the trig. component, we have the triangle:
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E
A AE

TN
— R

>

(a) Even case: Note that the expo- (b) Odd case: Note that the ex-
nential decay parts have the same ponential decay parts have opposite
sign signs

: ﬁ

arctan (%)

Which means that we have:

k k
arctan [ — | = arcsin | ———
(%) == (o)

. hk
= arcsin <2m(E—V1)—|—2m(V2—E)> by Eq (3)

. hk
= arcsin <m> (24)

Thus, Eq (16) becomes:

nm KL arcsin L (25)
2 2 2m (Vo — V1)

To find the actual energy levels is very difficult, as the above is a transcendental
equation and thus must be solved either graphically or numerically. We can
look at it graphically by plotting the left and right hand sides of the equation
and looking for their intersections.

So solutions for n > 1 require:

nm

1
> ﬁ\/zm(VQ -V -1)

po|

<

oS

where

1 L
ﬁ\/Qm(Vz —V-13
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lhs
rhs

| » F
k= 4v2m(V2 — V1)

is the largest k allowed by the rhs of Eq (25).

L+\/2 — Wi
N m(;@ 1)

>(n—1)m

And thus there are a finite number of intersection points since the maximum

value allowed for k is w (which corresponds to the kinetic energy

being equal to the depth of the well). Eg: in the figure below there are 7
allowed values (energies/intersection points).

—_— —

E >V,
Remark 4: In this range, there is 2-fold degeneracy. We will construct solutions for
the wave originating form —oo.

— > —-» —-—>
“«-— «—
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Thus, we will have a solution of the form:

Ape®T 4 A e < )2
Y(r) =4 Bye* + B e7* x| < L/2
Ccel'w, x> 1L/2

where
hk =~/2m(E — V1) and hk' = \/2m(E — V3)

Solving the boundary conditions, we have continuity of ¢ at © = +L/2:
A+e—ik1L/2 + A_eika/2 _ B+e—ikL/2 + B_ez’kL/z
Byehb/2 { B omikL/2 — 0pik'L/2

And by the continuity of ¢’ at © = +L/2:

ik <A+e—ik’L/2 _ A_eik’L/2) — ik (B+e—ikL/2 _ B_eikL/2>

ik <B+eikL/2 _ B_e—ikL/2) — ik CeRL/2
Solving these, if we go k- (4) £ (6), we get:
(K + k)Boe*L/2 4 (K — k)B_e*L/2 = o/ e L/2
(= BB L2 4 (1 e
From (8), we have
k—k .
_ =B ikL
WY
Putting (9) — (6), gives C in terms of B

B

i k—kK ik
k <B+€ kL/2 B+k+ k/e k‘L/2> _ klc«e k'L/2
kB, i(k=k)L/2

k+ K
Now, relate these to A and A_. Take k- (3) + (5):

= (=

2k/A+e—’ik"L/2 — (k/ + k)B+e—’ik‘L/2 4 (k, o k)B_e’ik‘L/2

. , 2
— B+esz/2 (k+k/)e—sz - (k k) esz by (9)

&+ &)
B+eikL/2
CEY)

[4kk cos(kL) — 2i(k* + (K')?)sin(kL)]

55
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A oi(k+k)L/2

i(k2 72 .
#’fk, cos(kL) — % sin(kL)

~ B, = (12)

Remark 5: Note that

where A4, B4, C are the amplitudes of the waves.

Remark 6: We may choose A, to be the overall scale factor of the wave, and thus we get the
other constants in terms of A;. The most important coefficients are C' and A_.

Now from (11) and (12):

E B e—ik’L (13)
Ay cos(kL) — WEHE) Gin (kL)
And we also have:
Ao g R sin(kL) "
Ay 2Kk cos(kL) — % sin(kL)
Remark 7: One can show that
cl* oA
il = =1 1
Ay + Ay (15)

Physically, A, as illustrated in Remark 5, represents an incoming beam of particles which
scatter off the square potential. Transmitted particles are represented by the beam with
amplitude C, and the reflected particles are represented by the beam with amplitude A_.
So, by (15), the incident particle flux (o< |A4|?) = the transmitted flux flux (oc |C|?) + the
reflected flux (oc [A_|?).

Remark 8: From (13) and (14), we know that if:
koL =nm (16)

2 2
then the transmission coefficient ‘%‘ = 1 and the reflection coefficient “3—1‘ = (0. This

gives a series of transmission resonances with resonance energies:
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At these energies, the entire wave is transmitted.

Remark 9: The energies in (17) are not discrete in the sense of the energies confined in the
well. All the energies in the neighborhood of the resonance energies are allowed, but the
transmitted wave amplitude is diminished if not at resonance.

Remark 10: The sharpness of resonances is determined by the ratio between & and k’. Consider
the case where

/
E_
(%)2 =5 “2 <1 = V1 < V5 (a deep well) (18)
Then
c P 1
A_ ~ E\2 . 92 (19)
+ cos?(kL) + (577) " sin®*(kL)

In between resonances, where sin?(kL) ~ 1, we have

2 k,’l 2
z4<z> <1 (20)

This implies that transmission nearly vanishes between resonances (but not completely!).

“
Ay

A
T
k+ Ak

| | |
\ | | >
kn,1 kn kn+1

To approximate resonance widths, let’s expand the cos(kL) and sin(kL) in the vicinity of the
resonance.

cos(kL) = cos(knL + Ak, L) = cos(k, L) cos(Ak, L) — sin(k, L) sin(Ak, L)
~ (£1) cos(Ak, L) + (0) sin(Ak, L)
~ +1 for small Ak,

sin(kL) = sin(k, L + Ak, L) = cos(k, L) sin(Aky,L) + cos(Ak, L) sin(k, L)
~ (£1)sin(Ak,L) + cos(Ak,L)(0)
~ Ak, L for small Ak,
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With this in mind, in the vicinity of the resonance, (19) becomes:

o . (21)

P (%)2 (Aky)2L2

“
Ay

In order to get the width at the half-max point of the peak, we set the above to 1/2. This
implies that:

2k,
Ak L = ="
kn

<1 for deep wells

And so we can define a half-width in k by

ok!,
Aky = —2 (22)
k—kn, "

Remark 11: We can convert to the half-width in energy by substituting (3) into (22):

2%k’

V2m(E — Vi) — ik fen L

2hk!

V2m(E — Vi) + 2m(E, — V1) — hk,, = T
SV 1 E - E, 2hk!,
V2mEn — Vi) <1+§En—V1> )

hkn

where the term in parenthesis is the first terms of the Taylor expansion, which we can use
since we are in a deep well and the ratio is very small. Now, if we let AE,, = F — E,, we

have:
4hk1/’L (En - Vl)
Ak, ~ k,L  hk,
_42m(B, — Va)(E, — V)h
- L-2m(E, — V1)

~ /8}12(5;22— Vg) (23)

Remark 12: Eq (23) is valid only for deep potentials.
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4.5 Square Potential Barrier and Tunneling

Consider the following potential

v

The methods from §2.2-2.4 can be applied here, though we don’t do them explicitly here.

The new feature here is the tunneling effect, which can occur when 0 < E < Vj. Classically,
an incoming particle will be reflected at the barrier. Quantum Mechanicaly, a wave function can
experience barrier penetration. In some cases, this penetration is far enough that the wave can
emerge from the other side, as seen in Fig. 4.2.

/v\/\/\

Figure 4.2: An incident wave tunneling through a step barrier.

Thus, the quantum particle can tunnel through the potential.

Remark 1: The size of the transmitted wave is determined by the height of the potential (which
sets the decay rate for the exponential solution), and the width of the potential.

4.6 General Properties of 1-D Schrodinger Equation

Here, we summarize some of the results of §2.1-2.5.

Remark 1: Here we are considering the time independent Schrodinger equation in 1-D with one
restriction on the potential, V (x):
e V(x) is a real function, bounded from below and piece-wise continuous over
the real line.

Remark 2: The following properties can be shown mathematically in Messiah. Here, we just state
the results. These should be MEMORIZED!
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4.6.1 Asymptotic Behavior of Solutions

Here, let’s state the results for  — oo; similar results hold for x — —oo. Choose xg
so that either
1. E-V(z)>0 Vo > xg

o

V(x)

2. E-V(x) <0 Vo >

o

V(x)

Case 1: Solutions to the Schrodinger equation oscillate and are bounded as x — oco.
If lim, oo V() = VT < 00, (or V(z) < 00), and if it does so faster than I,
then the asymptotic solution of the equation is:

Y ~goo Ay sin(kx + ¢4 ), where hk = \/2m(E — V)

Case 2: For E < V,;;, < V(x), and for = > x(, one solution decays faster than
P~ e where hx = \/2m(Vyin — E)

RT

All other solutions diverge at least as fast as €%, and are eliminated on the

basis of physical realizability. (§2.3 - Remark 4)

4.6.2 Nature of Energy Eigenvalues

Assume that
Vi) =2V, V) =2V, V>Vl

which will look something like:

Vi

Then there are 3 energy ranges for which the following properties hold:



4.6. GENERAL PROPERTIES OF 1-D SCHRODINGER EQUATION 61

1. E > Vy: Energy spectrum is continuous and degenerate (there can be left
or right travelling waves). The states themselves are unbounded.

2. V_ < E < V4: Spectrum is continuous, but non-degenerate (waves can only
come in from the left and reflect back to the left). States are unbounded.

3. E < V_: If solutions exist, they have discrete energies and are bounded

(p — 0 as * — £00). Spectrum is non-degenerate.

Remark 1: Non-degeneracy is not a general property of bound states. In multi-
dimensions, we can have bound, degenerate states.
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Chapter 5

Wave Packets

In the previous chapter, we looked at a variety of 1-D problems, and particularly at solutions with
waves extended from —oo to oo. Physically, such waves don’t exist(though reflection, transmission,
barrier penetration and tunneling do occur). Instead, we have wave packets.

5.1 Plane Waves

The simplest wave with frequency v and wavelength A is a plane wave:

¢(I’,t) ~ 6—i(wt—k-r)

where w = 27v and k = 27”

Remark 1: The wave propagates in the direction of k.

Definition 1: The phase velocity of this wave is:
Uphase = %/% = vk

This gives the speed at which planes of equal phase move in the direction k. As a visual
confirmation, consider a normal set of plane waves and a phase shifted set, as shown below.

0 27 A

Normal: D D D
Phase Shifted: D D
0 2w

63
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We can see that the speed of the plane will be

A w
T-V"%

in both cases.

Definition 2: The period, T, is T' = %

Remark 2: We can not really associate plane waves with the motion of a particle (at least, not

in the classical sense). For this, we need to use wave packets.

5.2 Wave Packets

First, consider the motion of a classical particle. Here, the velocity is given by

2F 2
£ﬁ = —; Since F = b for free particles
m P 2m

Vclass =

Remark 1: Quantum mechanical particles, like light, possess wave-particle duality,
in which they can exhibit properties of both waves and particles, though the
properties can not be simultaneously observed.

For a quantum particle with energy E, we associate a wave-frequency by
E=hw
Remark 2: de Broglie developed the theory of matter waves based on the assumption
that particles have wave properties.
For a particle with momentum p, we assign a wave number k by
p = hk = hkk

This is called the de Broglie relation. Since we can identify a wave with a particle, we
can also identify a phase speed:

EF. FE
:—k:—
p p

bl

p

=&

Vphase =

which differs from the classical case by a factor of 2.
To find a relation between de Broglie’s matter waves and the speed of a classical
particle, consider
2 h2 ]{72
o= F =2 _ME
2m 2m



5.2. WAVE PACKETS 65

which gives
hk? h
— — k2 k2 k2
And

A~

O o Oy O,
Ok, Ok,” " Ok,

A~ A

ka =

h
= — (ks + kyy + k.2)

33

= ka = Vclass

Or, in 1-D
Ow hk p

% = = E = Uclass
Remark 3: A dispersion relation is given by the frequency as a function of k: w(k).

Remark 4: Here, we can obtain the classical velocity from the dispersion relation.
To associate a wave with a particle, we need waves of limited extent (not plane
waves, but wave packets). Wave packets can be constructed as a superposition
of plane waves and can be expressed as

vlet) = [ e 0

Remark 5: f(k) gives the “weighting” of the superimposed plane waves. It is gen-
erally complex, so it defines the amplitudes and the phases of the waves that
are added together.

Remark 6: Wave packets that are localized in space(like (1)), move as a whole at
the group velocity.

/
Vgroup = Vk’w K —k

where k is the value of k' where f (k') is peaked. The group velocity corresponds
to the classical velocity of a particle.

5.2.1 Spacial Extent of Wave Packets

For now, let us consider a 1-D wave packet.

Bla,t) = / TR (et R (1)

—00
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At time t=0: -
wle,0) = [ i f)e e
A generic form of |f (k)] is:
£ (&)1
- < Ak
.
K
If we let k' =k + AL/,
P(x,0) = e*” / AAK f(k + Ak )e'AF (3)

The above is akin to shifting the peak to the origin in the A% integration.
Now, consider (3) for different values of x:
o x=(:

¥(0,0) = /_oo AAK f(k + AK) £0

If f(K') is real, this is just the area under the curve, and thus # 0.

e z =1 f(k') is only significantly different from 0 for the range of AK’

given by —Ak < Ak’ < Ak. This implies that the phase of the oscillary
term inside (3) varies over the range —100 < AK'z < 100. This range
covers about 30 cycles of 27, so that the real part of f(k+ Ak )emk,x looks
like:

The imaginary part looks similar with oscillating phase shifted by 7. When
the integral (3) is done over this function, it is very close to zero, which
results in a limited spacial extent of the packet.
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1 : : —m s
for x > A%> We get almost no contribution. For ranges z7 Sz < AR
s

a small, but negligible contribution to ¥(z,0). Take z =

A

A
/ N
£ N
A [\
\\ //’_VAI«’
AN /
N /

~_ _—

And integral (3) doesn’t quite vanish because small values of x imply slower oscillations
which give bigger contributions, while large values of x imply faster oscillations,
which contribute nearly zero. This behavior gives a modulus wavefunction that
looks like:

(. 0)]

Remark 2: This acts as an envelope function for ¢’**, multiplying the integral in (3).
So the wave function is a rapidly oscillating function with peaks at x = 0 and is

only significantly different from zero in the region 37 ~ —Ax <z < Az ~ 3}.

Remark 3: For instance, a classical particle:
m =1 kg, v =10 m/s, Az ~107% m
where the value of Az is approximately the size of an atomic nucleus. Now,
mv = hk =10 kg m /s
= k=10 m™!

P
:>)\:%~10_24m

The range, Ak of k needed to achieve this localization (Ax) is

T
Ak o 105!
Az 0%m
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A~1073

Number of Oscillations = ~ 10"

Ak ~10"%m

Ak
2F 10-20
= A 0

This implies that we need an accuracy to 21 decimal places if we want more
than a single wave number to contribute to the wave packet. And thus a
classical particle has a well defined position and momentum.

Remark 4: Now, for an electron:
m =9 x 1073 kg, E=1eV =16x107"7J
Consider Ak ~ 10719 m, which is about the size of an atom.

hk = V2mE = k ~2x 10" m™!
2

=A=—=3x10"m

Here, the range needed to achieve localization is Ak ~ x— ~ 3 x 10'0m—1,

Ak
= — ~0.1
k
And so a wave packet living in Az ~ 107! is made up of many wave numbers

and does not have a well defined momentum.

<—+3x 1010 m~

|
|
2x 101 m=1 k

Figure 5.1: K Space representation of the wave packet.
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>
— > v G— Ar=£10""m

Figure 5.2: Real Space representation of the wave packet.

5.2.2 Motion of the Wave Packet

For a wave packet that represents a particle in the classical limit, the group velocity
(as defined in §5.2, Remark 6) corresponds to the classical velocity of a particle.
Consider (1) of the previous section.

wleit) = [ an p)e e

with ¥/ — k+ Ak and o' — w + Aw’

= (z,t) = e 1 Wi7k) / AAK f(k + Ak ) i(Aw't=AkT)

Following the same arguments, we can demonstrate that there is a localized wave
packet, but, if t # 0, the wave packet has moved.

Consider the phase ¢ = Aw’t — AK'z. The position x is given as the position that
causes ¢ to change the slowest as AL’ varies over the relevant range.

do _0
dAK | ppr—o
= 0= A —x
dAK | Ap—g

And this gives exactly the group velocity of the wave:

r  dA

; oz _d
growp = % = AR

AKk'=0 - dk

k'=0
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5.2.3 Delay of Wave Packets at Resonance

Consider reflection and transmission of a wave packet at a square potential for energies
E > Vy:

/\4 — ~_ /\4»

Vo

What is the delay in the appearance of the transmitted pulse?
The incident wave packet is:

1/%(%@ _ /dk/A+(k/)e—i(w’t—k’x) (.'_)

where A, (k') is centered at k!, resonance.
The transmitted wave packet is:

vr(z,t) = /dk/AJr(k‘/)A
From Ch 4, Section 2, Eqn (13):

C eik’L

Ay cos(kL) — WEHER) Gin (kL)

Al (k/)e—i(w’t—k’:c—qb)

= br(at) = [ i , (1
cos?(kL) + % sin?(kL)
where
k* + (K')?
o(K') = —K'L + arctan <W tan(k:L))

(Here we just have written the complex number C'/A4 in its polar form). For sharp
resonances, k'/k < 1, and in the vicinity of the resonance we have

é(K') ~ —k! L + arctan <2]% tan ((k — kn)L)>
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H(K)

Ap=T7

v

K, 1%

<>

Resonance Width

To figure out the time delay, we note that the phase in the integrals () and (1) must be
minimized for the maximum contribution to the incident and transmitted waves. The
incident wave simply comes in at the group velocity (§5.2.2), while the transmitted
wave has a delay.

d de dg
= —(Wt—Kz— = — t—x— — =0
Wt Kr=9) TR PV
d¢
= Vgroupl =T = =7 - =0
where
Ao T

dk’ ~ Res. Width
by a rise over run argument. Then

hk d hk
r=—t L =—(t+71)
m dk/ K=k, m
where 7 is the time delay at resonance.
_mde LT
"7 Wk di|,_,, " Bkl Res. Width

Remark 1: In order for this picture to hold, we assume that the envelope function
of the wave packet hold together so that there is a well defined peak across
the barrier. To ensure this, the wave must be broad enough (in x), so that the
delay is small compared to the motion of the packet:

h _1
T L <—k> Ak
m
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Chapter 6

Harmonic Oscillator and Second
Quantization

The harmonic oscillator (H.O.) is an important example in QM. A major application of H.O. is
QED, where elementary excitations (modes) of the electromagnetic field are formally harmonic
oscillations. This also leads to the generalization of QED, which is quantum field theory. Another
major application covers all areas where there are harmonic oscillations about some equilibrium
(like vibrations of molecules in crystals).

6.1 Harmonic Oscillator in Position Representation

The Hamiltonian for a single oscillator is
-2

N 1
H:T+V:§—m+§mw2§32 (1)

where w = /k/m is the classical frequency.

Remark 1: A particle that is experiencing small oscillations about a stable equilibrium of potential
V(x) may be approximated by (1). If g is a stable equilibrium about V(x), then

dv 1 d*V 9
V(z) =~ V(xg) + . xo(ac —x0) + 3 I . (x —x0)° +
——
0
For small oscillators,
1 d*V s 1AV 5 1 5,
with mw? = %b

73
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Remark 2: For an n-oscillator system, the Hamiltonian may be diagonalized to a system of n
decoupled oscillators, as was done in Problem 1.8.10 for 2 oscillators. In such a system, the
Hamiltonian may be written as:

R N N PP 1 N N
H:Z;Z; TR P IPILACES
=1 )=

i=1 j=1

with
B 0’V
0 N 83338951

0*V
axiaxj

Vij = Vii

0

The time dependent solution of the quantized HO can be captured by acting the propagator (§3.4.1)
on the time-independent solution. So our goal here is to solve the time-independent Schrodinger
equation in the coordinate basis:

where H is given in (1). In position representation:

. 2 2
(x\H\En>—><—h—d— 12

(2 B [En) — EYp(x)

So the time independent eigenvalue equation is:

d? 2m 1
wibE + ﬁ <E — §mw2x2> 1/JE =0 (2)

Following the procedure is Shankar:
1. Non-dimensionalize (2). Let

mw E
y:HTx and 525 (3)

d mw d

—_—
dx h dy

Then

And thus, under the change of coordinates, (2) becomes

2
dd—y2¢E + (26 —yHYp =0 (4)

_h

Remark 3: The scaling defines a natural length scale in the problem ~ =
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2. Investigate the asymptotic behavior.

Consider lim,_o and lim,_, .

Jim (4) = ‘fyf =0 (5)
The solution as y — oo then is:
= Ayr’"beiyz/2 (6)
d*y
lim,(4) = d2+2§¢—0 (7)
This has a solution of the form:
W = Acos(v/28y) + Bsin(v/28y) (®)

Remark 4: In Eq (7), we have already neglected terms of order 32, so we should

only keep terms with order < y? in (8).

= 1) ~ A+ B\/28y + O(°) (9)

. Make an ansatz of a solution that satisfies the asymptotic behavior. Note that an

ansatz is like an educated guess as to the solution.
.2
U(y) = uly)e ¥ (10)

Now, substitute (10) into (4) to derive a DE for u(y):

d2_¢ _4 <due—y /2 _ uye_y2/2>

dy*  dy \dy
2
_ %e—ym - Qj_uye—ym eV eVl
y y

= (26 —yPue V2 by (4)

d2u du
=07 2yd +(26—1)u=0 (11)

4. Solve (11); Try a power series solution. Let’s try:

= i Cny2 (12)
n=1
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Substituting (12) into (11) yields:
O—ZC n(n —1)y""2 = 2ny" + (26 — 1)y"]
_Zc n(n —1)y" =2 + (=2n + 26 — 1)y"]
— Z Crn(n — 1)y~ 2 + i Cn(26 —1—2n)y"
n=2 n=0

= Cosan+2)(n+1)y" + 3 Co(26 — 1 — 2n)y"

= [Crya(n+2)(n+1) + Cp(26 — 1= 2n)]y"
n=0

Since the y’s are linearly independent, the coefficients must vanish and this results
in a recursion relation for the coefficients:

Cn(26 —1—2n)

(n+2)(n+1) (13)

Cn+2 =

So given Cy and C1, (13) gives all the rest of the coefficients in (12), and thus the
solution to (10)...and thus the solution to our non-dimensionalized Schrodinger
equation (4).

Remark 5: The solution given by (3),(10),(12),and (13) doesn’t seem to constrain the energy

eigenvalues as expected. However, recall the asymptotic solution as y — oo (See (6)). For a
finite wavefunction, we take the negative in the exponential, and thus u(y) ==, y™. But
the solution (12) does not terminate at finite n unless C,, = 0 for some n. The recursion
relation (13) has C,, 49 vanish for arbitrary C,, when

5271—1—% (14)

So physically realizable solutions only occur at discretized energy eigenvalues. From (3)

and (14):

1
2),  n=0,1,2,... (15)

E:hw(n—l—2

Remark 6: Here we have only positive (or 0) values of n since we can easily show that the energy

eigenvalues can not be negative.

N 1 1
() = 3= @I P2y} +5me? (]2 [9) > 0

positive positive
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Remark 7: For n odd, let Cy = 0, and for n even, let C; = 0. Then the solution to (4) is

U(y) = uly)e v/
—y2/2 Co+ Czy2 + C4y4 + -+ Cuy", n=-even
=e
C1y+C'3y3+--- + Cry™, n = odd

These are Hermite Polynomials, H, (y)

Remark 8: Normalizing (15) to get Cy or Cy gives the final solution

VE(T) = Yint1/2)h (T) = Pn(2)
1/2
~ () e () ()] o

6.2 Second Quantization: Creation and Annihilation Operators

6.2.1 Harmonic Oscillator in Energy Eigenbasis

Remark 1: Here we solve the HO using an entirely different approach using creation
and annihilation operators. This method is due to Dirac and is central to QED.
One advantage is that we do not have to solve any differential equations—we
can extract the energy eigenvalues from the underlying operator algebra. In
this approach, we can also extract the physical content from the Hilbert space
and the operators that act on it, rather than from the wave functions obtained
from the solution of the Schrodinger equation.

Definition 1: The Creation and Annihilation operators are given by the following:

at M (s
- 2h 9 mwp
o Jm (g 1
- 2h 9 mwp

respectively, where ¢ is the position operator. The reason for the names will
become obvious shortly.

Remark 2: The commutation relation for @ and a' are:

[a,4) = 0= [a',a]
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[ddT]Z@ q+iﬁq_iﬁ
’ 2h mw'’ mw
mw [ . 1 T . T
= on ([q,Q]+W[Pap]+%[l7&]—%[qap]>
_mw 21 14, 5]
2 mw LP
ih
=1

Remark 3: we can obtain the operators p and § in terms of ¢ and a':

1 hi
H=%<—%>(aa—aaT—aawaTaTH
Vo2 (Y taa v aat +ata+atal
+ —mw* | — ) (aa +aa' +a'a+a'a")
2 2mw
1
= §hw(ddT +ala)

Where we define the number operator N = afa.

Remark 4: With the Hamiltgnian given in the form (}), the problem is reduced to
finding eigenvalues of N.

To determine the eigenvalues of N, we can denote the eigenstates of N:
Nly) =vv)

and establish a relationship between the eigenstates.
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Remark 5: If |v) is an eigenstate of N, so is @ |v) (an eigenstate).

with eigenvalue (v — 1). Similarly, a' is an eigenstate of N with eigenvalue
(v+1).
Na'|v) = (v +1)a' |v)

Remark 6: The eigenstates |v),a|v),al [v) of N are also eigenstates of H with
energy eigenvalues:
(o

( —%)hw for a|v)

<1/ + 5) hw for a' |v)

>hw for |v)

N —

w

Repeated application of @ or ' generates a whole series of energy eigenstates.
Eg:
E-States  E-Values

a*lvy  (v— %)hw
alv) (v — %) huw

’V> (V—Fg)hw
&T|V> (1/+§)7iw
i) o+ )

Remark 7: Eigenstates a" |v) will have negative energies if n > v. This would
correspond to energies below the minimum HO potential, which is physically
not allowed. To fix this, we require v to be an integer, say n. Then

~

N(@"v))=(wv—-n)@a"|v))=0 forv=n
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and thus
T An 1 A
H(@" |v)) = Fhw(@" [v))

where 25w is the energy for the a" |v) state. But that means that
7 (An+1 1 ~n+1
H@""" v)) = —5hw(@™" |v))

where we have negative energy—which we just argued was physically impossible.
How is this possible? Let us calculate the norm of a"*!|v). To see how this
works, we’ll go back to the wavefunction language. Thus, we have a |¢)) — ay.

(vlan) =5 (a4 o Swl(a+ 2

mw 0q
m—/ (e sizan) ) (o 553) )
/d (O (q—ma—q> <q+%§q>¢ by int. by parts
< atay)
(vl )

)

Hence, the norm of the state ay is the expectation of N in the state .

Therefore, the norm of @(a" |v = n) equals the expectation value of N in the state
a" |v = n). But this equals zero, since 4™ |v = n) is an eigenstate of N with eigenvalue
equal to 0 (as shown above). Thus we conclude that the state a"*! | = n) is identically
0. Therefore, as long as v is an integer, the states with negative energy eigenvalues
are not generated (So our v’s must by integer to be physical).

Remark 8: Tosummarize: The eigenstates of N are represented by |0), [1),[2),...,|n),...

with eigenvalues 0,1, 2,...,n,.... These states are also energy eigenstates with
energy eigenvalues %hw, %hw, ey (n+ %)hw, -

Remark 9: We can see why N is the number operator: It’s eigenvalue “counts” the
number of hw energy quanta in a given eigenstate. Similarly, we can see why
a and a' are the annihilation and creation operators. From Remark 7:

a|n) has norm = (n|a'a|n) = (n| N |n)
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and

a?|n) has norm = (n|(a")2a%|n) = (n|a'N  aln)
N~

E-state w/
E-value n—1

= (n—1) (n|@'a|n)
=n{n—1|N|n—1)

Thus we deduce that

aln) =C_|n—1)

il ) = Cy In+1)
with C_ and C constants. We can see that the @ removes (annihilates) one quanta of
energy while a adds (creates) one quanta of energy-and hence their respective names.
To find C4 and C_, we take (n|n) = 1 and use:

(n|aa|n) = (n| N|n) =n(nln) =n
=(n—-1C*C_|n—1)
=|C_[*(n—1jn—1) = |C_|

So that
aln) = v ln—1)
To find C4:
it n) = Cy In+1)
aal |n) = aCy |n+ 1)
aal|n) = Cv/n+1|n)
(@a+1) n) = C4v/n T 1 n)
(n+1)|n) = C4v/n 1 n)
= CJ,_ =vn-+1
So that

atln) =vn+1|n+1)
Remark 10: we can construct any eigenstate of |n) from the ground state.

(ah"

m) =2

10)
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6.2.2 Eigenfunctions in the Position Representation

We can apply the above method to obtain the eigenfunctions in the position represen-
tation without solving the Schrodinger equation. We have

al0) =0

which, in position representation, corresponds to

. h d
ay = <(J+——>7/)0=0
mw dq

d

dig mw

A R

Wo _ [ M

Yo h

mw o

In(yo) = ~on 1 +C

o = Ae" T

where A is a normalization constant.

e = A2 [ omea g, 42,/ 2 _ (A
1 /%% A/e B g = A% 2= = A (ﬁh)

Giving the ground state wave-function:

vola) = () e

The excited states can be obtained by repeatedly applying the creation operator:

1
Vnl

which, in the position representation, corresponds to:

= (22" () (o e

(@™ o)

n) =

This is equivalent to:

mw\1/4 1 1 _mw 2 mw

where H,, is a Hermite polynomial.
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6.3 Coherent States: Minimum Uncertainty Wave Packets

6.3.1 Uncertainty Relations in Energy Eigenstates

Let’s calculate the Heisenberg uncertainty relations in the energy representation. From
§6.2, Remark 3:

(nl ) =\ 5o (] 2+ 1) )

:1/%<n|(\/ﬁ|n—1>—|—\/n—|—1|n+1>)

Similarly,
(n|pln) =0

Remark 1: This result is expected from the symmetry of the stationary HO wave-
function v, (q):

¥a(q)
The uncertainty in position is given by:
h
2n) = —— (n| (a2 +aat +ata+ (ah)?
(] ¢ n) = 5— (n] (a* + aa' +ala + (a)?) |n)
h
= S (m|”—1>+(n+1>ln>+nln>+ (n+1)(n+2) |n+2>)

=—~2n+1)
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The uncertainty in momentum is given by:

R Amw
(]2 n) = 722 (20 + 1)

Remark 2: We can rewrite these as

. E .
@ n) = =25, (nl§*In) = mE,

= AzAp = /[ @ /T P ) = @ = 2on )

So the minimum in uncertainty according to the Heisenberg relations is i/2.
This is satisfied by the ground state-all other states are not minimum uncer-
tainty states.

6.3.2 Minimum Uncertainty States

It is possible to construct non-stationary minimum uncertainty states. It turns out
that these states are eigenstates of the annihilation operator.

ila) = ala)
where « is a complex number.

Remark 1: We must make sure these states exist. Expand the state |«) in terms of
the stationary states |n).

=> Culn)
n=0

=Y Cuvuln—1) = Copvnt1ln)=ad Cyln)
n=1 n=0 n=0

:>Cn+1 n+1=aC,
a”

which gives
=Cpy Z \/_ |n)

and Cj is obtained by normalizing:

=, Jaf2e o
1= (ala) =D [Cu> = [Co* = |Co[*el!
n n=0 ’
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—laf?

= |Co* =e

= Cy= e °I"/?

which has an arbitrary phase chosen to be 0. Thus we have
— e lal?/2 Z il |n
which is known as the coherent state with complex amplitude a.

Remark 2: These states were first constructed by Schrodinger as minimum un-
certainty wavepackets. They are now used extensively in quantum optics—
coherent states are important in describing optical coherence.

Remark 3: We can show that |«) is indeed a minimum uncertainty state (See HW!)

6.3.3 Physical Meaning of the Coherent State

Let us relate the coherent state |«) to the ground state:

~[af? /22_,n

_ a2y o (@)
—e 0

nz::ox/n! vn! 10)
_ e—\c\z|2/2eoz€fr |0>

Consider now [0) = e~ @|0) where |0) is the only constant term in the exponential
expansion that is not zero. Then

) ()

Now we want to make use of the following relgtionshjp. Let A and B perperators.
Then [A, B] is their commutation relation. If A and B commute with [A, B], e

) = e

Then X
_ JA+B _ A B [AB])2
So let A = aal and B = —a*a. Thus we have:
aal,—a*a) = |af*[a,al] = |of?
- eafﬁe—a*& _ eafﬂ—a*&e|a\2/2



86 CHAPTER 6. HARMONIC OSCILLATOR AND SECOND QUANTIZATION
and thus y ) R
) = e 7% |0) = D(a) |0)

where D(a) = ¢@d'=0"a ig called the displacement operator.
To see what this means, assume o« = = (a real number) for simplicity. Then

D(z) = e#@'-a) — * o (— 1)

2h d

=e mw dq

—_04
:equ

where Q = x4/ % is a number with dimensions of length. (Which implies o and z

are dimensionless. The displacement operator acting on an arbitrary function of q is:

_Qi d 1 2d2
DF(q) = e YauF(q) = <1—Qd—q+§Q d_q2+...>p(q)

=F(q—Q) for small Q

Remark 1: So the action of D on an arbitrary function is to displace the function
by an amount @ (and hence the name).

Remark 2: Expressing |a) = D(«) |0) in the coordinate representation:

—QZ
Yoelg) = 7% - ¢n=0(g)
N—— .

Wavefunction of D(a) in coord. Wavefunction of
coherent state representation ~ HO in state |0)
where |a)=|z) with a=z

_o0d /rmw\1l/4 2
= e qu (—) e_%q
mh
1/4
N (mw) M —meg-)?
mh

So the coherent state has the same gaussian wavefunction as the HO ground state, it
is just displaced a distance Q = x/ n%—ﬁ
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Po(q)

Remark 3: The coherent state is not stationary (it evolves with time according to
the Schrodinger equation). The formal solution is given by

00 (ae—iwt)"

— o3 (wtt|al?) Z
r vn!

_ e—iwt/2 ‘e—iwta>
N——
overall arbitrary
phase can be
dropped

_ aniw <<e—iwt |d el + (e ¥la af |e—iwta>>
_ 2:&&) (e—iwta + eiwta*)
= 2777;1 (cos(wt)(a + ™) — isin(wt)(a — a™))

Andsoatt=0
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And we can show that

Thus we have that

(0(1)) = (d(0)) cos(et) + —— (

3
—~
(@)
=
~
w0
.
=
—~
&
*
N2

And similarly

(p(2)) = (p(0)) cos(wt) — mw (¢(0)) sin(wt)

which are the solutions to the Heisenberg equations of motion for the operators ¢ and

A

p-

Remark 4: The time dependence of the coherent state can be represented as a
trajectory in the complex plane.

Im{ed)) {p)) 2R/ ma
Re(w(d))
@t
(:}(f))«jmf /2R

And we see that the circular trajectory in the complex plane is related to the phase
space trajectory of classical Hamiltonian mechanics.

Remark 5: Consider the coherent state wave packet in coordinate representation.

From Remark 2, we can see (§) = @ (the mean position), while all coherent

states have Ag = ﬁ (Remark 3 - HW). And the wave packet moves in a

harmonic potential without changing it’s width. The coherent state of the HO
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is a non-dispersing wavepacket. This is significant since we can recall that free
particle wave-packets always disperse (Ch. 4, §4.1).

Remark 6: We can calculate the explicit time dependence of the wave packet. Re-
mark 3 implies:

a(t) = e M a) = ea)
= D(e7™ta) |0)

where
D(e ™“'a) = exp [e‘“"tosz - e“"toz*a]

In the coordinate representation, the time dependent coherent state is represented by
the wave function:
R . mw\1/4 _me
Yemswrala) = D(e'a) (B2) 1 50
—— mh

Displacement
Operator

To find what the Displacement operator actually is:

~

D= e—zwtadT zwta*dT

 iwt mw _L et o mw . LA
—° a\/ 2h <q mw p) “ V 2k <q+mwp>

mw ( —dwt * iwt)

a— et o) +p <7—2;i:nw> (ae_i“’t +a'e

= D(e ™tq) = en (@) —p((1)
— o hAB®) o= £P((E) o~ gz B (4(®) (G, ]

— oo (BAM) o7 A(B®)) o~ 5H(A())
o3 (A1) BO) o2 a(BO)) o~ (0(1)) 55

The last term is the displacement operator that we had when we let o = a*. If we
have an arbitrary «, then the displacement operator generalizes and acquires time
dependent phase factors.

The coordinate representation of the time dependent coherent state becomes:

1/4 R
» —  ealaenpe) (Mw / Fa(p(t)) =5 (a—(a(1))?
Ve—iwt o (q e e
— 7h N—— %/—/
overall phase this phase carries Gaussian envelope
changes with time info about mean carries info about
and is indep of q momentum mean position and

Ag,Ap
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In the last comment, we can find Ap by knowing that |a) is a minimum uncertainty
and knowing Ag. The related picture is a gaussian wavepacket that oscillates back
and forth along the classical HO trajectory with a fixed width.

< « o

J\

If we want to represent this by the coherent state trajectory in the complex plane, the
width of the gaussian can be related to the radius of a small circle.

Im(a(t))

Re(a(t)

PP

wt

Remark 7: There is another class of minimum uncertainty states which are closely
related to coherent states. These are known as Squeeze States.

As minimum uncertainty states, the squeeze states satisfy AgAp = //2, but they
differ from coherent states since they have either:

h
Ag <\ — and Ap > hm_w
2mw 2
or
h h
Ap < ame and Aqg >\ —

2 2mw
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while preserving the minimum uncertainty. In this case, the uncertainty in p or the
uncertainty in ¢ is less than it is for a coherent state.
To visualize the squeezed states, define quadrature phase operators:

i1 ==(a+al) =,/ ==¢

—1 [ 1
L PSS “
2 2(& al) 2hmwp
1

In a coherent state, these operators have uncertainties Az = Axy = 5- In a squeeze

state, Az < % or Azy < % such that Ax1Axy = %. Graphically, the minimum
1

uncertainty states lie along the line AzjAzs = 7.

Azy
A

Coherent State

» Az
| » An

All other states along the line are squeeze states.
A complex plot, in this case, can be represented by a plot on the z1 — xo plane. In
this picture, the squeeze states are represented as:

T2 T2

A 21

z1 - Quadrature Squeezed z2 - Quadrature Squeezed

The time evolution of a squeeze state is analogous to a rotation of frequency w in the
complex plane (in this case, the x1 — z9 plane). This is seen in Fig. 6.1.

The wave packet in coordinate representation has a gaussian envelope whose width
changes as it oscillates in the harmonic potential, as can be seen in Fig. 6.2

More generally, the coordinate representation is squeezed twice during the cycle,
though not necessarily at the end or middle of an oscillation. Eg: See Fig. 6.3



92

A

-

CHAPTER 6. HARMONIC OSCILLATOR AND SECOND QUANTIZATION

X

w

Figure 6.1: The initial squeezing is in x1, w

\A.I.

t

hich evolves in time to a squeezing in x».

\/

Figure 6.2: The outer gaussians are squeezed in position, while the center gaussian is squeezed in

momentum.

X2

-

1

Figure 6.3: Example of squeeze cycles not fully squeezed on the main axes.



Chapter 7

Systems with N Degrees of Freedom

7.1 Tensor Products (Direct Products)

Definition 1: Let |w;) be a basis vector of the Hilbert space Vi so that the set of all |w;) spans
V1. Similarly, let the set of all |ws) be basis vectors that span V2. Then |wi) ® |wy) forms a
basis vector in the combined Hilbert space Vi ® V5.

Remark 1: Physically, Vi and V5 may correspond to Hilbert spaces for 2 individual particles
(1 and 2), while V; ® V5 represents the Hilbert space for the combined 2 particle system.
Alternatively, this may represent single particle system that spans 2 (or more) dimensions.

Remark 2: Consider an operator Q) that operates on the space V; with eigenstates |wq) and
eigenvalues wi. Eg:
Ql ]w1> = w1 \w1>

In the combined system, we write:

O |w1) @ |we) =0

where the superscripts denote the target Hilbert space (either V; or V3) on which the

operator acts, and where ‘le)w1> = le) |w1). Similarly, we can write

0 = QPR = 1) g OP

So that o G
O 1) ® |wa) = |w1) ® \Qg )w2>

93
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The bottom line is that QZ(Z) only acts on the basis vectors |w;) which span Vj.

Remark 3: It is common to use a compact representation of the vectors which span the combined
space.

|w1) ® |we) = |wi) lwa) = |wiws)

Since this also represents the simultaneous eigenkets of operators le) and Qg).

Remark 4: The inner product of the direct products

((wi] @ () (lwn) ® |wa)) = (W |wn) {wh|ws)

Similarly,

((wi] @ (whl) (287 @ AP ) (wr) ® fwn)) = (i | 2 o) (| AL fos)

Remark 5: Properties of the Tensor Product of Operators:
Denote

le) ®1® =y — acts only on |w;)
i?g f\g) = Ay — acts only on |ws)
° [Ql,Ag] =0
. . . . A\ (1) A\ ()
. (le) ®P§2)) <@§1) ®A§2)> = (Q@> ® (FA)

1
e Squares of sums:

Ao\ (D). N <o\ (2) R R
:(Q%) ®I<2)+I(1>®(Q§> +20Y @ OFY

Remark 6: The time evolution of the state vectors that are composed of direct products is still
governed by the Hamiltonian:

-0 o)
~ Pi D3 S ra o
H= "+ "2 1V

Sy | 2my (Z1,22)

for a two particle system in 1 dimension. If the Hamiltonian is separable:

A~ A~

H = ffl + ffg = V(fjl,i‘g) = V1(§31) + Vz(fjg)
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then the two particles will evolve independently of one another, giving the time evolution
as
(1)) = |Er) e B0 @ | Ep) e~ B2t/R

which is obtained by solving the individual Schrodinger equations (with F = FE; + E»).
Separation of variables is often employed in solving the Schrodinger equations in position
representation. If the Hamiltonian is not separable (ie. V(&1,42) # Vi(#1) + Va(ds)),
then there is not a general method for solving the Schrodinger equations unless V((ifl, T9) =
V(\iﬁl —Z3|), in which case the problem can be separated into center of mass plus the motion
about the center of mass (see Central Potential, coming soon!)

7.2 Identical Particles

Classically, two identical particles can be distinguished by fallowing their trajectories (ie. by looking
at their non-identical histories), which can be done without disturbing the system. Quantum me-
chanically, no such trajectory exists for particles, and thus there is no physical basis for distinguish-
ing 2 or more particles. This implies that the same state vector must describe two configurations
which differ only in particle exchange.

7.2.1 Symmetric and Anti-symmetric States: Bosons and Fermions

Consider the following state vector:

|¥) = |21 = a, z2 = b) = |ab) (1)

which represents the result of a measurement that finds a particle at a, and one at
b. If the particles are distinguishable, then the state (}) is distinct from the state
|) = |x1 = b, x9 = a) = |ba). However, if the particles are indistinguishable, then we
can not differentiate one state from another. Instead, we write the state vector as a
superposition of these possible states. (These will define a 2-D degenerate eigenspace.)

[¢(a,b)) = cr|ab) + 53 |ba)
These two states are physically equivalent, so we can also write
[9(a, b)) =74 (b, a))
where « is an arbitrary phase (complex number).
= «lab) + B |ba) = v (a|ba) + B |ab))
=a=96, [=ra
Sa=ay=>y=4+1

Taking the “+”, we define the symmetric wavefunction:

¥(a,b)) s = |ab) + |ba)
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and the “-” gives the anti-symmetric wavefunction:

[¥(a, b)) 4 = |ab) — [ba)

Definition 1: Particles whose wavefunctions are symmetric are called Bosons, and

those with anti-symmetric wavefunctions are called Fermions.

Remark 1: One of the primary consequences of the anti-symmetric wavefunction is
the Pauli Exclusion Principle:
Suppose we have a 2 fermion system with the following state vector:

[P (w1, w2)) 4 = lwiwz) — |wawr)

so that one fermion is in state wq, and the other is in state wo. If w1 = wy =
|(wi,w2)) 4, = 0, which implies that no two fermions can be in the same
quantum state.

Consider the 2 particle Hilbert space V;g2 made up of all vectors of the form |w;) ®
|wa). Since each pair of vectors |w; = a, we =b) and |w; = b, wy = a) can form one
symmetric and one anti-symmetric state, if follows that Vg9 can be decomposed into
symmetric and anti-symmetric parts:

Vige= Vs ® Va
~— ~—
Bosonic Fermionic

Hilbert Hilbert
Space Space

This leads to an ambiguity in determing whether the state of the system is a member
of the symmetric Hilbert space (Vg) or the anti-symmetric Hilbert space (V4). (We
will see in §2.2 that the measurement made depends on which case applies.) To remove
the ambiguity, we introduce the Symmetrization Postulate, which states:

The state of a system containing N identical particles is either all symmetric
or all anti-symmetric with respect to permutation (particle exchange) of the
N particles

The Corollary to this is that the symmetry (or anti-symmetry) will be independent
of the number of particles.

Remark 2: The normalized states for a system of n identical bosons is given by:

= —(|1,2,...,n)+12,1,3,...,n) + - - - + n! permutations)

n)yg = !
<oy S m

where 1,2,...,n are generic state labels.
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Remark 3: The normalized states for a system of n identical fermions is given by
the Slate Determinant:

Yi(z1) 2(r1) o Ya(r1)

7/1172,...,71(%1, T, ... ,xn) = ﬁ

—_
<=
—

.
N

The determinant gives all the correct minus signs in the anti-symmetric wave-
function, and vanishes if any two j’s or x;’s are the same.

7.2.2 Distinguishing Fermions and Bosons

The are two ways to identify whether a particle is a fermion or a boson:
1. Spin (intrinsic angular momentum)

2. Experiments
We will discuss spin in much more detail later, though we note here that bosons have
integral spin (0, i, 2A, . ..), and fermions have half-integral spin (g, %h, cel)e
To determine the nature of the particle experimentally, place two identical particles

in a 1-D (for simplicity) box. Let

ps(x, x2)

The 2 particle wave function for bosons and fermions
Ya(r1,72)

In general, each particle could have different energy levels, so
1

S,A = =

(G 7

where n,m are energy levels and the “4” is for the symmetric cases and the “-” for

the anti-symmetric cases. Also, n # m (they don’t have the same energy).
The probability distribution in x-space is determined by

{¢n(x1)¢m(x2) + ¢n(l‘2)¢m($1)}

Ps a(x1,29) = 2|thg a(z1, z2)|* (1)

Remark 1: The factor of 2 in (}) is a consequence of the normalization condition.
We require:

1= ﬂ day dws s, a(z1, 22)|°

and accounting for the double counting in the x1 — x5 integral:

1
1= fj §PS,A(x17 xg) dxl dajg
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where
P a(z1,m2) = [(2122[Y05,4) 5 4
= V295 4(21,72)

where the v/2 in for convenience.

Taking (f):
2

P a1, 1) = 2 %wn(:cl)wm(:cz) & 4 (22) o (1)

= fwn($1)¢m($2)\2 + ’1/}771(1'1)¢n(x2)‘2 +
£ [thn (21) 8, (1) m (2) 8y, (22) + ¥ (1) (1) Y05, (02) Y (22))|

Remark 2: So the differenence between fermiens and bosons is detectable in the in-
terferecence in the probability distribution. In the extreme cases, lets consider

the limit that these particle have as x1 — 29 — x. Then
PS($1 — T, T2 — :E) — 2 {|¢n(l‘)|2|¢m($)|2 + |¢n(x)|2|¢m(x)|2}
Py(xy — z,29 — 2) — 0

Where the antisymmetric case is consistant with the Pauli exclusion principle.
Thus, two fermions will show probability 0 of being in the same state, while
two bosons double the probability density for two distinct particles to be in

the same state.



Chapter 8

Classical Limit and WKDB
Approximation

Correspondence Principle: In the limit that & — 0, laws of quantum mechanics must reduce
to the laws of classical mechanics.

Remark 1: h gives a measure of the energy spacing between discrete energy levels. Thus, in order
to justisfy the limit as &7 — 0, the system must have large quantum numbers.

Remark 2: The limit as h — 0 is called the classical approximation, and the conditions of validity
are the same as those of geometrical optics.

Remark 3: Note that in the classical limit, we have:
® [gi,pi] = ihdij — 0
o Ag;Ap; > gL — 0. This implies

Ag; =\ {(&) — (@:)*

which is the same as ignoring fluxuations about the mean.

In order to ignore the effects of fluxuations, we require that:
e The mean values approximately follow classic laws of motion,
e Dimensions of the wave packets are small (and remain small as the system
evolves) compared to the characteristic dimensions of the problem.

Remark 4: Since wavepackets disperse with time, the classical approximation is, in general, only
valid over a finite time interval.

Remark 5: The correspondence principle, as stated above, is most useful when applied to com-
mutators, uncertainty, and differences is energy levels, angular momentum, etc... A second

99
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formulation of the classical approximation basically amounts to:

lim  Schrodinger Eqn. — Eqns. of Classical Mechanics
Geo. Optics

In this view, the wavefunction represents a statistical mixture of classical systems. The
density of this mixture, at some point in configuration space, equals the probability density
of a quantum system at that point.

8.1 Ehrenfest’s Theorem

Consider a system which evolves according to the Schrodinger equation:

L0 ¢* .
And the mean value of an observable A is:
(A) = (vl ALy

Since 9 in general evolves in time, <A> will also evolve in time:
d /- d ~
T <A> =% (Y| Aly)
d -
— = [ dor-day v

:/dql...dqn (aw*AQﬁ—l—?/)*Aaw —I—¢ )

= [dar...da (——(Hw Aww*A( w)w*%‘f )

1, 1o, e LOA
~ [da....da, (—%w (AW + g (Al + 4 )

4{wn{2)

Thus, if A has no explicit time dependence, then
d / ~ oA
i (4) = 3 (1A) (

Remark 1: An immediate consequence of (1) is that if [A, H] = 0, then A does not change with
time and is a constant of motion (a conserved quantity). This is analogous to classical
mechanics where we have {4, H} = 0 (The Poisson bracket from §2.1.3).
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To connect with classical mechanics, apply (1) to ¢; and p;:

([ 1))

d 1
"
& o) = = (1o, 1)

dt (@) =

Now consider the ¢; and p; commutator with

A(élaé?w .. 7qAn7ﬁ17ﬁ27' .. 7]571)

where A is only well defined when the order in each term is specified. We note that:

3>

|:qu )

[ﬁi)F(ﬁbﬁ% s aﬁn) =0

(41,42, Gn)| =0

R 1 oG
AivGA7A7"-7An =ih =
[q (P1, P2 p )_ s,

. 1 oF
AiaF A7A7"'7An :_h N
[p (41,42 q )_ thas

Generalizing the above, one can show that

4] = 55
[Ai,A} - —mg—g

Using this result in (1) gives:

which are the quantum averages of Hamilton’s equations of motion.

Remark 2: Equation (®) represents Ehrenfest’s Theorem, which states that equations of motion
for the quantum mean values coordinates and momenta are equivalent to those of classical
mechanics.

Remark 3:
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WARNING! ;CUIDADO! ACHTUNG!

This is not exactly equivalent to saying that mean values of p and ¢ follow classic
trajectories in phase space. For this, we require that g—g and g—g to be at most
linear functions of ¢ and p since:

(@ipi) # (Gi) (D)
1 1
() e

unless fluctuations about the averages can be neglected.

8.2 Classical Limit and Wavepacket Spreading

Though Ehrenfest’s theorem provides a formal connection between quantum mechanics and classical
mechanics, it doesn’t allow us to think of the motion of a quantum wave function as we do the
trajectory of a classical particle.
To a good approximation, we can do this if

1. Quantum means follow the classical trajectories

2. Aq and Ap are small on a scale of dimensions of the trajectory.

Using point 2 above to justify the approximate validity of point 1 (they are related), let

q=(q)+0q

p={(p)+dp
Then

(@p) = (({q) + 6¢) ((p) + dp))
= (q) (p) + (0Gp)

Where the second term is approximately AgAp. If this term is small compared to ¢ and p, we can
approximately absorb it into (¢) (p). For example, consider:

g7
2m
= 2= %<ﬁ>=—<@gg>>

m

ISH
—~

Then
V() =V((a)+6q)
S V(@) + T7(0)5d + 57" ()58

= V(@) % V(@) + 37" (@) (04°)
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d -, . . 1~ . .
= (V@) ~ V(@) + 37 (@) (67°)
If the <5q2> is small enough to neglect, then

G0~ - L V(@)

Remark 4: If <5cjz> starts out small, does it remain small? To answer this, we use equation ()

from §8.1:
o 0 = 3 (o 1))
1 . ~D
= <[5q2’§_m}>
~ = ([a- <Q>>2,%>
= ((dp+ pd) — 2 () (5)
Similarly,
4 (oi2) = < ! (QA+15@—2(Q>13>
o &) = 2 ([ap+pi—2(05.7])
_ % <<ﬁ> - % V(@) - V"(() <542>>
Let’s let )
= (8) -2y

Classical Energy

2 ~
N % (367 ~ % (=~ V(@) (5¢%)) (tth)

One can use the above to determine the error introduced by replacing

v d -
< d‘;> by —V({(¢q)) in Ehrenfest’s Equation



104 CHAPTER 8. CLASSICAL LIMIT AND WKB APPROXIMATION

Remark 5: For a harmonic oscillator with potential V((j) = %mwQQZ,

2
()= o (62) = = — 4 (5

while the equation for the mean is:
. .
a2 (@) = —w? (@)

which we get from solving Ehrenfest’s equations for the harmonic oscillator potential. The
two above equations imply that (§) oscillates at frequency w, while <5(j2> oscillates at a
frequency of 2w.

- -
< T T
VRN
But this looks just like our squeeze states!
Remark 6: For a free particle, V(cj) =0:
2, o 4
_a (@) e’
m \ 2m 2m
2
= —3 {9p%)

(562) (1) = (35%) P+ = (67)|  + (562 (0)

This implies that the wavepacket disperses in time, and thus the classical approximation
remains valid only for a limited time.

8.3 Classical Limit of Schrodinger Equation and the WKB Ap-
proximation

The alternative formulation of the classical limit is to make a connection between the flow of
probability density by the Schrodinger equation and the flow of probability density in classical
statistical mechanics.
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8.3.1 Quantum Mechanical Probability Current

The quantum mechanical probability density in quantum mechanics is given by

P(Fv t) = ¢* (F’ t)zb(f’, t)

—>/P(F,t)d77: 1

Now imagine that the probability density represents a particle or fluid density. Then,
the evolution of the probability density (according to the Schrodinger equation) may
be thought of as a result of fluid flow:

dP 0P -
—=—4+V-J=0
@ ot
where J is the probability current and the whole expression equals 0 so that normal-
ization is conserved.

L oP
ot

~

V.
But

op 9 .

Ezg(ﬂ) V)

oy LO0Y
Y+ ot

Ot
T R
= ——(Hv) +ﬁ1/) (H1p)

1
th
((Fre) o — v (1)) (1)

7

h
And so J must be defined to agree with the right hand side of ().

Remark 1: There is some ambiguity in the definition of the probability current
since satisfying () does not uniquely determine J. We choose a symmetrized

definition:
50 =5 (v Lo+ (Zv) v)

— 3 (Zhvv s Zuww)
m m

(Vi —pVyT) (1)

ih
2m

Remark 2: % is chosen so that (f) looks like velocity times density as in classical
current density.
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So —V - J, with definition (1), gives:

_v.j:;_h Vot - w+¢v2w Vip - Vi — pV3ep*)

=5 = probability flow

8.3.2 Connect Probability Current in Classical Mechanics to Quantum
Mechanics

To formally connect the flow of probability in QM to that in CM, write the wave
function in terms of amplitude and phase variable.

Y(7t) = A1) ¢SO0

——
amplitude Phase

Substituting this into the Schrodinger equation to obtain 2-coupled equations:
th—vY =H¢yp =—V"Y+ Vi
ot 2m

0 -S/n\ _ —h? 2 —iS/h
zhE(Ae )—<2mV + V| Ae

Equating real and imaginary parts:

0A -1 1
T a5 1 ) h2 , (1)
— =——(VS)" =V + V A
ot 2m (VS)
From this we can obtain an expression for the equation of motion for the probability

current.

P(7) = v™ = A
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P A 2A A2
= or _ 2A8— = -2 VA.-VS - V3§
ot ot m m

0 1
_A2 - X A2
ot mV ( VS)

And we can identify the probability current density:

P .

-1
J=—A%VS = -V-J
m ot

Remark 1: The classical limit here is taking i — 0 in equation (}). This implies:

oS 1 2

— =———(VS)" -V

= (V) (i)
This gives the flow of probability density in phase space. The S that satis-
fies (1) is the principle function of Hamilton as seen in the Hamilton-Jacobi
formulation of classical mechanics. (See Phys 505!)

Remark 2: For the special case of stationary states (Hi = E1):

0A S
o = 0 and T -F
and equation (}) becomes
V- (A’VS) =0
AV,

(VS 4+ 2m(V — E) = 1

8.3.3 WKB Approximation

Here, the idea is similar to the classical approximation, but less extreme, since we
keep the h dependence to the lowest order. Taking the wavefunction:

() = ARe "

and write this as

with 5
W () = S(F) + - In (A(7))

Remark 1: A(7) and S(7) still evolve accordingly to (}) in §8.3.2, but they are no
longer restricted to be real functions.
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The idea now is to expand our W (7) to order h? and drop higher level terms. Take,
for example, the case of stationary states in 1-D:

d ds
— [ A2Z2 ) = 1
dz < dm) 0 ()
ds\? h? d®A
dAdS d?s
1) = 24— — 4 A2= 2 =
(1) = dz dz + dx? 0
dA dS d2s
d (ds
i%d _ / dx ( x) dr
Adx ds

dr
ds

In{ — ] + constant
T

Substituting this into (2):

ds\? dS\"? da | 1 /ds\*? a?s

) —om(E - R(2) L] (&2 el

<dm> m V)+ < ac) dx 2( x da?

ds\'? |3 (dS\T? (&S\* 1 (dS\ TP dis
4 \ dzx dx? 2 \ dz dx3

=2m(E - V)+h <—
AN
=2m(E — V) + h? 1(%) —§<2§> (3)

x

Remark 2: Solving (3) exactly is equivalent to solving the original Schrodinger
equation. The WKB approximation enters here: we begin by expanding S in
powers of h%. Let S = Sy + S1A% + ..., and substitute into (3). Doing this
will generate a system of equations for Sy, S1,... by equating powers of hZ.
To Zeroeth Order:

w

To order h2:
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Remark 3: In general, the expansion of S in powers of h? does not converge-it is
an asymptotic expansion (initially decrease, and then increase in error), so a
good approximation is obtained if a series is truncated at some finite values.

The simplest approximation is truncation at zero order:

U(z) = {ifdx 2m(E —V(z)) +ax, E>V(z)
i [ de\/2m(V(2) = E) + B, E<V(z)

where a,m and (34 are arbitrary constants. Then

—1/2
A = const - <Z—S>

e m(E V@)V, B> V()
= Aolw) = {«u @m(V(z) — E))™*, E<V(2)

where 4 and §4 are arbitrary constants. So the solution will be a linear combination
of the plus and minus solutions:

St

W) =etW D with  W(F) = S(F) + ?m (A(P))

gives
e For E > V(x):
b(x) = (2m(E — V(l,))_l/z; <C+e%fdm\/2m(E—V(x)) L O et Sz 2m(E—V(m)))
(4)
e For E < V(x):
W) = @m(V(z) — E)‘1/4 <D+e%fdm,/2m(V(x)_E) + D_e%fdx\/%n(\/(gc)—E))
(5)

Remark 4: To determine the accuracy of the solutions (4) and (5), consider the term
O(h?) in the expansion of S. Note that once we have Sy, we can, in principle,
find Si. In order for this to be a good approximation, we require that

|R2S1] < | S0l

9 |dV/dzx|

[2m(E =V (2))|*?
(See Messiah Eqn VI.47 for details) Thus, the potential must change slowly
in space compared to the rate of change of zero approximation for the wave

function. This does not happen when E = V (turning points in the classical
trajectories).

= mh
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\vA—E_V

Remark 5: The solutions (4) and (5) represent oscillatory solutions in classically
allowed regions and exponential decay in classically forbidden regions. These
solutions must still match at the boundaries; however, the solutions are only
asymptotic and not necessarily well defined near the boundaries. If the form of
the wavefunction can be determined unambiguously near the boundary, then
it is possible to connect the two solutions. (See Messiah Ch. 6, §11 for HO for
how to do this in this case)




Chapter 9

Symmetries

In §2.1.4, we stated Nothers Theorem: symmetries in the system correspond to conservation laws.
This holds for whether we are speaking of classical or quantum systems. Here we investigate from
a quantum mechanical viewpoint.

9.1 Translations, Translational Invariance, and Conservation of
Momentum

Classically, if the Hamiltonian is invariant with respect to * — = + a, then p, is conserved.

Remark 1: In quantum mechanics, we do not have a well defined position or momentum, so we
replace these quantities by their quantum averages:

x — (T)

p — (D)

Remark 2: In analogy with classical mechanics, we expect translations to give:

— + e
) }Translation

) — (b
<ﬁ > — < g }Translational Invariance

]5> = O}Conservation Law

9.1.1 Active Translations

Recall §1.2.4: There were 2 types of transformations:
e the Active: transformed vectors in Hilbert space

111
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e the Passive: transformed Hilbert space operators
Here, we define the (infinitesimal) translation operator T'(¢) to have the following

action: X
T (e) [¥) = [¢e)
so that
(2) = (I) +¢
or that

<¢€|i7 |7pe> = (1[)|:f: |¢> te

Consider the action of the translation operator on the position eigenstate:
T(e)|a) = o +e)
which shifts the position to the right by amount e. Then, if (z[¢)) = ¢ (z), we have
(wlipe) = (2| T (e) |v)
a7 [ ) twldy )

— 00

gl [ Ty y+ o) i)

gl [ "y 1) (- el)

= by (y — <l0)
= (z— ely)
= Y(z <)

Remark 1: T (¢)|z) = |z + ¢) is not the most general result. In fact, we could write:

T(e)|z) = 9@/ g4 )

space dependent
phase factor

This result still gives:
Ty — (T) + €
but gives
(p) — (| TT(e)pT (e) |)

_ (x +€‘ e—iag(z)/h(_ih)dd

X

= (x4 ¢| e E9@/R ((—ih)%g'(m)eiag(x)/h |z + &) + (—m)eiagm/ﬁa% |z + e>>

= (D) +€<Z—g>
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For translations, we require that
(p) — (p) = g = constant

and we take this constant to be zero (for simplicity).

Definition 1: Translational Invariance is defined by

(W H |[y) = (W] H 1))

i.e., the expectation of the Hamiltonian is invariant under infinitesimal trans-
lation.

Remark 2: According to Nother’s Theorem, translational symmetry implies a con-
servation law. (Here, it will be conservation of momentum.)

Proposition 1: Momentum, p, is the generator of infinitesimal translations.

e Proof: Since ¢ is small, we expand T' (¢) in a Taylor series about
e to O(e):

T(e)=1+eG
where 7' (0) < no translations. Then:

(@] T () |2) = (zlpe) = Y(x — &)
Expanding both sides to O(e):

(@l T +2G Iv) = w(a) — =50
V(@) + e ] G ) = 9(x) — e
= (@l G 1) =~ = - (alpl)
iG:%ﬁ
= T)=+p

ih

Proposition 2: Momentum is conserved in a translationally invariant system.
e Proof: We begin with the definition of translational invariance:

= W T ©HT () [v)
<ol (1- 59) 1 (14 5) 0
= (¥ H |v) = — (0| pH — Hp[9) + O(c?)
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Since we are translationally invariant, O(e2) = (| [p, H] [¢)) =
0. And by Ehrenfest’s theorem:

<[]3, Jfl]> =0= <ﬁ> = 0 = momentum is conserved

Remark 3: So far, we have considered only infinitesimal translations. If we need finite
translations, say (Z) — (Z) + a, where a > ¢, we divide a into N intervals of
a/N and let N — oo. Then we consider infinitesimal translations:

. a -~
(3) -1 i
N p
and define our finite translation operator as
. . 7aN1N o
o= o [ ()" ="
(CL) Ninoo N ¢

In coordinate basis:

So
(2| T (a) [¢) = (x| e az [¢)
d 1 ,d?
=Y(r — a)

Remark 4: For consecutive translations

T (a) T (b) = e~ 'oP/Me=tbP/N — H(atOB/M — T (q 4 b)

9.1.2 Passive Transformations

Passive translations leave quantum states invariant, whil shifting the coordinate sys-
tem to the left by the amount ¢ (assuming position is shifted to the right in the active
case). See Shankar for the complete derivation of the translational operator in passive
version. Briefly, the requirement that the position and momentum operators must
obey is:
TH(e)aT (€) — & + el
TH(e)pT (e) — p

Expanding 7 (¢) in powers of € results in:
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which we note is the same expression as in the active case. In the passive transforma-
tion picture, translational invariance requires

THe)HT (¢) = H

which again requires that the Hamiltonian is invariant under translation. Now we
want to show that this is equivalent to

FI(§:+af,ﬁ> — A (i,p)

N

Proposition: For any €

(z,p) that can be expanded in a power series, and for and
unitary operator U:

-l

o = 0 (0, 0tp0)
e Proof: Expand ) in a power series and consider a typical term
(i.e. pzp). Then, for this term, we have
UtpepU = UtpU U 20U pU
Collapsing the expansion, we get:

~ A

) (UT 20,01 ﬁf])

Corollary:
O(2,p) — TTOT = O (Tw, fw) — 0O (gz tel, ;a)

e Proof: T is unitary. The rest follows from above.

Thus we see that for ) = H, translational invariance implies that

H(&,p) = H(z +¢l,p)

9.1.3 Translations For a Many Particle System
For a system of N particles, the translated many body wave-function becomes:
<x17"'7xN‘T(E) ‘¢> :1/}(951 —&T2 —&,..., N _E)

and, to O(e),




116 CHAPTER 9. SYMMETRIES

=T (e

||
’\(>
3“| &

al E

—J_-=
P SLht
where P is the total momentum operator.

Remark 1: For many particles, translations generalize to
THe)#T () = &y + el
TT(a)ﬁ,-T (e) =pi

and translational invariance becomes:

TT(e)f{(i'lai'Qv"'ai‘N;ﬁbﬁ%"'aﬁN)T(g) :IA{(‘%I +€IA7‘%2+€IA7""‘%N+€IA;]§17]§27"'>1§N)

= H(&1,%2,...,2N;D1,D2,---,PN)

Remark 2: For a single particle system, translational invariance implies free particle
which implies that V = 0. For a system of particles, translational invari-
ance implies than V = V(&; — &;)-so that the Hamiltonian depends only on
interactions between particles and not on “external” interactions.

Remark 3: In a translationally invariant system:

TT(a)]fIT (a)=H and =T
= H =T (a) HT"(a)
:iﬁm%ﬂ:o
iﬁ@%ﬂﬂzo

This tells us that a system that starts translationally invariant remains trans-
lationally invariant.

9.2 Time Translational Invariance and Energy Conservation

We expect that homogeneity of time will give the same result if an experiment is repeated at
different times.

A system is prepared in an initial state, |¢)g) at time ¢;. The Hamiltonian at this time is H;, and
the system evolves for a short time 7.

[Y(t + 7)) = ﬁ(TA) |%0)
_ e—iHl'r/ﬁ‘¢0>

~ (1= 0r) 1)
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where H; = H (t1). The experiment is repeated, only system is prepared at time to:
o 1 o~
otta + ) = (£ - 3 ) o

where Hy = H (t2). Since the outcome does not depend on when the experiment is done, we require
that

[t + 7)) = [Ptz + 7))
= H(t)) = H(ty)
This holds for arbitrary ¢; and to, so we can conclude that
0H
-0
ot
which implies that H has no explicit time dependence.

Remark 1: Time translational invariance mean H is time-independent.
Remark 2: Remember Eherenfest’s Theorem:
d /- 1 /1 ~ 0A
7= (Aa)+(F
) =% "\
Setting A= H and using that <%> = 0, we have that

()= i) =0

which implies that we have conservation of energy.

9.3 Discrete Symmetries: Parity and Time Reversal

9.3.1 Parity Invariance

Definition 1: The Parity operator, II, is defined by its action on the position eigen-

state:
Iz) = |-x)
And it has :che fg)llowing properties:
L Io=1t
Proof:

[ z) = 11| -2) = |z)
ST =f= PO =i = a=11"
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2. II has e-values +1, which follows from 12 = ] and II acting on an
eigenstate.

Eigenvalue =1 = Even parity
Eigenvalue = —1 = Odd parity

3. IIf = II (Hermitian), and II'TI = I (Unitary)
The action of the parity operator on an arbitrary ket is

ftjy) =1t | 1) ) dy

— 00

= [ 1 t-ule ay

— 00

= /OO |=y) (ylv) dy

where the last line is by a simple change of variables. We know that (z[¢) =
1 (x), and thus from the above we find that

) I |¢) = (=)

and even or odd parity corresponds to the even or odd nature of the function

P(x).

Remark 1: TI|p) = |p) (which follows from the definition of § in position represen-
tation.)

Remark 2: The parity operator is the mirror image of a function about the origin.

Remark 3: For passive transformations

> m>
=
Il
|
=

Sk
I

P
and parity invariance happens when
A (&, p)I1 = H(~i,~p) = H(2,p)
which means that f[U(t) =U (t)f[ and thus parity is preserved over time.

Remark 4: If weak interactions are present, [ﬂ,]f[ } # 0 and thus parity is not

preserved over time.
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Remark 5: Parity transformations are different from space and time translations
(and rotations) since this is a discrete transformation. It may be thought of
as a mirror image of some process.

9.3.2 Time-Reversal

Definition 1: The time-reversed state is defined by

zg(t)=xz(t)  and  pg(t) = —p(t)

(The system is moving in reverse.)

Time-Reversal Invariance (TRI): From an initial state of a system z(0) and p(0),
the system evolves and at time T is at (7T) and p(T'). Then we reverse the
system and run for time 7. We have TRI when

z(2T) = z(0) and  p(2T) = —p(0)

Remark 1: TRI exists when you can time evolve the system forward or backward in
time and there is no violation of physical laws.

Remark 2: Quantum mechanically, time reversal is consistent with our v — *
since, in position representation,

r—x and p— —p

under complex conjugation. For example, if we have an initial state ¢ (x,0)
and we time evolve that state for time 7"

U(x,T) = e_mT/hl/J(x,O)
If we then time-reverse the system for time 7"
(@, T) = o (@, T) = M (2,0)
We then evolve the system forward again (for time T')
e—iHT/heiﬁ*T/hw* (z,0)

Now, for TRI, we want ¢ (x,27T) = ¢(x,0) and H = H*, the latter of which
happen automatically whenever the Hamiltonian in real (for ever powers of p).

Remark 3: This is another example of discrete symmetry.
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9.4 Rotations, Rotational Invariance, and Conservation of Angu-
lar Momentum

9.4.1 Rotations
9.4.1.1 Rotations in 2D

Recall in classical mechanics, we define a counterclockwise rotation of a vector
about the z-axis by:

v A

(x, )

0s(¢o) — ysin(¢o)
((b ) + y cos(¢p)

y
( > B <cos ®0) —sin((bo)) <w>
sin(¢g)  cos(do) ) \y
And we identify a rotation matrix

o = (210) o))

which also rotates momentum vectors.
In QM, define the operator U[R(¢Z)] as the operator which rotates a vector in
Hilbert space:

S]]
||

OIR],
) — [¥r) = U[R] [¢)
Here we abbreviate U[R(¢2)] — U[R] and the rotated vector |ir) must satisfy

(&) g = (Yr|Z|Yr) = (%) cos(¢o) — (§) sin(do)
(0)r = (VrIG1YR) = (2) sin(do) + () cos(¢o)

where

= (¥[2[)
= (¥[gl)

o~ o~
< R
= &
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and similar expression hold for the x and y components of momentum.

Remark 1: Operating U [R] on position eigenkets:

UIR] |z,y) = |z cos(¥n) — ysin(¢p), zsin(¢g) + y cos(¢o))

Now consider infinitesimal rotations about the z-axis:

2 AN T 6z[A/z
UlR(e)] =1+ —

where L, is the generator of infinitesimal rotations. Consider now this action on
a position eigenket:

U[R] |z, y) = |z — ye.,y + z¢2)

From this, we can show that

(o

Expanding this to O(e,):

A

e, L,

I
T

¢> = (x + yes,y — zes)

i oY oY

V) =) + 5 (o) + 5 (o)

SRS A o

L.

0 0
w>=0@5;wm@»wmw

So in position representation

s L 0 0
L,—=x <—Zha—y> —y <—Zh%>

or, more generally,

= <(L’,y

A

Lz = jﬁy - Qﬁm (T)
Remark 2: Putting (f) into momentum representation and acting on ¥ (py, py)

rotates the momentum space wavefunctionso that momentum expecta-
tions are consistant with classical rotations.

Remark 3: The passive version of a rotational transformation has:

UMRIGU[R] = de. +
T RIp=U[R] = px — Pye- (1)
T RIp,U[R] = By + puc-
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Remark 4: Substitute the infinitesimal version of U[R] (I + Ej-%z) into (1) and

get, to O(e,):

| = —ing

= 1hz

= —ihp,

= ihp,

Remark 5: For finite rotations, take N infinitesimal rotations of size ¢g/N as
N — o0

. N .
U[R(¢o2)] = Jim (I — %%L > _ p—idoLlz/n

Writing L,—x <—ih6%> Y ( zh%) in polar coordinates yields
L. — —zh({%
So X
U[R(¢o2)] = e 00
And
_%d) 9 82
¢ pa + ¢O 5¢2 TJZ)(p, qb)

Remark 6: Two consecutive rotations

UR((¢ + ¢0)2)]

UlR(¢02)]U[Repo2)] =

Remark 7: Physically, L. is the angular momentum operator, which is analo-
gous to the classical definition, and is the generator of infinitesimal rota-
tions about the z axis.

Remark 8: If the system is invariant under rotations about the z axis, then

A A~ A~

UYRH (#,py, 9, by)UR] = H(&, s, J,Dy)
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Expanding this to order ¢, for infinitesimal rotations gives
L. H] =0

which implies
1. <ﬁz> equals a constant, which then implies that angular mo-

mentum is conserved.

2. Outcomes of experiments on rotationally invariant systems will
be the same for differing orientations of the system.

3. L, and H can be simultaneously diagonalized, and therefore a
common eigenbasis exists

Remark 9: A transformation which consists of a product of translations and ro-
tations will, in general, depend on the order of individual transformations—
e.g. translations and rotations do not commute.

9.4.1.2 Rotations in 3D

The results of the previous section may be generalized to include rotations about
all 3 coordinate axes. The corresponding rotation matrices are:

cos(¢) —sin(¢) 0
R(¢%) = | sin(¢) cos(¢) O
1

0 0
1 0 0
R(¢z) = | 0 cos(¢p) —sin(¢)
0 sin(¢) cos(¢)
cos(¢) 0 sin(¢)
R(¢g) = o 1 0

—sin(¢) 0 cos(¢)

The generalization gives the components of angular momentum:

Remark 1: Equatios (1) are related by cyclic permutations of indices. i.e.

TYZ — Yzx — 2TY
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Remark 2: One can consider products of infinitesimal translations to derive
commutation relations between components of angular momentum. We

know that
x . x T N T+ Eyz x . xr—€
O[R(e)] O[R(e,9) y O[R(e.2)] Y
Yy| — Y —Ez2 |, y|y —— ) > y| — |y +ex
z 2+ Exy z Z — EyT z z

So now if we consider the following sequence of rotations:

R(e,2)R(ey§) R(—e22) R(—ey9)

x x
R(ex)
= ly — | Y — ExZ
z Z+ ey
Re) [* +ey(2 +e2y)
— Y — Ex”

z+ ey —eyx

T+ ey +eyery
Y — €22+ 2(2 + €2y — £yx)
24 ey — ey — 2(Y — €42)

R(—e42)
—_

T+ eyz + Eyery — £y(2 — gy + €22)
Y+ sfcy — ExEyT
z— eyt + 2z 4 ey (T +Eyz + £yErY)

R(—¢ey9)
—

T+ eyery + EZJE — EyEgZ
= Y — ExEyT + Eiy
z4 (2 +€2)z + exe0y

T+ EyExy
~ |y — ey
z

Which is equivalent to

x X + EyE

R(—exeyZ) yezlY
y| ———— | Yy — ex&yx
z z

From this, we require that the quantum rotations must satisfy

U[R(—2y))|U[R(—,2)]U[R(e,§)]U[R(e22)] = U[R(—¢.5,2)] (1)
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Writing

A s €l

UlR(e,2)] =1 + i

A . e L
N =T Y-y

UIR(e3)) = T+ 2%

. . e L,

z 2) =1
UlR(g,2)] + i

and expanding and matching coefficients gives
[ix,iy] = ihL,

Similarly, one can find

Remark 3: The commutation relations are also related by cyclic permutations
of the indices.

Remark 4: Alternative ways to express these commutation relations are
L x L =ihlL
which is legitimate since the components don’t commute.

Remark 5: Also, introducing the Levi-Civita fully antisymmetric tensor e;;
where

0 ifi=4,j=kk=1
€k = 4 1 for even permutations

—1 for odd permutations

and €103 = 1, we can write
|:f/i, E]] = Zhezgki/k

where summation over repeated indices is implied.
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Remark 6: For finite rotations in 3D-let 6 = % be an arbitrary axis of rotation.
Then Ly is the generator of infinitesimal rotations about that axis and

9.4.2 Eigenvalues of Angular Momentum
9.4.2.1 Eigenvalues of L,
For a problem that is invariant with respect to rotations about the z-axis,

[ﬁz, H } —0 = there exists a common eigenbasis for L, and H

To find that basis, start with the eigenvalue problem for L.:

In the coordinate basis, L, — —iha%:

)
= —z‘ha—(biblz (ps @) = Labr(p, D)

= . (p, ) = R(p)e"=*/" (1)

where R(p) is an arbitrary function of p.

Remark 1: For 9y (p, ¢) to be normalized, we require:

') 27
/ pdp [ dé i =1
0 0

Remark 2: For the normalization requirement, [, seems arbitrary. However, it
is mot since we require our angular momentum operator to be Hermitian:

(i) = (il o)

In the coordinate basis:

/ N / "t <—z‘ha%> Yopdpde = [ / N / s (—z’h%) $rpdp d<z>] *
-/ N / " o (zh%) Wipdpdo

‘ 00 . 27 oo 21 § ‘ b
—ih /0 pdpinti| - /0 /0 0 (—zha—¢> bapdpdo

L, L,
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Thus, to be Hermitian we want the first term to vanish, which happens
when ¢(p,0) = 9(p, 2r). Combining this with (f) implies that

1= eilz27r/ﬁ

=1, =mh where m = 0,£1,£2, ...

Remark 3: Eigenvalues of L. are discrete and m is called the magnetic quantum number.

Remark 4: At this point, R(p) is arbitrary. However, if we are looking for a
simultaneous eigenbasis for L. and H, then we use the eigenfunctions of
L, and (1) in the eigenvalue problem for H. Thus the energy eigenvalues
and eigenfunctions determine R(p).

Remark 5: 1t is convenient to introduce the following functions:

1.
q)m(¢) _ Eemﬂﬁ

This is the normalized angular part of (1):

271
/0 &5 (6)®1n(6) db = Sy

9.4.2.2 Solutions to Problems with Azimuthal Symmetry

Once we have determined the eigenfunctions of angular momentum, we can pro-
ceed to solve the eigenvalue equation for H.

[ﬁz, H } =0 = Hisnotan explicit function of ¢

= V(p,4) = V(p)

In cylindrical coordinates, the Schrodinger equation is

[—h2<82 10 1 92

E G FW) + V(p)] VE(p, ¢) = EYe(p, @)

Remark 1: p here is equal to the mass, and is used so as to not be confused
with the magnetic quantum number.

Trying a solution of the form:

¢E,m(p7 qb) = REm(p)q>m(¢)
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which is an eigenfunction of L. and ®,, = \/%e"m‘f’. Substituting this into the
Schrodinger equation:

~R2 (0> 10 m?
[ﬂ (8—[)2 + 5o ?> + V(p)} Rpm(p) = EREm(p)

Remark 2: The azimuthally symmetric problem is reduced to solving a 1-D ra-
dial problem. The angular contribution is an effective repulsive potential
that corresponds to the centrifugal force.

9.4.2.3 Eigenvalues of IL? and L,
Define L? = L2 + ﬁz + L?. One can show that

[ﬁ2,ﬁi] =0 foralli=uxz,y, 2

Remark 1: We already have shown that if the Hamiltonian is invariant under

rotations about the z-axis, then then {ﬁ ,ﬁz] — 0 and L, is thus conserved. It

follows that if H is invariant under arbitrary rotations, then
[ﬁ,ﬁl} =0 foralli=u=z,y,2
and
[ﬁ,i’ﬂ] —0
implies that L2, L,, f/y, and L, are conserved.

Remark 2: Since the components of the angular momentum vector do not
commute, we can not construct a common eigenbasis between H , ﬁ2, [:Z
for all ¢ = z,y, z. So we pick a single component, usually L., and form a
common basis with H and L2.

Now to find a common eigenbasis between L, and L?. Let |a3) be a common
eigenvector so that

L*|af) = alap)
L. |ag) = Blaf)

Remark 3: Recall the HO problem where we defined the annihilation and cre-
ation operators in terms of Z,p. Here we define L, L_ in terms of L,
and L,.
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Definition 1: Let
Ly=L,+1iL,

be the raising and lowering operators. We note that

[ﬁz, Ei] =+hly

[ﬁ,ii} —0

Remarlf: 4: Ly raise /lower the eigenvalue of L, while leaving the eigenvalues of

L? fixed.
L, <ii ’a@) = <£if1z + hzﬂ:) laB)
=L <f/z + h) laf)
= Ly (B£0)|ap)
= (B+h) L+ [ofB)
and

1% (L |ap)) = Ls (L2 |as))
=« <ii |Oéﬁ>>

Remark 5: Since L. raises/lowers the eigenvalue of the z-component of the
angular momentum, we deduce that

L |af) = Ci(a, B) |o, B + h)

However, given a state |a3), we can not raise or lower [ an arbitrary
amount as |I,| < V2. This implies

@g\ﬁz _ 2

ozﬁ> =a—
:<ag

i2+12[a) 2 0

= a > 3

Remark 6: Since 3? is bounded by «, there must exist a state |, ) that can
not be raised any further.

I:+ |aﬁmax> =0
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Similarly, there must be a |aG,) that can not be lowered.

I:— |aﬁm2n> =0

Starting with the “top state” and considering the above, we have that
L Ly |0fmar) =0
= (Lo = iLy) (Lo +iLy) [0Bmar)
= (L2+ 22+ (Loly — LyLa) ) l0Bnas)
(£2 = 12 = hL.) |aBmar)

(Oé - gwx - hﬁmam) |Oéﬁmagc>

= 0= ﬁmax (ﬁmax + h)

Similarly, starting with the “bottom state”:
LiL_ |aBmin) =0
= (L2 = 12+ hL. ) laBin)
= (a = B2in — MBmin) |aBmin)
= & = Bin (Bmin — h)
Comparing values of « implies that G = —Gmaz-

Remark 7: One can also start at the top state and use L_ to get to the bottom
(or use Ly to go from |afmin) t0 |@fmaz)). In general, this will take k
steps, where k£ =0,1,2,..., so that

ﬁmax - ﬁmzn = 2ﬁmax = hk

iﬁmamZ% where £k =0,1,2,...
k k
_ 52 (M n
=o' (3) ()

Remark 8: Let B’"% = % denote the angular momentum of the state.

Remark 9: Note that in §9.4.2.1, we found the eigenvalues of L, to be mh (where
m is an integer), while here we find that the eigenvalues can be half-
integers. The reason is that here we used only commutation relations and
not the specific form of L, (= —iha%). So, in fact, the result here is valid
for any angular momentum with the same commutation relations without



9.4. ROTATIONS, ROTATIONAL INVARIANCE, AND CONS. OF ANG. MOM. 131

specifying the type of angular momentum. We will study two types of

angular momentum: orbital angular momentum (denoted by L), which
has only integer eigenvalues, and spin angular momentum (denoted by

—,

S), which can have integer or half-integer eigenvalues. The total angular
momentum, J=L+S , obeys the same commutation relations that were

derived for E, and hence the eigenvalues derived above hold for J. For
total angular momentum then:

F2jm) = (3 + DI jm), where j = 5,1,

| =

J. |jm) =mh|jm), wherem =j,j—1,...,—j+1,j
For J = L:

L2 lm) = 1(1+ 1)h? |lm), where 1 =0,1,2,...

L.|lm) = mh|lm), wherem=1,1—1,...,—1+1,—I

Remark 10: We will discuss rules for addition of angular momentum shortly
— for now, we will just use the notion of total angular momentum and
determine general eigenfunctions.

9.4.3 Matrix Representation of Angular Momentum

Finding the matirx representation of jQ,jx,jy,jz is sufficient for determining the
eigenvectors of angular momentum. We will look at the coordinate representation of
these eigenvectors when we undertake central potential problems.

9.4.3.1 Matrix Elements of J2 and jz

These are both diagonal and therefore straight forward to compute. For J? we

have:
<jm J? 1,

P

3
2

DO =

jm> — j(j + K2, where j =0,

0 0
3p2
h2

L[S

252
252
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And for J, we have:

(om]

0 0

jm> =mh

z

D=
>t

9.4.3.2 Matrix Elements of jx and jy
These are non-diagonal. We will use
5 L. B A 1 /- .
=3 (J+ + J_> and J, = = <J+ - J_>
and find the action of Ji on the state |jm). We know:
Ji |jm) = Cx(j,m)|j,m £ 1)
where we need to determine C'y(j, m). In dual space, we have
(ml JL = (jm| Jz = CL (jm 1
Consider just C for now. We know that

(m| | jm) = 1€ Gom + 11j,m + 1) = [C4 2

and R R )
<jm(,]2 72 nd,

jm> =|Cy4

= |Cy? =50 + 1)A* — m*K* — mh?
=12 —m)(j+m+1)
= Cr=m/(j—m)(j+m+1)

Remark 1: In general, C'y can have an overall phase, which we choose to be
unity.

Similarly, considering C_:

(jml| i d-|jm) =1
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We find that

C_:h\/(j+m)(j—m+1)
= Ju |jm) = /(G Fm)(j £m+ 1) [j,m £ 1)

Using this to determine the matrix elements of J, and jy:

) <. 1. - A
<]'m/ - ]m> =3 <]/m/ Ji+J- ]m>
1 1
=5 (! [nG=m) G+ m D |im o+ 1)+ 5 (! [/ G+ m) G = m 1) jm )
1 . . . .
= Sh |V —m)G+m+ 18 50mirm + (G +m)G —m+ 1) 0m 1
2
Thus _ .
0 S 0
: h : :
0 2 z
koo
2 e
j = oxn v
o A
V2 V2
: h :
B O S N
0
Similarly, for jy we have
) . 1 /. - A .
(1) = & (1.~ )
h - - - -
=9 [\/(J —m)(j +m+1)8; i 0mirm — (G +m)(j —m+ 1)5j,j'5m—1,m']
Thus )
O 2 0
h
0 g
T —h :
SO SR N
: _h :
Jy = !
il O § B
V2T ivE
: —h :
N N T
0 5 .

Remark 2: Though J, and jy are not diagonal, they are block diagonal (all
matrix elements have ¢; ;). This implies that the blocks do not mix upon
multiplication, and we can conclude that:

[jéj%jéﬁ} = ihJU)  for j = 0,%717---
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9.4.4 Finite Rotations

Recall from §9.4.1.2 Remark 6 that finite rotations may be expressed as

Remark 1: We have all components of J; however, J is block diagonal with only
blocks of the same j multiplying. So, schematically, we represent U[R] by the
following:

A e s
O[R] D

P D(1) ............

where DU) is the (27 + 1) dimensional block for a given j.

Remark 2: Since a vector |¢;) need only be spanned by 2j+1 vectors |57) , ..., |, —J),
we only need DU)[R] to rotate [¢);) (which stays within the subspace V).

Consider

() P R N R AN
DIR(0)] = e~ _§m<h>@]q “

Remark 3: This series expansion can be truncated at n = 2j.
2j .
D[R] =Y £u(0) (7-79)
n=0

— . n
The terms (0 .U )> for n > 2j can be written as linear combinations of the

first 2j terms, and the f,(#) represents that combination.

Remark 4: Consider the subspace V; spanned by basis vectors |jm) where m =
4,...,—j. The subspace is identified by the eigenvalue of J2: j(j+1)h%. Since

[ﬂ, U[R]} ~0
then a rotation of any state spanned in this basis will not change the eigenvalues

and therefore this is called an invariant subspace (invariant under arbitrary
rotations).
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Remark 5: Furthermore, the invariant subspaces are irreducible, i.e., it does not
contain any other invariant subspace.

Remark 6: The block diagonal matrices, D), which make up U [R] are an irreducible
representation of rotation in the |jm) basis.

Remark 7: Also, since [ﬁ , ji} = 0, each block represented by DY) will have a single

energy eigenvalue £j. This implies that all states with a given j are degenerate
in the rotationally invariant problem.

Remark 8: Classically, this degeneracy is because one state can be rotated to an-
other without changing the energy. Quantum mechanically, a rotation com-
bined with Jy is required to take one state to another, but these operators all
commute with H, so the energy is unchanged under U [R] and T4
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Chapter 10

Central Potential

10.1 Hamiltonian in Spherical Coordinates
For a particle with mass p and momentum p, the Hamiltonian in a spherically symmetric potential,

V(r), is
P
which corresponds to a time independent Schrodinger equation:
. h2 . . .
A0 = |59+ V0| 0 = Bo) )
In spherical coordinates, this is:
(10 ,0 1 0 0 1 0? -
—— | ===+ — =i —t 0,0) =F
[ 2u <r2 ar or - r2sin(6) 00 Sm(e)a@ i 72 sin%(6) 8¢2> i V(r)] Yu(r6,9) ¥(r,6,9)
(2)

Remark 1: Though we can tackle (2) as is, it is useful at this point to note the spherical symmetry
and thus that we have conservation of angular momentum. Consequently, we can express

(1) in terms of a conserved quantity.
Remark 2: Recall that L = 7x p = ih(7x V) = angular momentum, and that all three components

of angular momentum commute with the Hamiltonian.
- p since it is not Hermitian.

=3y

Remark 3: For the radial momentum, we will not use —ih%

Instead, we will use the symmetrized form:
N O A O

= —-p + D -

r

Remark 4: p, commutes with any function of 6§ and ¢, and also with I,,1l,, [, but
[fyﬁr] =ih

137
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Proposition:

e Proof:

by vector identities

So an alternate form of the Hamiltonian for a spherically symmetric system is:

) F9
A i L N
F=P i 2 Ly
2u - 2ur? (r) (3)

Remark 5: Comparing the Schrodinger equation obtained by (3)

ﬁ2 E2 ~
[ﬁ + 2/”"2 + V(T) ¢(7",0, ¢) = E¢(7",0, Qb) (4)
with (2) gives us
el IR B U
L _ Sin2(9) [SID(Q)@ (Sln(e)@> + 8¢2:| (5)

10.2 Solution of Spherically Symmetric Schrodinger Equation

Recall from Chapter 9 that spherical symmetry implies
e H is invariant under transformation

° [}AI,[:Z} =0fori==xvy,z2

° []fl ,ﬁz} =0

e There exists an eigenbasis common to H , L? and one f/i, usually L..
The steps to finding a common eigenbasis are:

1. Separate the angular and radial parts of the Schrodinger equation.

2. Solve the eigenvalue problem of L. and L? for the angular part.

3. Solve the full problem to get the radial part.

Remark 1: The particular form of V(r) enters only in Step 3!
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10.2.1 Solution of the Angular Part
We’ve actually done this using the bra-ket notation in previous chapters using:
H|n,l,m) = Ejp, |n,1,m)

and starting by solving the eigenvalue equation for L% and L.. Again, we will solve
the eigenvalue equation for L? and L., but this time we’ll do it in coordinate repre-
sentation. Following the same strategy as before, we’ll start with

Lo|l,l)=0

In coordinate representation:

. (0 0
= :tl(z) —_— ) o
Ly = +he <09 izcot(9)8¢>

We let |I,1) — 9i(r,0,6) so that we have:

9

<£ +iCOt(9)8¢

2 ) vir.) =0 ()

Remark 1: wf is an eigenfunction of L. with eigenvalue (%

LZ = _Zh8_¢

So let '
T/Jf (Tv 97 ¢) = Ull(r7 e)ell(z)

Substituting this into (f) gives:

0
(% + cot(@)l) Ul(r,0) =0 (1)
Remark 2: We can ignore the r dependence in (I), and we can write

d_Ull ~ lcos(0) o _ l
Ul sin(@) " sin(9)

which is satisfied if

d (sin(0))

U} (r,0) = R(r) (sin(0))’

Remark 3: R(r) is normalizable, but otherwise arbitrary—in actuality, it is deter-
mined by the radial part of the solution.
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Remark 4: Requiring R(r) to be normalizable with respect to r implies that the
angular part must be normalizable with respect to the angles. A function that

satisfies this requirement is:

1/2
Y/ (0.6) = (—1) [2” 1} !

. 1
o i) e (i)
Remark 5: Applying the lowering operator to this top state

L0y = [+ D)WY 1,1—1)

= 21,1 —1)
0 0
= ¥I0.0) = 5 () (g —icot0)55 ) ¥
I_

Repeating this gives the spherical harmonics. For m > 0 they are

. 204+ 1)17Y2 1 L+m) Y2 dm
Ym0, ¢) = (—1)" [%} i [m} ¢"? (sin A) W(sm@)zl

And for m < 0:
Y, = ()" ()

These function satisfy the orthonormality condition:

/ Y/ (0, 0) Y (0, 6) dQ = 8140y with d = sin 6 dfde

Remark 6: The Spherical-Harmonics are closely related to the Associated Legendre
Polynomials. For P/™ with 0 < m <, they are:

— )2 ,
.0 = | S| e st

10.2.2 Solution to the Radial Part

Since the solutions will be simultaneous eigenfunctions of L% and H, we assume a
solution of the form

Ui (1,0, 0) = Ry (r)Y;™ (0, 9)
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Substituting this into the spherically symmetric Schrodinger equation:

~9 [:2 .
[pr + 5+ V()

2 2pr? Y/"(0,9)R(r) = Em Y™ (0, ¢)R(r)

2u 2ur?
2+ )R
24 272

) 2
[£1+5Qilﬂl4;V@4}T%a¢ﬂﬂﬂ:=EmEmW¢®RW)
+V(r) - E} Rp(r) =0

Since

L 10 (0 1
Dr = —ZH;ET’ = —ih <§ + ;)

=p2=-h| — +-=
Pr 87‘2+r87‘+ or

9% 20

“*(&a*?@)

A .
T < or? 54_5)

R0 0 0
T (87’ <TE> N E)

o

ooz

92 10 a1 1
T

Thus we have that

“ ORI DR
2u Or? e

To solve this, let Ugy(r) = rRg(r):

h 92 N 11+ 1)R? N V(r)—E
2pur Or? 2pur3 r

2 92 2 N
[_%%+%+V(T)—E} U(r) =0 (f)

Remark 1: (1) is called the radial equation and closely resembles the 1-D Schrodinger
equation. The differences are:
e 0 <7 < oo instead of —oco < & < 00
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2
e For [ # 0, there exists a repulsive centrifugal barrier l(l;/; i)zh . So the
total effective potential is

I( + 1)h?

Vepp =Vi(r)+ 22

e Boundary conditions on U(r) are different.

Remark 2: As in the 1-D Schrodinger equation, the asymptotic solutions (ie, the
solutions as r — oo) are exponentials which decay to 0 (E < 0) for fixed
discrete values of E (bound state solutions), or they are oscillatory solutions
(E > 0) which are the continuum or unbound states.

Remark 3: The solutions are generally degenerate with respect to the energy eigen-
value:

e Energies with discrete spectrum are degenerate with respect to quan-
tum number m, and may be, but not necessarily, degenerate with re-
spect to the angular momentum quantum number [.

e Continuous energy spectrum are always infinitely degenerate, since for
each F > 0 there are eigenfunctions for all values of [ = 0,1,2,...

and m = 0,+1,+2,..., 4] (assuming that V(r) — 0 monotonically as
7 — 00).

Remark 4: We must determine boundary conditions at » = 0 so that the solutions
are physically acceptable. First of all, we require that

B2 @2 U+ )R
Dy(r) = “oudr? T 212 +V(r)

to be Hermitian with respect to functions Ug;. Here,
Dy(r)Ugi = EUg

is the eigenvalue equation representing the radial equation, (f).
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Remark 5: Requiring that D;(r) is Hermitian is equivalent to requiring that p, be
Hermitian (Convince yourself of this with Exercise 12.6.3 in Shankar).

(V]pr|) :/dQ/ r2 drap* <—z‘h1ﬁr>¢
0 r or
= /dQ/ rdry* (—ih3r> )
0 57“
:/dQ/ drrY,"" Ry, <—zh—7‘Y} RE1>
0 57“

:/dQYlm*Y}m/ dr (—ih)rR*Elg(rREl)
0 or

| S —
1

= —ih |7‘RE1|2|0 + Zh/o dr [E (T‘REI):| rRg
——inlrrp?[y vin [ dovry [T | 2 orp)| e
0

or
= —ih [rRe?|g + ([pr )"
So p, is Hermitian if
—ih ’TREllz‘;O = ‘UElF‘gO — 0

Since we require ¢ to be normalizable, this does vanish for sure at the upper
limit. For physical solutions then, we have the requirement that

Ugi(r =0) =0

Our goal now is to understand how solutions to the radial equation behave at the
origin. To investigate this, let’s try an expansion of the form

Ugi(r — 0) ~1° (1+ a1+ apr® +...)

where s,a1,a9,... are constants and s > 0.
We will assume that if V(r) — oo as r — 0, then it does so no faster than
Coulomb potential). Let’s substitute this into the radial equation:

— U1+ DR
2u dr? 2ur?

S =

(the

+V(r) = EB| (r* + air*t +agrt? +..) =0

(1 +1)h?
2p

Keeping only the dominant terms leaves

—— [s(s = 1)r* 2+ arr* (s + 1)s] + (r 2+ ar ) + V(r)r* — Er® =0

h2
—— |s(s—=1)— I(I+1) | 2=0
26 | —— ——
radial Centrifugal
KE KE



144 CHAPTER 10. CENTRAL POTENTIAL

=s(s—1)=1(l+1)
=s=I1l+1 or s=-I
So, near the origin:

r—0 141

U ——r which is the regular solution.

or

—0 _ . . . .
Ug =% 7! which is the irregular solution

Remark 6: The irregular solution is rejected since it is not normalizable, and it does
not satisfy the boundary conditions Ug;(0) = 0.

Remark 7: 1t is clear that the irregular solution must be discarded for [ # 0, but
it also must be discarded for [ = 0. If [ = 0, then the corresponding wave

function: ) )
vo = Y5'Rio = Yy~ Upo ~ —

which doesn’t satisfy the Schrodinger equation:

(ﬁ-E) o = #5@) £0

since V21 = 4m(r).

10.2.3 Examples: Free Particles and Central Square Well Potentials

There are several “classic” problems that correspond to central potential problems:
e Free particle in spherical coordinates: V(r) = Vi = constant

Isotropic H.O: V(r)/4 pw?r?

Hydrogen atom: V(r) = —<

s

3D versions of square wells and step potentials

10.2.3.1 Free Particles and Spherical Bessel Functions

Consider a free particle such that V(r) = Vp for all » > 0. Then the solution to
the spherically symmetric Schrodinger equation is:

¢Elm (Tv 97 ¢) = REl (r)YEm (07 Qb)
And the radial equation is:

221+ 1R
_ZW—FW—’_VO_E UEl(T)—O
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with Ug(r) = rRgi(r) (See §10.2.2). Consider now the case where E > Vj. Let

]{72 — 2u(E—-Vo)
— gz
d? (l+1
= |:—d’r'2 +k?2 — 7( 2 ):| Ug =0

Or, in terms of Rp;:

dr? r2

2 1
[ i ]y

2
& 2 d I1+1) B
[d(kr)?*(kr) atr) T e }REZ—O (1)

Remark 1: (}) is a differential equation whose solutions are spherical Bessel
functions.

ji(kr) — The proper spherical Bessel functions

n

(+

)

kr) — The Neumann functions
hy )
i) (k)

i
)(kr) — The Hankel functions of the Ist kind
)(k‘r — The Hankel functions of the 2nd kind

Remark 2: The general solution is a linear combination of j;(kr) and n(kr)
which are defined in terms of ordinary Bessel functions:

™

. 1/2
Jikr) = (ﬁ) Jig12(kr)

™

ny(kr) = (—1)" (ﬁ)lﬂ J_1-1/2(kr)

Remark 3: Near the origin:

Ji(kr) k=0, (kr)! = regular

ny(kr) k=0, (kr)=™Y = irregular

Remark 4: The Hankel functions are given by

W = ny(kr) + i, (kr)
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which are both irregular at the origin.

Remark 5: For physical solutions, only regular solutions are allowed in regions
containing the origin. However, the other functions may be important
for matching discontinuities in the potential (Eg. a central square well
problem).

Remark 6: Asymptotically,

T 2

kr—oo 1 I
ny(kr) —— — 7 €08 </<:7‘ - ?)

T—00 1 .
Ji(kr) koo, 7 Sin <k‘r - l_7r>

and

r—oo 1 i(kr—
hl(i)(kr) k Eeﬂ:z(kr Im/2)

Remark 7: Asymptotically, the factor of % in j;(kr), ni(kr), and hl(i)(k‘r) gives

the inverse square law behavior expected in a central potential problem.

Remark 8: To lowest order, the spherical Bessel functions are:

no(kr) = (:oskf?/jn‘)7 iy (kr) = C(()ZE,I;) N sinkgfr)

Remark 9: The solution to the spherical Schrodinger equation with V' = 1{, and

E>Vyis
wE'lm(ra 97 ¢) = jl(kr)}/;m(ea ¢) (i)
where k? = 2“(];372_% and the solutions satisfy

2
Jt[ w*E‘lme"l’m’7’2 dr d) = W(S(k - k/)(sl,l’ém,m’

where

/0 k) iK'y dr = S5 0(k = )
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Remark 10: For V(r) =V, and E < Vp, we simply let

2u(E — —
b — M(tho)_)m_Z (ng E)

so that the analogs in trigonometric functions become analogs of hyper-

(++)

bolic functions. In this case, it turns out that h,
that doesn’t diverge at infinity.

is the only solution

—RT

+),. r—oo €
hl( )(mr) —

KT
whereas all other functions diverge as ©.

Remark 11: In Cartesian coordinates, the solution for the free particle is given
in terms of plane waves:

wﬂ ~ ei/;-f"

which are eigenfunctions of the energy % and the components of linear
momentum py, Py, P.. These plane waves form a complete set of functions
which may be used to expand any wavepacket. The spherical standing
wave () in Remark 9 is an alternate complete set.

We can expand the plane waves in terms of the spherical standing waves ():

- 0 l 7 —
Hr=dn ) 3 <%)Yf"(—>

where the two terms in parenthesis denote angles 6 and ¢ which define the unit
vectors in the k and 7 directions. If k is along the z-axis, this simplifies to

eiE.F _ eikr cos 6 2(21 + 1)Z'ljl(k;'r)Pl(COS 9)
=0

where Pj(cosf) are the Legendre polynomials. In this case, a particle moving along
the z-axis has no angular momentum in this direction. Thus, ¥;"* — Yl0 and the m in
the sum in completed explicitly.
10.2.3.2 Central Square Well

Consider now the central potential defined by

v
V(T):{o, O<r<a
0, r>a
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V(r)
A
>
VO
For £ <0 (Bound case)::
Aji(kr), r < a regular at origin
Rpi(r) = +) /- . e

Bh,"(irk), r>a finite at infinity

Solutions must match at r = a.
Aji(ka) = Bhl(ﬂ(ian)
./ o (+)/ . .
Akjy(ka) = Bh, " (iar)ik

Recursion relations relate derivatives of spherical Bessel functions to other
spherical Bessel functions. Let us consider the [ = 0 case. Then:

Asin(ka) _ <cog(ina) _H,sin(z'/w))

ka ika ika
ei(i/-m)
— BE
ika
=B . (The B absorbed the i) (1)
and
cos(ka)  sin(ka) . [ieTRe eTha
Ak — = Bik | — — ——
( ka (ka)? "\ Tka i(ka)?
sin(ka) _ e~ ha
A ka) — =B|—e " — 2
= <cos( a) a > < e e ) (2)

Adding equations (1) and (2) yields:
Acos(ka) = —Be "™

= —Asin(ka) (%) by (1)

—k
= tan(ka) = —

Solving graphically: We found the bottom line by finding x in terms of k

and plugging into —£

PR
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10.2.3.3 The Coulomb Potential: Hydrogen and H-like Atoms (Ions)

Consider the 2 particle coulomb interaction between an electron and a proton, as
in a Hydrogen atom. In the center of mass frame, this becomes a central potential
problem, with a Schrodinger equation:

. h? z129€2
Hi = |—— V2 4+ 222° 1y = By
2m r
where m = 2 is the reduced mass and 21 = +1(protons) and zp = —1(electrons).

If one neglects nuclear structure, then this equation also describes other 1 electron
atoms such as He™, Li*t (2 = +2,+3,...); it also approximates atoms with a
single electron outside one or more complete shells.
Recall the Bohr model, in which we toake the electron to be distributed uniformly
over a spherical surface of radius rg. In this case, the mean potential energy is
given by

_ —62

Vir)=—

A0

With this model, we can assume the particle is confined on the scale of rq, and
by the Heisenberg uncertainty principle, the uncertainty in momentum is at least

ap
7o

Letting this be the mean value of momentum, the total energy in the ground

state is:
1 < h )2 e?
Ejy=—|—) ——
2m \ 7y 70

The stable configuration is where this is at a minimum:

dE 2r2 2
drg 2mry 1§
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h2
=719 = —
me

And plugging this into the ground state energy gives:
5 R (me?\? 5 [ me? 1 me?
= — - — e N _
7 2m \ 2 h? 2 h?
Remark 1: rg is called the Bohr Radius.

Remark 2: The simple arguments actually give the exact results calculated
from the Schrodinger equation! However, in order to get the excited state
energies, we must actually solve the Schrodinger equation.

Thus, we have a classic central potential problem, so the angular and radial parts
separate and the main problem is solving the radial equation. The angular part
is the same as always, for the radial we have:

[d—2 2 <E+ ?) - l“;ﬂ Upi(r) =0

We are solving for the bound states, and hence are looking in the region where

A I

1(141)
,,.2
Effective
Potential ~N—{ |

[

.
.
)
.
,
' \
h

€
r

2mE
—

E < 0. We begin by making the change of variables p = r (i.e., p=kr

from the free particle solution).

2mE
e e\ I I+
= d—p2_1+ﬁ P - p2 UEl(T)—O

Let

N ! 2mE_\/—2m
) 2\ h2E

Now, we know that

Ui~ p™ asp—0

Ug~e” as p — o0
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Hence, we will let

U = p e Pum(p)

to explicitly capture the asymptotic behavior. Substituting this into the radial
equation:

d? B d - ) )

= d—,02 (pl+1e p'UEl(p)> = d_p |:(l + 1)pl€ Pog; — pl+1e PVl + pH-le pUIEl]
= (I+ D)l e Pug — (1+ 1)plePvm + pH (1 + 1)e Pl

— A 1+ 1)ePogy + prePug — plePuly,

+ o1+ Ve Puly — plHlePuly + pl e ol

= [(l(l + 1)t =200+ 1) Jrpl+1> VgL + <(l 1) l+1> 2l + pHH Lo } P

And the radial equation becomes:

d? d Ae? U(1+1)
I+1 l+1 I+1 I— _ - +1 _
{p e ((l+1) >2dp+<p 20+1)+1(1+1)p >+< 1+ >p }vEl 0

P p?
d? d )
= ﬁ+2(l+1—p)d—p+(—2(l—|—1)+/\e) vE =0 (1)
We will try solutions of the form:
va(p) = Cip" (1)
k=0
Substituting this into ():
Z{ k—1)Crpk —1+2(1+1—p)kCrp" ™ + (=2(1 + 1) + Aé?) C’k,ok} =0
k=0
{[—2(1 +1) + Ae? — 2k]Cp® + [(k(k — 1) + 2k(I + 1)]Ckpk_1} —0
k=0
D =201+ 1) + Ae? — 2K]Crp® + Z — 1)+ 2kl + D]Cpp" 1t =0
k=0 k=1
D =20+ 1) + Ae? = 2k]Crp® + > [(k + Dk +2(k + 1)(1 + 1)]Crrap* = 0
k=0 k=0

D {20+ 1) + Ae® = 2k]Ch + [(k + Dk +2(k + 1)1+ 1)]Cra } pF =0
k=0
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Crt1  —2(l+1)+ X =2k —Xe2+2(l+1+k)

Ck (k+Dk+2k+1)(1+1) (E+1D2(1+1)+k)

And hence we see that we get a recursion relation between the successive coef-
ficients in the polynomial expansion (so long as we are assuming a power series
solution for R(r)). Consider now again the series solution (}). To see how this
behaves for large p, consider the form of the radial equation given earlier in this
section:

d? X2 l(1+1
[d—[ﬁ—u%—([ﬁ )}Um:o (1)

For large p, try a solution of the form:

Up ~ pe

= d—2UEl w4 <ap“_1eb” + bp“eb”>
dp? dp
~ a(a —1)p?2e% 4 2abp?Leb? + b2 pted?

~ la(a — 1)p% 2 + 2abp*~ ! + b2pa] e
Keeping the terms up to order p~! in (11):

:>2abpa—1+b2pa_pa+)\e2pa—l:0

by 2
b=+l a=F—
2
So, Ugy ~ p_)‘ez/er dominates in the p — oo limit. Now,
Ui = p e Pugi(p)
with

vai(p) = > Crp.
k=0

But, we also have:

[ee]
— — 00 _\p2
Ug = p'Te pE Crpl =55 =2 /2er
k=0

oo
— 00 _J_1_)\e2
:>§:Ckpkp pll)\e/2e2p
k=0

In order to avoid a divergent solution, we can force the series to terminate at
finite k£ by requiring the coefficient to vanish at some k. This can happen if we
set the numerator in the recursion relation for successive coefficients to 0.

= AXNF2k+14+1)=0
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Since we have that A\ = ;Lzng (where m = mass), then we can conclude:
2m met

= F =

_h2)\2:_2h2(k:+l+1)2 for k,1 =0,1,2,...

Remark 3: We define n =k + 1+ 1 to be the principle quantum number, and
4

—me

:2h2—2, fOTn:1,2,3,...
n

the allowed energies.

Remark 4: Given n=1,2,3,...:
l=n—-k—-1=n—-1,n-2,...,1,0 (The ang. mom. Q #'s)

are allowed values for [, and there in degeneracy for different [ at each n:

I=0""120+1)=2- l(n —1)(n) +n =n? (# degeneracy)
2

Remark 5: A Rydberg (Ry) is a unit of energy that measures the energy levels
of Hydrogen:

me* 1

RyzﬁiEn:_FRy

Remark 6: Equation (1),

d? d
= 3 p——5+2(+1—p)—+ (=20 +1) + \eé? =0
{pdp2+ (I+ p)dp+( (I+1)+ e)}sz
is the Laplace Equation, which has one solution that is regular at the
origin. That solution can be expressed as a confluent hypergeometric
series:

LRI+2+k—Xe?) (204+1) pF

I+2—Xe%20+2p) = &
Fi(20+2 = Ae% 20 + 2 ) ; TRI+2-A?) (2L 1+k) A

where

F(z):/ t*~le~t dt
0

F(n+1)=n! for integer, positive n
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Remark 7: The final wave functions are obtained from the recursion relation
for the coefficients. Note that the series:

n—Il—1

va(p) = Y Cipt
k=0

terminates at n — [ — 1. The recursion relation can be solved:

Crt1 _ 2(l+14X) — Ae?
Cr (k+1)Q20+2+k)
2(1+ 14k —n)Cy

(k+1)(20+2+k)
where we used that fact that A\e? = 2n since n = [+ 1+ k. Letting Cy = 1

Crg1 =

implies:
20+1—n
T
2(0+2—n)
Cy=——F—777C
*T @i+ !
k(1 +1—n)l+2-n)---(I+k—n)
=>Ck=—
El (20+2)(204+3)--- 2L+ k+1)
_ﬁ(_l)k(n—l—k)! (20 +1)!
k! (n—1)! (20+k+1)!
Thus,
n—I[—1

—DF (n—=1—Fk) 20 + 1)!
vei(p) = kz_: (k;!) ((n—l)!) (2z(+k+)1)!(2p)k

o

which in the Laguerre Polynomial: Liljll_l(2p).

Remark 8: Finally, we write the normalized wavefunction for the Hydrogen
atom:

2 [(n—=1—=1)! 3 ( 2r I —pr2l+1 m
Ynim = 2 Wro 71—7’0 (2/)) e Ln_l_1(2P)Yl 0,9)
with
_[=2mE  r [2m2Zet rme? 1
P=N " "TaVem2 T a2 T nng
where
h2
0= e

is the Bohr radius.



Chapter 11

Angular Momentum: Spin

Spin in another concept that completes the angular momentum picture. Loosely, spin is imagined as
angular momentum associated with a particle rotating about its axis (like Earth). However, there
really is no such mechanical analogy. Nevertheless, spin represents an intrinsic angular momentum
of a particle that is not associated with the angular momentum operator L.

Principle Evidence of Spin: The principle evidence of spin is in the behavior of electrons in
a magnetic field, where the degeneracy is lifted (Zeemann effect). For example, for [ = 1:
where H is the external magnetic field. Spin is an angular momentum quantity and thus

m=-1

=1 =0
IMB'H

m=1

it’s corresponding operator behaves much the same as L (See §9.4).

11.1 Brief Review of Properties of Angular Momentum Operators

From §9.4.2.3, we know that eigenvalues of angular momentum as determined strictly by commu-

tator algebra are integer or % integer quantum numbers:

J2[jm) = j(j + 1)h*|jm)
J. [jm) = mh |jm)

155
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where j = 0,1,2,... or j = %, %, %, and m = +j,...,0 and J is the total angular momentum.

The commutation relations hold for all types of angular momentum:
[J}, 72l =0

|:ji7 ji_ = iEijkjkh

{ji, Jz = FJih

[L, j_: = 2%iJ,

where J; = J, + z'jy are the raising and lowering operators.

Ji|jm) = /(G Fm)(j Em+1)|j,m £1)

11.2 Spin: Evidence in Atomic Spectroscopy

Let us briefly review the physical context in which electron spin was proposed. Consider a multi-
electron atom in a magnetic field. If we did not know about spin, we would write the Hamiltonian
as:

H=Hy—H -M

where H is the externally applied field and M = 2%6[: = Q—ZC jzl(r} X pj) is the magnetic moment

obtained by summing over the z magnetic moments of the individual electrons.

Remark 1: Let’s recall that the concept of electron magnetic moment comes from the classical
definition for the magnetic moment in a current loop.

magnetic moment i

P

Change e, mass m
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1 e 1|7 o 7 o TXD
=—-—— —|— r
c2mr m||r| P |7 % Pl
|
‘L:‘ Xﬁ‘ =vsin(90)=v
€ _,
= —7
2me b
e A~
=—0°L
2me

Remark 2: Hy is invariant under rotations about the nucleus (coulomb interaction depends only
on distance between particles), and therefore commutes with all components of angular
momentum = ]flo, ﬁz, L. form a mutually commuting set of operators. We choose H to be
in the z-direction and form a representation in terms of |nlm) where:

Hy |nlm) = E3t [nim)
L2 |nlm) = h21(1 4 1) |nlm)
L. |nlm) = hm |nlm)

and Egl energies are 20 + 1 -fold degenerate since they are independent of m. The Hamil-
tonian is written

H = Hy— ——HL,
2uc

Since H commutes with ﬁo,ﬁz, and ﬁz, the |nlm) states are also eigenstates of H , with

eigenvalues:
e
B}l — —hH
0 2uc "
——
HUB
where up is the Bohr magneton. Thus, in the presence of a magnetic field, the degeneracy
is lifted:
m=-1
Ep: =1
0 m=0
IP'BH
m=1
m=-2
m=-1
E6L2: l = 2 m= 0
m=1
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Remark 3: The above energy splitting was not always observed in atomic spectroscopic exper-
iments. If the number of electrons was odd, the number of splitting was even. Also, the
spacing in energy levels was not always given by pupH. Given the even number of levels,
it seems there must be % integer spin values of angular momentum (25 + 1). Since orbital

momentum can not give % integer angular momentum quantum numbers, it was hypothe-

sized that electrons contain some intrinsic angular momentum that is independent of orbital
angular momentum. This implies electron spin.

Remark 4: The magnetic moment associated with spin is:

~ € a
Hs = gs—S
2uc
where
s = spin magnetic moment

S = spin angular momentum

and g, is the factor that produces the correct energy level splitting in spectroscopic exper-
iments; gs ~ 2.

Remark 5: Since S is an angular momentum operator, we assume §> has eigenvalues h? (%) (% + 1)
for S = %, and that the S, eigenvalues are i%h.

Remark 6: Spectroscopy gave physical evidence of spin. Dirac demonstrated mathematically that
electron spin was required to make the wave function covariant.

11.3 Spin Kinematics

11.3.1 Spin Operators, Spinors, and Eigenvalues

Consider an infinitesimal rotation of an n-component wave function about the z-axis:

7/)& —ind U1
Wh . e o ie - | |2
. = I(n) — E ESZ .
' —ih2 | =~ '
Uy, 9% 2) Un,

where
1. Corresponds to a physical rotation which assigns points in space to rotated
points
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2. Corresponds to taking components of wave functions and transforming
them into linear combinations of other components
Equivalently:

[¥) [f - g (L + Sp)] ) = [i - %J] [)

where J, = L. + S, is the generator of rotations about the z-axis. More generally,
J=L+8§

is the total angular momentum.

Remark 1: J and L obey angular momentum commutation relations (§1). Since

[f/, J } =0 (f/ acts on the spacial part of wave functions x,y,z, and S acts on

components 1,...,n), it follows that S also obeys angular momentum com-
mutation relations.

(5.5,] = e

Remark 2: In Chapter 9, we found that rotation operators are block diagonal matri-
ces and each block represents a rotation matrix for a specific value of angular
momentum. Since we are assuming that the electron has spin eigenvalues :l:%,
the relevant block in D(*/2)| which implies that the electron spin operators are
given by:

5 [o1 . h
Sm_[l 0}’ =3

Remark 3: Given the spin operators, the electron can be described as a 2-component
wave function:

v= [l = vl ol

where v is called a spinor.

Remark 4: This can be represented as

272
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In an S, basis, |+) points up the z-axis and |—) points down. Here, S, in

matrix form is:

() 500 0= (1) (50 -35 1)
Zh (0 0)
2 \0 1

In the spirit of raising and lowering operators:

which is what we said above.

Sy = % <S+ +S_)

where
Si|+)=0
Syl=) =hl+)
S_|+)="h|-)
S_|-)=0

These give S, and S‘y matrices that are consistant with Remark 2.

Remark 5: Note that

A h? 1 3
S%|+) = ) (1 + 5) |+) = Zh2 |+)

8. 14) = 0 1)

Remark 6: One important difference between spin and orbital angular momentum is
that the magnitude of spin is fixed whereas the magnitude of orbital angular

momentum can change (as in an external field).

Remark 7: So far, we are only considering the case where [f), S’} = 0. In some

instances, this is spin-orbit coupling, where [f/, S’] £ 0, but we’ll worry about

that later (perturbation theory). For now, we assume:

H=H,+ H,

Since we are taking the spin to evolve separately, the wavefunction separates:

[¥(8)) = [1ho(2)) @ |xs(2))
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Remark 8: Generalizing the spin components to an arbitrary direction m, rather
than in the z-direction:

(n,£|8n, %)

are the spin states that point up or down the m axis. So if n points in the
direction of (0, ¢):

ng = sin 6 cos ¢

ny = sin 0sin ¢

n, = cos

And

A .

= — e Ma = My using Remark 2
2 |ng +iny —Ny

B E cosf  sinfe ¢

T 2 |sinfe®  —cosd

Solving the eigenvalue problem gives the following eigenvectors:

|7L+>=:{C°S(§)e‘d@”}, n_) = {—snl(g)e—wvz}

sin (g) ei/2 - cos (g) ei?/2

11.3.2 Pauli Spin Matrices

It is conventional to drop the é—i factor in the spin matrices S'x, S'y, S, to get the Pauli
Spin Matrices:

o

S =
. (01 (0 —i (1 0
%=1 0) i o) 7 \o-1

Remark 1: The Pauli matrices anti-commute:

| St

[63,65], = 6i65+6;6,=0 (i #))

Remark 2: 6,6, = i6. and other cyclic permutations (by the anti-commuting na-
ture).

Remark 3: Tr(6; =0
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Remark 4: 62 = I. Moreover, (n-&)=1.

Remark 5: [6;,65], = 26;;1
Remark 6: [6,,6,] = 2i6, and cyclic permutations

Remark 7: Tr(6,6;) = 26;;. If we choose 69 = (), then
Tr (6463) = 204.3; a,B=0,2,y,2

This implies that the &,’s are linearly independent, and thus any matrix M
can be written

1
M = Zmac}a where Ma = 5 Tr (Mody,)

11.3.3 Rotations
The rotation operator for spin % is in a simple form. Consider rotations about the

Z-axis:

UIR(z)] = 54/

e—i&z¢/2
i <A > +§: Z¢2k+1 <6’_§>k2
l 2 2
— (2k!) 2 — E+1)! \ 2 2
Even terms Odd terms

= cosS (%) I —isin (%) 0,

For rotations about a general axis, this becomes:

O[R(6)] = cos <§> _isin <§> 0.5

11.4 Spin Dynamics

Consider a stationary electron in a magnetic field B. The Hamiltonian is given by

H=-pB=-g——8 B~-°8.B
2me mc
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The time evolution for a state is given by

() = U (1) [$(0))
where the propagator

U(t) = e Ht/h — exp <—£S’ . Bt)
m

Remark 1: We see that the propagator closely resembles the rotation operator e~9-5. This
implies that the propagator rotates the state by an angle § = —-= Bt.

Consider now the case where B = BZ. Then

~ . N L twot/2
U(t) = exp (%fn_BcSzt) = 00st/2 — (e 0 e—itgot/2>

where wy = %—Jf. Let’s let
4(0)) = [n+)
_ (eos(@)een
~ \Usin (g) ei0/2
where |n+) indicates a spin up along an arbitrary axis. Then:

[0 (1)) = U (1) [4(0)
 [eot/? 0 cos (g) e~i0/2
N 0 e~ iwot/2 sin (g) ei4/2
cos (g) e—i(¢—wot)/2
- ( sin (§) ei(@—wot)/2 >

implying that the rotation angle ¢ changes at a rate wy.

11.4.1 Spin % and the Bloch Sphere

Let us consider a geometrical representation for the state of a spin—% system. This
representation is the work of Felix Bloch and is used extensively in optical physics (a
spin—% system is isomorphic to a 2-state system and this makes a nice way to study
transitions in atoms and molecules). The most general state of a Spin-% system is a
superposition of up and down states:

[¥) = C1|+) + C2|-)
where C7 and Cy are complex numbers.

Remark 1: C7 and Cs are complex, and thus there exist 4 parameters that specify
the state. We can reduce this to 2 by noting:
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o W)=1 = [CiP+|C)?=1

e Overall phase of a state does not matter, we only need the relative

phase of C7 and Cs.

Remark 2: Let the 2 parameters be the angles 0, ¢ so that we can write
0 ; 0\
|1) = cos <§> ¢~/2 | 4) + sin <§> ei9/2 | =)

Let the state [¢)) be represented by a point of the surface of the unit sphere. This is
called the Bloch sphere.

ZA

<Y

X
Figure 11.1: The Bloch Sphere

Remark 3: The axes on the Bloch sphere have physical significance. Consider:
0=0= o) = |+) =

o=n=lv)=|-)

Thus the points represent eigenstates of S, with eigenvalues i%h. Expressing
these in terms of Pauli matrices, the north and south pole of the Bloch sphere

represent:
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Remark 4: The expectation values for ,,5, at these locations are:

6=0
62 =7 (+
-
0=m
-3
-

(S++ S-)‘+> =0
@o@+—$ﬂ+>=o
(Sy + 5’_)‘—> =0
(=i)(S4 = 5-)|=) =0

which suggests that the projection of the state onto each of the Cartesian axes
of the Bloch sphere corresponds to (6;),(6,) and (6.):

@=2A

(6z)

represents |—) state with ({(63) , (6y) , (62)) = (0,0,—1)

Remark 5: Consider the general case

|1) = cos (g) e/ |4) + sin (g) /2 | =)



166 CHAPTER 11. ANGULAR MOMENTUM: SPIN

g) e’/ (+| + sin (%) ei9/2 <—\] (Sx + 5'_) [cos (g) e /2 |4) + sin (g) 0i6/2 ‘_>]
) e”' + sin (g) ei®
c

These correspond to the Cartesian coordinates for a point located at 6, ¢ on
the unit sphere.

11.4.2 Rotations on the Bloch Sphere
Consider a rotation about the z-axis. From §11.3.3:
U[R(2)] = cos (%) I —isin (X)o.
where x is the angle we have rotated through. Applying this to the general state:
U[R(2)] |y) = [COS (2) I —isin (2) 62] [cos © e~"/2 |4) + sin © /2 |—>}
= [cos (¥) —isin (¥)] cos (§) e 214 + [cos (%) +isin (X)] sin (§) /2 |-
= cos (g) e~ HOX/2 | 1) 4 sin (g) e OH/2 | )

Which shows that a point on the Bloch sphere represented by state 6, ¢ gets rotated
about the z-axis by an angle y.

(62)

(6z)
Now, consider a rotation about the y-axis:
ﬁ[R(Q)] V) = [COS (%) I-— Gy sin (%)} [cos (g) e /2 |+) + sin (g) ci®/2 |_>]

= [cos (%) cos (8) e/ —sin (%) sin (%) e"b/ﬂ |+) + {cos (%) sin (%) /2 + sin (X) cos (£) e—m/z] |—
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This is more complicated, but looking at the case where ¢ = 0, (in the (6,) — (72)
plane), we have:

OIR@)] [1(6 = 0) = cos (4% [+) +sin (28] |-)

(62)

(62)

Remark 1: Since the evolution of a state can be considered a rotation (§11.4), the
evolution can be described as a point moving with time on the surface of the
Bloch sphere.

11.5 Particles with Spin 1

Electrons gave the first clues to the existence of an intrinsic angular momentum. However, this
properly applies to a wide assortment of particles.

Remark 1: Recall that particles with % integer spin are called fermions. Particles with integer
spin are bosons.

Consider the rotated state of §11.3.1:

The rotation matrix for this rotation is:

cose —sine 0
R.(e) = | sine cose O
0 0 1
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11.5.1 Rotations of a Vector Field

(Disclaimer: Sometimes h =1 in this section)

Now, if we consider an arbitrary vector field A(r), we can imagine this as having
a vector associated with every point in space.

When we rotate the vector field, we are rotating the vectors A as well as the positions
r. we want to relate this rotation to angular momentum.

A— A, r — Rr
So the transformation:
A’(Rr) = RA(r)
-or-
A'(r) = RA(R"'7) ()

where the two different forms correspond to active or passive transformations. The
rotation matrix given for rotations about the z-axis has

R;'(e) = R.(e)

Thus, the vector field A’(r), according to (f), is given by
cose —sine 0 Az (R

A’(r) = | sine cose Ay

0 A,(

Z

= Al = A, (R 'r)cose — Ay(R™'r)sine

A, = Ay(R™r)sine + Ay (R™'r)cose

where

T rcose 4+ ysine
Rlr=1|y | =|ycose —xsine
z z
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Since ¢ is small, we can write this as:

A=A, (:L'COSE + ysine,ycose — rsine, z) —cAy(x+ey,y —ex,2)
T+ey Y—ex
= A, (:E—I—sy,y—z—::n,z) _EAy (ZL’,y,Z) to 0(6)

0A, or'  0A, oy
= Ay, = ) -ea
(@y,2) +e < oz’ |,_. Oe * oy |y 85) Ay (r)
= Ay (z,y,2) +¢ 2—352 Ag(r) —eAy(r)
= Ax\T, Y, yax ay T Y
_%ﬁz

= A'(r) = (i — —L) A(r) — % (—iAy(r)& + iAL (7))

Spin part

where we define

since

[Aa(r) —idy(r)
S: | Ay(r) | = | iAz(r)
A,(r) 0

Therefore, we can represent S, as the matrix

X 0 — 0
S.=171 0 0
0 0 O

St
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Similarly, rotations about the x and y axis give

) 00 0 ) 0 0 i
S,=n|l0 0 —i|, S,=n[0 0 0
0 i 0 i 0 0

Remark 1: S, Sy, S. are related by row-column interchanges.

Remark 2: if S'x,S'y,S'Z are components of angular momentum, they must obey
commutation relations. This can be checked directly. For example:

00 0 0 0 i 0 0 i\ /0 0 O
SeSy— 8,8 =r*|0 0 —i|[0 0 0]-r*[0 0O0][0 0 —i
0 i 0/ \-i 00 —i 0 0/ \0 i 0
0 00 0 -1 0
=r*[-1 0 0)-%*{0 0 O
0 00 0 0 0
0 —i 0
=r*[i 0 0])i
0 0 0

00 0\> 0 0 i\> /0 —i 0\Z

S 8§=(0o0 —i| +[o oo0o] =i 0 o

0 i 0 i 0 0 0 0 0
10 0
—2l0 1 0
00 1
= s(s+ 1)1

=s(s+1)=2 =s=1 = Spinl

Remark 4: Working in the standard representation for a s = 1 system, |1, m), with

S.[1,m) =mh|l,m); m=0,=+1
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We find that, in this representation,

. (L1
S,= | (0] |S.(]1,1) [1,0) [1,-1))
(1, -1
10 0
=(0 0 0
00 —1

To find the other components, we’ll use the relations from §11.1:

S 11,0) = Ay/(1 —0) (1 +0+1)[1,1) = hv2]|1,1)
Spl1,-1) =hr/1+1)(1—-1+1)|1,0) = hv/2]1,0)
S_[1,1) = h/(14+1)(1 =1+ 1)[1,0) = &V2|1,0)
S411,0) = Ay/(1 = 0)(1 + 0+ 1) |1, —1) = ”Av2]|1, —1)
So that
. (LI L (010
Sy — | (1,0] | S, (]1,1) [1,0) [1,-1))=—|1 0 1
(1,—1| ( ) V2o 1 0
(LI ;[0 -1 0
Sp, — | (1,0] |S,(]1,1) [1,0) [1,-1))=— |1 -1
me ) el R

Remark 5: Notice that the matrices in Remark 4 are different than those given at
the beginning of this section. This is because the first set are identified with
vector cartesian components, and the matrices in Remark 4 form a basis that
is not identified as such. To understand, recall that we defined the “spin” part
of the rotation by

S.A(r) = —iA,(r)& + iA.(r)]

Let

with ug = 2. Then any vector can be expressed in terms of these as
A=A,2+A9+ A2
1 1
= —A, (uy +u_)+ —=A4, (uy —u_)+upd
\/5 x ( + ) Z\/§ y( + ) 043z
= A+u+ + A u_ + Aouo
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with
Ai—%(Ax:FZ‘Ay), AO—AZ
So
S A(r) = L (uy +u) ﬁ (Ap(r) — A_(r) + % (uy —u_) % (A (r) + A_(r)

And thus
X AL Ay R 1 0 0
S, 0 | = 0 =5, = 0 0 O
A_ —A_ 0 0 -1

Matrix from Remark 4

Similar arguments work for S’w,gy. Physically, this change of basis can be
related to the polarization of a photon, which is a spin 1 particle. These spin
states of a photon are associated with circular polarization in the x-y plane
where m = £1, and linear polarization in the z direction (m = 0). Hence, it
is not associated with the 3 linear polarization directions. Therefore, uy,u_
and Ay, A_ describe circular polarization of an EM field.



Chapter 12

Addition of Angular Momentum

Consider the situation in which we have many particles that make up a system, and this system
has rotational invariance, and therefore angular momentum commutes with the Hamiltonian. The
total angular momentum of the system is the sum of the spin and orbital angular momentum for
all the particles. Given that we know the eigenstates for the individual pieces, we want to find the
eigenstates of the total angular momentum.

12.1 Addition of 2 Angular Momenta
Consider 2 angular momenta, j1, J2, and let
J =j1+72
be the total angular momentum. The eigenstates for the individual pieces we already know:

Jtlit,ma) = hji(ji + 1) |51, ma)

Jiz g1, ma) = mak g, ma)
We have similar results for j2. Let
|71, J2, M1, ma2) = [j1,m1) @ |2, ma) = [j1,m1) |2, M2)

be a representation based on the common eigenstates of j2,72, j1., jo..

Remark 1: Since J, = jlz —l—jzm
I g1, 2. ma,ma) = h(ma + ma) |1, ja, my, ma)
So the state |j1, j2, m1,mg) is also an eigenstate of J,.
Remark 2: |j1,j2, m1, me) is not an eigenstate of jz, so we need to find the eigenstates of J2.
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Remark 3: Since j% commutes with every component of j; and Jjo (and similarly for j22), we have
that

~

2.9] - 12.9] -0

So we take j’%,j%,ﬁ,jz as our complete set of commuting observables, and instead of
|71, 72, m1,ma), we use |j1,J2,J, M) (so ji, and jo, are replaced by J and M). In this
representation, we have:

I3 1d1s dos J, M) = B21 (1 + 1) v, jas J, M)
J3 |1s das J, M) = oz + 1) |1, ja, J, M)
T2 11, dos J, M) = B (T + 1) |, ja, J, M)
T |jr, g, J, M) = hM |y, ja, J, M)

With this representation, we need to find
1. The allowed values of J and M for a given j1, jo, and

2. How to express |j1,J2,J, M) as a linear combination of |j1, j2,m1,m2).

12.1.1 Finding Allowed Values of J and M

For individual particles, we have allowed m values given by

my=—j1,—j1+1,....,+0
m2:_j27_j2+17"'a+21

and

1z |71, 2, ma, ma) = hmy |1, j2, m1, ma)

Joz g1, Jo, M1, ma) = hma |1, j2, m1, ma)
and

J. |31, da,ma, ma) = h(ma + ma) |j1, ja, m1, ma)
So we expect the M eigenvalue to be given by

M = —(j1+ j2), —(j1 +j2) + 1,..., +(j1 + jo)

Remark 1: In general, there will be more than 1 state with the same M eigenvalue,
but these states will have different J eigenvalues.
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Remark 2: In order for us to get the allowed M values as |[M| < j; + j2, we need a
J = j1 + jo eigenvalue. This would give:
Ji jitje— M=—(1+j2),...,+01+j2)
Jiti—1—>M=—(Gi+j)+1....01+72)— 1
Jitie—2—M=—(1+7j2)+2....(j1 +j2) — 2

But where does the sequence terminate? We can determine this with vectors.
If 31 and j2 can be represented as vectors (and they can), then the maximum
angular momentum should be obtained when they are parallel:

Max Magnitude of J = j; + ja

The minimum occurs when they are anti-parallel:

J2
i Min Magnitude of J = |jy — jal

Remark 3: We can now find the total number of |j1, jo, J, M) states. Without loss
of generality, let j; > jo. Then

# states = [2(j1 +j2) + 1+ [2(j1 + 2 — 1) + 1+...+[2(j1 — j2 + 1) + 1+[2(j1 — j2) + 1]
—————

Allowed M if
J=j1+7j2

Many of these terms cancel, leaving only (2j; + 1) in each term. Since there
are (2j2 + 1) terms, the number of states is

# states = (2j1 +1)(2j2 + 1)

which is the same number of states as we had in the |j1, jo, m1,m2) basis. So
we have the correct number of J and M eigenvalues.

Remark 4: To summarize: for a fixed j; and ja, the (257 + 1)(2j2 + 1)-dimensional
space spanned by |j1, j2,m1, m2) has possible values of J given by ji + ja, j1 +
jo — 1,...,]j1 — j2|, and for each J, there are (2J + 1) states |J, M) with
different M values.



176 CHAPTER 12. ADDITION OF ANGULAR MOMENTUM

12.1.2 Example of Addition of Two S:% States

Consider 2 particles with spin % The individual eigenstates are:

S1= % %>1 and |%’_%>1 = |+); and |—),
Sy = % %>2 and |%7_%>2:> [4+)y and |—),
We define
S:‘§1+S2

and we denote the eigenstates of 52 and S, by |SM).

Remark 1: Forthe 4 |s1, s5,m1,mg) states: [+); |=)g:[+)1 =)o [=)1 [+)23[=)1 2o
there are 4 |[SM) states:

521:>|17_1>7|170>7|171>
S=0=0,0)

The state with S = 1 is called a triplet and the state with S = 0 is called the
singlet.

We now want to express the |[SM) states in terms of the |s1, s2,m1,m2) states. Note
that there is only 1 state in each set with M = mj; 4+ mo = 1 and one state with
M = mq 4+ mo = —1. So we can write:

11,1) = [+); [4+),
1L, =1) =[=)1 )2

We can find the other S = 1 states by using the lowering operator:
S‘ 11,1)

= (S0 + 8 ) 1y

= (=) [y + -

1,0) =

% %\ %\

For the state corresponding to S = 0, we must have a linear combination of [+); =), , [—); [+)5
which is orthogonal to the other states:

=10,0) = 7 ()1 1= = 1)1 [+)2)
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Remark 2: In the |s1, s2,m1,m2) basis, we have a tensor product of % ® %, which is
equivalent to 1 @ 0 in the |[SM) basis. In other words,

11

§®§:>(231+1)(232+1):(%+1)(%+1):4
1

180=> (25+1)=1+3=4

S=0

which must be equal.

12.2 Two Nucleon System

Let’s consider a system of 2 nucleons each with spin %, but with the addition of orbital angular
momentum. Only the angular momentum of the relative motion is relevant, so the total angular
momentum is given by:

j:iz—FS’l—l—S'z:iz—l-S’
where § = Sy + Sy is the total spin of the system and L is the total angular momentum of relative
motion. We then have

|L,S, ML7M5> = |L7ML> ® |S7 MS> = |L7ML> |Sv MS>

with
L=0,1,2,... Mp=-L,...,L
S=1 Mg =—1,0,1
S=0 Mg =10
Giving the allowed J values of
A L+1,L,L—-1 L>1
For S=1=J= + L5 -
1 L=0
S=0=J=L

The states of total angular momentum are given by |L, S, J, M).

Remark 1: The quantum numbers L, S, J are related to spectroscopic language:
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Total Spin
. | D
Total Ang. Mom. Gives L e-values according to

ﬁ/\’\
OTmoUoTwv
[T TR
AWNOHO

Total L+S

(a) General Form (b) Specific Instance
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12.3 Clebsch-Gordan Coefficients

In §12.1, we noted that for a given ji,jo we needed to find the allowed values of J, M (done in
§12.1.1) and an expression for |ji, j2,J, M) in terms of |ji,j2, m1,m2) (done as an example of 2
spin % particles). We now wish to come up with a general scheme for expressing the eigenstates of
J1,J2,J, M. Formally, we can write:

1, G2y I M) = > (u, do,ma, maldi, da, J, M) |1, j2, ma, ma)

my,ma2

Clebsch-Gordan Coefficients

Remark 1: The Clebsch-Gordan coefficients depend only on the angular momentum quantum
numbers, not on the specific details of a physical system. Thus they can be calculated
from the addition of angular momentum in general (without repeating for each physical
application).

Remark 2: In practive, extensive tables of these coefficients are available.

Remark 3: To simplify notation, let

<j17j27m17m2‘j17j27‘]7 M> - <j17j27m17m2’J7 M>

Remark 4: We already have some of the Clebsch-Gordan coefficients from previous examples:

From §1.2 = |0,0) = % I+)1 =)o — % |=)q 45

1 _1 __1

11 %1 e 271m2 R f

= <§§m1m2|00> = —ﬁ mi = —§,m2 = 5
0 otherwise

Similarly,

1 m1:m2:%

{0 otherwise

1 mi=my=—1
11 - 1 2 5
<§§m1m2 17—1> = .
otherwise
1 1 _1
2 myp=g3,M2 = —35
11 _ 1 _ 1 _1
(zzmime|10) = § 2 mi = —g,my =3
0 otherwise
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Remark 5: Note that there can be an ambiguity in the overall phase (minus sign) of the states
|JM). This is fixed by convention.

Remark 6: General properties of Clebsch-Gordan coeflicients:
1. (jijomimeo|JM) = 0 unless M = mq +mg and j1 + jo < J < |71 — Jol.

2. They are real.
3. The convention for sign is that
(rgegr, J — g1l JM) >0
where my = j; and mo = J — j1.
4. The equation
(jrjamuimal JM) = (=1)7* 57277 (jy o, —my, mol J, — M)

gives the coefficients of —M in terms of M.

5. Starting at the bottom (top) state and applying J. (j_) gives recurrence
relations between successive coefficients:

VI +1) = M(M + 1) (jijamima|J, M + 1) =
Vi1 + 1) —mi(mq — 1) (jija, m1 — 1,ma| JM)
+ V5202 + 1) — ma(ma — 1) (jrjami, ma — 1|JM)

and

VI +1) = M(M = 1) (j1jamima|J, M — 1) =
Vi1 + 1) = mi(ma + 1) (jij2, m1 + 1, ma| JM)
4+ Vja(ja + 1) — ma(ma + 1) (jrjamy, my + 1|JM)

Remark 7: The transformation from the |j;jomims) basis to the |j1j2J M) basis is an example
of a unitary transformation between 2 orthonormal basis. Thus, for j;jo:

U E<j1j2 mimes JM >

matrix elem. col. index|row index

such that
UUt=UU =1
= Z <j1j2m1m2’JM> <JM|ji]ém/1m/2> = 5m1,m’15m2,m’2
JM
and

Z (JM\j1j2m1m2> <j1j2m1m2‘J'M'> = 5J,J’6M,M’

mima2
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12.4 Irreducable Tensor Operators

12.4.1 Irreducable Invariant Subspaces

Consider a state |\, j, m) such that

T2 N4, 5) = hi(G + 1) [\ 4, 5)
TN G, 3) = B [N 4, 4)

and the (27 + 1) orthonormal states obtained by §11.1:

(j +m)!

@G —mi -

‘)\7j7m> =

which span the subspace of Hilbert space having eigenvalues of J? and degeneracy
index A. Let §(J ) denote this subspace. Rotations involve only operators jx, jy, J,
(or, alternatively, j+, J_, jz), so that a state that is initially in &) is rotated into
another state in £/). We say that &) is invariant under rotations.

Remark 1: Consider a state |¢) in £(/). All possible rotations of |) will span the
entire £(/). Because of this property, we say that &) is irreducible under
rotations.

Remark 2: These rotations can be represented in standard representation by a ma-
trix:

Ri7h (0, 8,7) = (A J, M| R(e, 6,7)
N— ——

(2J4+1)x(2J41)
matrix

A, M’>

The RS\‘?M, are called rotation matrices and represent rotations in Hilbert

space. The rotated basis vectors R|)\,J, M) can be expressed in terms of
the non-rotated basis using these rotation matrices:

RINJ M) =>"
Ml

- SR,

Ml

AT M) (X T M

J%(A, J,M>

A, J, M)
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12.4.2 Irreducable Tensors

Scalars, vectors, and tensors are distinguished by their transformation properties. For
instance, consider transformations under rotations:

Scalar: S — S’ =U'SU =sU'U =S

So scalars are invariant under rotations
Vector: v — v, = Uty U = Rijvj

and, equivalently,

v; — vg = UviUT = Rijvj

since U[R] — U[R™'] = U'[R]

Definition 1: A rank k tensor operator is a collection of (2k+1) operators denoted
Tq(k)7 q=—k,—k+1,..., k that transform according to:

TR L gT®E Tt = Tq,Rq q (1)

Remark 1: These tensor operators are irreducible under rotations.

Remark 2: Equation (f) represents a transformation of a group (“basis”) of opera-
tors. The equivalent and more familiar case is a transformation of states:

]%]k,q>:z

/

kq) RS)
—~

(ke[ )

12.4.3 Wigner-Eckart Theorem

This theorem is widely used in atomi and nuclear physics and is used to calculate
matrix elements for evaluating transition rates between states. It says that the matrix
elements in a standard representation of the ¢ component in a k" order irreducible
tensor operator is given by:

1
K\ aragr\ — & (k) /7 /
<)\JM‘Tq )\jM>— S ()\J]‘T ‘|)\J> (J'kM,y|JM)

unimportant reduced matrix element CG-coefficient

conversion
factor

Remark 1: The Wigner-Eckart Theorem does not tell us what the reduced matrix
element is — this depends on the particular tensor operator under consideration.
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The value lies in the way the ¢, M, M’ quantum numbers are extracted in
the Clebsch-Gordan coefficients. For example, in atomic physics, the M, M’
quantum numbers for the initial and final states in a radiative transition are
connected with the polarization of the emitted photon. In this example, the

J=1: M=-1 M=0 M=1

Linear Polarization
LH PM l RH Polarized
=0: M'=0

Wigner-Eckart theorem tells us the ratios of radiative decay rates for different
polarizations. These ratios are given by ratios of the squares of the Clebsch-
Gordan coefficients.

Remark 2: The Clebsch-Gordan coefficients (J'kM’q|JM) give the angular momen-
tum selection rules:
q=M - M !

J=J|<k<J+J
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Chapter 13

Perturbation Theory

Most QM problem can not be solved exactly, thus approximations are an important part of the
actual applications. Perturbation theory is one of the main approximation techniques used. The
idea is to approximate eigenvalues and eigenstates of a Hamiltonian which differs slightly from a
Hamiltonian whose eigenvalues and eigenstates are known exactly.

13.1 Perturbation Theory for a Non-Degenerate, Discrete, Energy
Level

Consider the Hamiltonian:
H=Hy+ \V
where Hj is a Hamiltonian whose eigenvalues and eigenstates E,(LO)7

i, ‘n<o>> — E© ‘n<o>>

n(0)> are known. So

For now we consider only the case where the states are discrete and non-degenerate. AV is a
perturbation with A the size of the perturbation and V' has the same “size” as Hy. The eigenvalues
and eigenstates of the full Hamiltonian are given by:

H, |n) = Ey [n) ()

where we write

E,=EY + E(Y + NEQ + ...
In) = ’n>+)\‘n(1)>+)\2‘n(2)>+-~ i

So that

lim B, = BV and lim |n) = ‘n(0)>
A—0 A—0

Substituting (1) into (f) gives:
(oe20) (1) )7 ) -
_ (E;;n L AEW 4 N2E@) +> (‘n<o>> +A‘n<1>>A2 ‘n<2>> +)

185
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Now, equating power of A on both sides:

ﬁdﬂm>+vhwﬂ>:EQP#»+E9%M4»+””+EWPW»

ﬁg — Ey(LO) |n(1)> = (V- Ey(Ll) |n(0)>, k=1
E%—E@ mm>:_ V—E@ Mwm>+ziﬁﬂpmmﬁ»7k>2

or

where terms with superscripts (k) refer to the kth order term in the perturbative expansion.

13.1.1 First Order Approximation
Consider £k = 1. Then we can apply <n(0)‘ to

(o 9) o) =~ (7~ £50) 1) i

O (g, —EO) [n®Y = _ (nO®] (1 - ED)[,©
= (" L(HO B ) == O (7 = ER) )
Er

0= —<n(0) 14

) 1 )

A~

= El = <n(0) V

n(0)>

Thus the first order correction to the energy is just the expectation of the perturbation
taken with respect to the unperturbed state. To get the 1st order correction to the
eigenstate, we must expand !n(l)> in the basis of the unperturbed state:

M”:}j@ﬂ%ﬂ”ﬂm@>

where m is the unperturbed state. To find the coefficients, we will apply <m(0)| to

(1):
(e 5) ] =~{o] (552 )
Em
O]7[n©
= (mO@a®) = - <T;(2) . ;£°’>

where the Eﬁll) term goes to zero since we are considering when m # n and thus
<m(0)‘n(0)> = 0.
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Remark 1: At this point, it becomes important that we are considering a non-
degenerate state since this trick will not work if BY = Eﬁlo) for m # n.

Remark 2: In the expansion of ‘n(1)> in terms of ‘m(0)>, there will be a coefficient
corresponding to n = m which appears to yield a diverging coefficient. To fix

this, we set
<nawnw»::0
We can justify this by considering

“”:@@>+Aﬁ“>+ﬁkﬂ§+~-

If ‘n(k)> has an ‘n(0)> term in its expansion, then

(MM>:<M®hW>%@§+WM“y

where the last term is an expansion of |n(k)> in terms of ‘m(0)> with m # n.
Thus we have

In) = ‘n(0)> (1 + i)\k <n(0)‘n(k)>> +A ‘n(1)>, + A2 ‘n(2)>, +--
k=1

expansions with n # m

all n=m terms here

:ah@>+Ahmy+A2Mmy+”.

where -
a=1+§:v(mwhw§
k=1

is a scaling factor that can be absorbed into the length of |n). Dividing by «
and letting 1 [n) — |n) and |n(k)>// =1 ‘n(k)>/ gives:

my:h@>+APN»”+vkﬂ»”+“'

which is the expansion of [n) with states ‘n(k)>// having no projection onto the
state !n(0)>. This is equivalent to writing

“”:@@>+Aﬁ“>+ﬁkﬂ§+~-
and setting

<M®h®>:m Vk=1,2,3,...
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Remark 3: The procedure used to obtain the first order correction in eigenvalues
and eigenstates can be applied successively to get higher order corrections in
terms of previous determined corrections of lower orders. Taking terms \*

with £ > 2 implies:
EY) ‘n(k—j>>

k
J=2

(= 87) i) - (- ) o)

on which we apply <n(0)| to get

k
0=—(nO||[V-ED n(k—1>>+ ED (nO] =)
(] (9= g2 o) o 0 ()

0

k—2
O g], ke k) (h=i) /. O], (1)
<n ‘V‘n >+ EU +;En <n ln >

n(k—1>>

= B = (nO|7

Now, applying <m(0)| to terms O()\k) implies

k
O (fy — BOY|[n®Y = — (m@|(V — 5O |- ) { | 6=9)
(] (o = BL) ) = = (O (7= Y0 )+ 3 52 (O]

<m<0>(n<k>> ;E(O)) _ <m<o>‘ (f/ _ Eg)) (n<k—1>> 4 2 EY) <m(o>‘n(k—j>>

to k — 1 since (m(%) |n(0)>:0

which are coefficients for the expansion

(n<k>> = <m<o>‘n<k>> ‘m(0>>

13.1.2 Example: Harmonic Oscillator in an Electric Field

Consider a particle of charge ¢ and mass m in a harmonic oscillator potential and
corresponding to an unperturbed Hamiltonian:

~2
- 1
HO - 2p_m + §mw2§72
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Applying an electric field with magnitude f along the +x direction corresponds to an
electrostatic potential ® = — fx and potential energy

V =—qfi
The full Hamiltonian then is
H= ﬁo + AV

where \ is the strength of the perturbation. The first order correction to the energy

is given by
EW = <n(0)‘f/‘n(0)>
= ar{10]a})

= () o)

Remark 1: Physically, the average interaction of the particle in the electric field is
0 since the particle’s unperturbed wavefunction is a H.O.

— B = Qf/ 1/1(0 dw— qf/

2
a: dr =0

CVCH
The first order correction to the eigenstate is:

<m(0) ‘n(1)> _ (mO|(—qfi)|[n®)

EY) - EY

B\ Y2 <m(0)|d + dT‘n(0)>
=af <2mw> Eﬁ,g) . Eﬁlo)

1f\ oz
_ WZ)E(O) (Vbmn—1+Vn+ 10mni1)

:> —qf\/ Z mn 1+ vn+ 5mn+1 ‘m >
_qf\/i n—l >+\/ﬂ|n+1)<0>
_E(O) EO _ g0
————

F (s 39)- -0
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So, to first order, our eigenstate is:

n :‘n(0)>+/\‘n(1)>
((0 +/\qf\/7 W‘n—i—l ) - \/_‘n—l )

Since the first order energy correction was 0, let’s calculate the 2nd order correction:

- (ol
— <n<o>‘j‘n<n>

—afy /% <n<o>‘& L dT‘n(1)>
B 1

—(af)’ 5~

(T 59) - o)

éifiz@ |+ D) = VAV fin =2)) VATV 2/ = o)

;qfu)) (n+1—n)
(af)?

C 2mw?

Remark 2: This is a problem that can be solved exactly, which makes it a nice test
for perturbation theory. Consider:

A2

N 1
a=2 + —mw?i? — A\qfi
2m 2
A 2
A Y Y 1¢%f?\?
= —+-mw | T ——5 | — —
2m = 2 mw? 2 mw?
———
shifted H.O const. potential that

we don’t care about

resulting in energy eigenvalues given by

q2f2)\2
E,=EY — ~ =ED + AEL + N EP)
2mw N——"

energy shift 0

and eigenstates of the H.O. with oscillator displaced by:

=29 _ )2 o e af
mw? mw mw?\ 28 /2mhmw?

|n) + D(\x) ‘n(0)>
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where D(Az) is the displacement operator of §6.3.3.

DQ@zmM@”@z1+Ax@ﬁ+@
—_—

to 1st order

= o) = o) + —ZL (VT T+ 1)) - Vi n - )©))

Here we note that computing higher order terms in the perturbation expansion
is equivalent to taking higher order terms in the D(Az) expansion. Also, note
that the energy eigenvalue is exact at 2nd order—computing higher order terms
in F, will give 0 contribution.

13.1.3 Example: Stark Effect

See Homework!
The picture is: Here we have that L || w and the rotation occurs in the plane defined

z A +Q )
m ;
.
)y
X
m -
-Q

by the angles # and ¢ relative to the Cartesian axis.

_ 1o _ !
E=glv"=57T73 i
with 1
Izisz
Hint:
cosgym — [ LAmA 1 —m) 2, [ m) I —m) ]2,
! (21 +1)(20 + 3) T+ )2 -1 =1

We will see that 2nd order perturbation removes the degeneracy in the unperturbed
eigenvalue.

Note: a degeneracy remains with respect to the sign of m which physically corresponds
to the configuration of a rigid rotor by invariance with respect to § — © — 0.
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m =0

m==+1
By

m==x(l-1)
m = =+l

13.2 Degenerate Perturbation Theory

Now, consider the case where the unperturbed eigenstates are degenerate. Start with the simplest
case of 2-fold degeneracy (higher order degeneracy is straight forward).

1, (n@), 1> — g ‘n“)), 1>

1
f, ‘n<o>,2> — g ‘n<o>72> W)
where the 1’s and 2’s and the degeneracy index. So eigenstates |n(0), 1> and |n(0), 2> (which are
)

assumed to be orthonormal), give the same eigenvalue E,(L0 .
like:

We expect the full solution to look

H|n,1) = E,, |n, 1>} @

H|n,2) = E,, |n,2)

to give E,, — ET(LO) as A — 0. Also, for now, assume that one eigenstate approaches ‘n(o), 1> and
the other approaches !n(0)>. To simplify notation, lets let:

‘n(k),j> = |k),

with j = 1,2 and k£ = the order of perturbation. Then,

Ep, = EY + B +~-+A’fE£jj)+---} -
E,, = £0)+)\E7(112)+"'+)‘kE££)+”'

and
In,1>=|0>1+AI1>1+'“+>\'“|’<¢>1+“'} )
[1,2) = 10}y + A L)y 4o 4+ A% [K)y + - -

Now, substitute (3) and (4) into (2) to get the expansion in terms of powers of A\. As outlined in
§13.1, the terms to 1st order in A give:

(Ao~ B 1), = (V- ED) (o),

. . (5)
(10— EQ) 1), = — (V= ED) 0},
Multiplying on the left by (0|, gives:
- _ ) (1)
0 1<0 v 0>1 + B (6)
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While multiplying on the left by ,(0| gives:

0=— 2<0 0>1 (8)
0= —2<0(V(0>2+E,§12> 9)

14

Remark 1: This analysis is sufficient if equations (7) and (8) hold. In reality, however, they may
not. In fact, if they do hold, this situation is identical to the non-degenerate results (as in the
rigid rotor problem) and we’ve gained nothing. If (7) and (8) do not hold, then we have to
do something new. In this case, what we’ve done must be incorrect since (7) and (8) would
be contradictory. What went wrong above was the assumption that |E,, 1) and |E,,2)
approached specific |0); and |0), respectively as A — 0. In fact, the full eigenstates can
hypothetically approach any mutually orthogonal linear combination of those states (since
any linear combination of these states is also an eigenstate of flo). We must determine the
linear combinations for the degenerate perturbed states.

Let us proceed without making any assumptions on the actual form of the unperturbed degenerate
eigenstates, (let those be mutually orthogonal, normalized, linear combinations of the degenerate
states), such that the expansions given by (4) still hold.

|n,1>=|0>1+AI1>1+"'+Ak|’“>1+"'} (4)

|n,2>:|0>2+)‘|1>2+"'+)‘k|k‘>2+"'

where |0), and |0), are now unknown states. Then the 1st order in the perturbation expansion still
gives

<I§r0 - E,gO)) 1), = — (V - Eﬁf?) 10),
(10— ED) 1)y = = (V= B2 [0},

where we multiply (5) by any <n(0)‘ for which (1) holds to get 0 on the left hand side. Formally,
we can express this as:

(5)

P(V—E,(}l)) 10), =0 (6)
P (f/ - E,glg) 10), =0 (7)

where P = |n(0), 1> <n(0), 1| + |n(0),2> <n(0),2| is the projection onto the subspace of degenerate
states. !n(o),1> and !n(o),2> form an orthonormal basis over this subspace. In practice, this
calculation reduces to the diagonalization of a 2 x 2 matrix. To see this, let’s let

10}, :a‘n(o),1> +6(n<0>,2> ®)

where «, § are unknown. Then (6°) gives

(‘n(0)71> <n(0)71‘ N ‘n(0)72> <n(o>72‘) (V- ED) (o ‘n(0)71> +5(n<0>72>) —0
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0= ‘n“)), D [({(n©, 1‘17(71(0), 1) = ED) a+ (a0, 1“7‘71(0 > Bl +
2

o .2 (.2}~ 80+ 0.1
o (1] 7]n,2) ~ B a2+ (1] 70, )
(<n<0>,2\v\n<0>,2> —ED) 8+ <n<0>,2(v(n<0>, 1)a=0
© 1|V n®, 1 © 1|Vn©@, 2
I I M B o 9] ()=6) )
which is the standard 2 x 2 matrix eigenvalue equation. Solving the eigenvalues, eigenvectors, and

normalizing gives first order energy corrections, and the right linear combinations of the unper-
turbed degenerate ground states.

S
@
Il
o

Remark 2: Solving the characteristic equation given by (9’) can result in 1st order energy correc-

tions (Ey(Lll)z) that are the same or distinct, depending on the roots of the quadratic equation.
So, to first order, the degeneracy may or may not be lifted.

13.2.1 Example: Coupled Harmonic Oscillator

Consider 2 identical H.O.’s with frequency w that are coupled by an interaction en-
ergy proportional to the product of oscillator displacements from equilibrium. The
Hamiltonian is:
H=Hy+V
where .
iy =t (ata + B1)
V = hg (&+&T> (BHBT)
and where @, a' and 13, bt are annihilation and creation operators, and we drop 2 factors
%hw in H().
The unperturbed energy is
Eny=FE,+ E, = Nhw = (n+m)hw

And the degeneracy arises because there is more than 1 way to break up the energy.
All we require is that N = n+m and the degeneracy increases with increasing energy.
n and m are numbers of quanta in independent, uncoupled oscillators.

States Degeneracy
|0, 0) none
|1,0),10,1) 2-fold

|07 2> ) |17 1> ’ |27 0> 3-fold
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Consider 1st order perturbation theory for the 1st excited state (2-fold degeneracy).
In the limit ¢ — 0, the exact eigenstate goes to

B, = al0,1)+511,0)

The matrix elements required in (9’) of the previous section are
<0,1 ( +a )<6+ )01>:0
(o9 +9) ) o
<0,1 hg (&+& ) <6+6) 1,0> — hg
<1,0 hg (a+a ) <6+z§) 0,1> — hg

And (9’) becomes

) (6)-0)
hg —E](\}g B) \O

Solving the characteristic equation gives

(1)
Ey' = hg
(11) (10)
EN2 = —hg
And the ground state, unperturbed eigenstates follow:
1 1
20) = 75 (0.0 +11,0)
" 1 (11)
20) = 75 (0.0 = 11,0)
Now we need 1st order corrections to the eigenstates
1 0)
1) = 3 (E e [E)
M#N
0) |¥7| (0
oy (EQ[V|EQ 1) ) )
- 0) 0) M

M#N Ez(w _E](\h

Remark 1: This is the same procedure used in non-degenerate perturbation theory,
but the summation is more restrictive since E](\?l) and E](\(,)Q) have no projection
on the degenerate subspace.

Remark 2: An expression similar to (12) gives ‘E](\?), 2>.
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To get the 1st order correction to the eigenstates, calculate the matrix elements
(EQ|V|EQ, (1o 2)
and specifically for the H.O.:

[n:m), hg (am*) (6+iﬁ) (10,1) % [1,0)) = (n, m| 22 [\fu 2) +v2[2,1)

all unperturbed
states other than

7

|1,0) & ]0,1)
14
(1,2 |ﬁ(|0 1) £11,0)) = hg
= s (13)
2,1 —=(]0,1) £ 1,0 —h,
(2,1] 7 (10,1) £11,0)) = —hg
Remark 3: The states |1,2) and |2,1) both have energy EJ(S[) = 3hw.
Plugging (13) into (12) gives:
m\___ hg 9
Q) = -2 - o =~ (1,2 + 2 1) (14)
1 9
[BR)) = =2 (11,2) - [2,1) (15)

Remark 4: The interacting Hamiltonian in this example is often approximated by
VRWA = hg <(A1TZA) + dl;T>

This gives the 1st order corrections that are exact (no higher order approxima-
tions from a'b, de). This interaction is referred to as the rotating wave approximation.

Remark 5: In this case, the 1st order corrections lifted the degeneracy, and higher
order corrections may proceed with non-degenerate perturbation theory. If
degeneracy was not lifted at first order, we must diagonalize another matrix
(use non-degenerate perturbation theory) again.

The second order corrections in energy for coupled H.O. are given by
Q) = (B 1|V|ES 1)
1 .
=5 (0.1) 4 (1.0png (a-+at) (+) (52) (1.2 + 2.1

hgz
w
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and

B = (EY 2|V |ED,2)

So, to second order, we have

g2
EN1:h<w+g—U>

2
EN2:h<w_g_%>

Remark 6: Note that it was the non-rotating wave approximation part of the inter-
action that gives the second order corrections (@b term). This is an example
of a non-energy conserving, or virtual transition.

2
1 Energy-Conserving Transition
o l ath|0,1) = |1,0)

||a|| ||b||

or

1__ o' e Non-Energy Conserving Transition

a'b25 (10,1) £[1,0) = 5 (10,1) £ 1,0))

||a|| ||b||

Only the intermediate step is non-conserving, overall, energy is conserved.

13.3 Time Dependent Perturbation Theory
For this analysis, we are going to consider the unitary propagator (aka time-evolution operator):
Ut to) = e H10=t0)/n (1)

which gives the solution to the Schrodinger equation:

[v(t)) = Ul(t, to) |¢(to)) (2)
The propagator itself obeys the equation of motion.

0 ~ 1 .-

—U(t,tg) = =—HU(t,t

atU( ;o) 7 U(t,to) (3)
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with the initial condition that U (to,to) = 1. Formally integrating (3) gives

R 1 [t ..
U(t,t()):1+% HU(T,to)dT (4)

to

Time dependent perturbation theory is based on (4). Our 1st goal is to rewrite (4) so that the
dynamics generated by the unperturbed interacting part of the Hamiltonian are separate.

H(t) = Ho(t) + V(1) (5)
Here we are allowing Hy and V to explicitly depend on time.

Remark 1: We will use the interaction picture to separate the perturbed and unperturbed dy-

namics. Let ﬁo(t, to) represent the propagator which governs the unperturbed motion such
that Up(t,to) satisfies

Ult,to) = %ﬁo(t)ffo(t,to) (6)

with initial condition Uo(to,to) = 1. Now, Uo(t,to) can be thought of as a “rotation” in
Hilbert space. If we go into a reference frame that rotates at a rate determined by Uo(t, to),
then the state only evolves in that frame if V(t) # 0. In the case that V (t) # 0, we are in
the interaction picture.

Remark 2: Alternatively, a non-rotating frame in which the state evolves according to both H,
and V gives the usual Schrodinger picture, while a frame that rotates at a rote determined
by both Hy and Vj (the state is stationary in this frame) gives the Heisenberg picture.

Remark 3: The states in the Schrodinger and interaction pictures are related by

s (t)) = Uo(t, to) [¢r(t)) (7)
— —

Schrodinger Interaction
picture picture

so that if V(¢) = 0, |[;(t)) is stationary, and |17 (t)) = [¢1(to)) = |[vs(to)). If V(t) # 0,
then the state in the interaction picture evolves according to

W1 (t)) = Ur(t, to) [v1(to)) (8)

where U[(t, to) is the interaction picture evolution operator.

Remark 4: The evolution equation for U;(t,tp) can be obtained via (7) and (8):

[s(t)) = U(t, to)Us(t, to) |1 (o))
o(t, to)Ur(t, o) |1hs(to)) (9)

>

>
>

Comparing to (2): R R R
= Us(t, to) = Uo(t, tQ)U[(t, t(]) (10)
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Substituting(10) and (5) into (3):

9 (0007) = = (£ -+ V') Ol

ot ih
aU() ~ ~ aU[ . 1 . . N 1 ~ ~ -
(W) UI+U0 <—t) — <E 0 0) UI+EVUOUI
U 1 o oo\ -
:>—t_%(UOV 0) U]

since Uy is unitary (and thus Ugﬁo =1).

Defining

A

Vi(t) = U (t,to)V (1) Un(t, to)

we have that

0 - 1.
aUI(t,to) = %VIUl(tﬂfo)

Formally integrating gives

R 1 [t .
Ur(t,to) =1+ 7 | ViUi(r.to)dr

to

Time dependent perturbation corrections are obtained by iterating (14):

. 1 [t 1 (7. .
Ur(t,tg) =1+ = Vi(r)dr [1 + ﬁ/ ViU (7', to) dT/:|

to to

t 3 T
1+ [ Viryar— & / dT/ dr' Vi(r)V (') Us (7', to)
ih Jy, ne Ji to

199

(15)

Higher order corrections can be obtained via an infinite number of iterations. In powers of V(t),

this becomes:

t,

. 0 1 n t Tn T ~ ~ ~
U[(t,to) = 1—|—Z <E> /t dTn/t dTn_l---/ dT1V](Tn)V](Tn_1)---V[(Tl)
n—1 0 0 0

where the order of integration is such that

lo<TI <Tg < - < Tph1 <Tph <t

Remark 5: We now transform (16) back into the Schrodinger picture using
Us(t,to) = Un(t, to)Ur(t, to)

and

Vi(r3) = U§ (75, t0)V () U (7, to)
Also, note that

A A

Uo (75, t0)Ud (-1, t0) = Uo (75, 75-1)

(16)
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Thus we have that

N N o0 1 Tn T2
Us(t,to) = Uo(t,to) + <_h> /t dry t drp—1--- t dry -
n=1 0 0 0

A

Uo(t, )V (1) Uo(Trs Tne1) V(1) - - - Up (72, 7))V (11) Up (71, o) (17)

UO(t tO)UO (Tn,to) ( ) (Tn,to) Uo(Tn 1,t0)

Vi

Remark 6: Starting at the earliest times (right) and moving to interacting (left) in the integrand
represents
1. Free evolution from ¢y to 7

2. Interaction at 71

3. Free evolution from 71 to ™

4. Interaction at 7,

5. Free evolution from 7, to t
So that the full evolution represents a sum over all elementary time evolutions, taking into account
all possible numbers of interactions between ty and t.

13.3.1 Transition Properties Between Energy States

For this analysis, consider the case where the free Hamiltonian Hy is time independent.
Then

Uo(rj, 7j-1) = e~ Ho(i—m5-1)/h (18)

and we consider a system with discrete energies E1, Fo,.... We develop the perturba-
tion theory in terms of jumps between the levels.

Eg1

Ek wkl=;

9

Eg 1

The transition probability between some initial state |E,) and some final state |Ej) is
defined as

Wy = ‘<Eb‘US(t,to)‘Ea> ’

(19)
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Remark 1: The transition probability depends on the interval tg — ¢t during which
the transition takes place. We expect non-zero transition probabilities if there
is an interaction V() which couples the initial and final states |E,) , |Ep). The
interaction is specified in terms of matrix elements in the unperturbed energy
basis:

kal ) | Ey) (Ei] (20)

where V(1) is
Vi(T) = <

)| E) (21)
Substituting (17), (18) and (20) into (19) gives:

[e.e]

Wos= |3 (5) [ [Carree [Tan S5 555wl ).
n=1 0

to to kndn kn—1,ln—1 k1,l1

Vi i (Tn) <Eln ‘e_iHO(T"_T”’l)/h‘Ekn,1> .

. . 2
Vi1 dns (Th—1) <Eln71 | ... e~ Ho(r2—1)/h |E},) Vi s (11) <Eln ‘e—ZHO(Tl—tO)/h‘Ea>‘

[e'e) 1 n t Tn T '
E _ dry, dry—1--- dr - —iBy(t—7n)/hy ).

1 <Zh> /to ! /to et /to m ;;: El: € b,ln (T )
" n tn-—1 2

—zEln (Tn—Tn 1)/71‘/““ n L (Tn—l) . e—iEIQ (T2—Tl)/h‘/227ae—iEa(Tl —tO)/h‘Q (22)

Remark 2:

e > >, — sum over the number of intermediate state interactions between
to and ¢

° ftgj — integration over all possible times for intermediate state interactions

® Vj,1;,_, — strength of interaction connecting intermediate states |El >
and ‘El >

e (--+) — transition amplitude is sum over amplitudes for transitions tak-
ing place via a set of intermediate or virtual states |Ey,), |Ey),...,|El,)-
There are n — 1 intermediate states (stepping stones) so that there are n
steps between |E,) and |Ep).

Remark 3: Diagrammatically, the transitions can be represented as:
where the vertices are where the state of the system changes.
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Time

|Eb)
Vo, W\/\/<
MEL,)

71

’\M/N< |El2)
|Ea)

Remark 4: To first order in perturbation theory, (22) looks like

to

1 2

2
1
2

Wa—>b =

t
/ ¢~ IEN =) Ry, () o=iBa(r—t0)/h g
to

2

t
/ ei“’b“TVba(T) dr
to

where wp, = E”;RE“
13.3.2 Time-Independent Interactions

The time integral in (23) is easy if the interaction is independent of time:

6iwbat _ 6iwbat0 2

1
Wa—»b = 395 |%a|2
h2

iwba

1 1 | |
T2 |%a|2 o (1 +1 — e Wwralt=to) _ e—lwba(t—to))
ba
2 1
= 2 Vil 3 (1= cos (wnat ~ 10)) (24)
ba

Let At =t — tg and define

2(1 — cos(wAt))
2

Flw, At) = (25)

Remark 1: f(w,At) contains information about energy conservation during the tran-
sition. It is peaked at w = 0, with a maximum f(0, At) = (A¢)?. This is seen
in Fig 13.1.

In the final limit At — big, this function becomes highly peaked about w = 0 with
half-width Aw ~ 33 and

flw,At) —— Ad(w) (26)

At—o00
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fA

(At)?

I
4T Am
T At 0 At

eV

Figure 13.1: Plot of f(w, At).

where A is found by integrating (25) over w.

< 1- At
A:Q/ L= cos(wAr)

o w
= 2At (27)
where the integral is done by contour integration. (Let f(z) = I_E;QiZAt and the

integral is the real part of this along the x-axis.) So, in the limit of infinite interaction
time, the transition probability is 0 unless

Eb_Ea
Wba:T

=0 (28)
This is a statement of conservation of energy: A mismatch of energies is tolerated for
finite time intervals as long as
. hm

AEAt = 7h, with AE = hw =~ AL (29)
Transitions occurring in a finite time At involve an uncertainty about the energies.
These transitions can occur if E, and Fj are close enough together so that the total
system energy uncertainty can bring them together during a finite interaction. Note
that AE in (29) is the difference in unperturbed energies, not the energy shift due to
the perturbation.

Remark 2: For transitions between states of same energy:
Wy = — |Vial? (Af)?
aﬁb—ﬁ| bal” (Al) (30)

which has limited validity since W,_;, must not exceed 1, even as At — oo.
Hence (30) is valid only if

h
At € —
|Vbal
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13.3.3 Transition to a Continuum of States

Often, |Ep) is not a discrete state, but is part of a continuous spectrum:

|Eb)> E,+0E

| Ea)

In these cases, we must find the transition probability to the state whose energy falls
in the range of energies centered at Fj. Let B denote the subspace of final states with
energies in the range Ep — 6F to Ep + 0FE and define

Wan= . Way (31)
all states

m

where W,_,; is given by (24). For a continuum of states, we replace the sum in (31)
with an integral which includes the density of states:

pEy - dE, = Number of states with energy in the range Fj to Ep + 0F (32)

So (31) becomes

o= [,y #5005 (B

2 [1 — Cos (E_—hE;At)] (33)
()

Remark 1: If the range of final energies is sufficiently small, then
p(E) ~ p(Eyp)

el = () = i

in which case

) Eo+0E
Woi = 2p(E) Vi dE
Eog—0E

(34)

1 — cos (%At)
(E — E,)?

Remark 2: From §13.3.2.R1, we know that the function in (34) has a max value

2 . .
of (%) at I/ = FE,, then secondary maxima get smaller as deviations from

the resonant energies (F = E,) decrease. The width of the central maximum
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is ~ %, and we assume that the integration range is much larger than this

width.

hm
E _
0B > = (35)

With this approximation, we consider (34) for 2 distinct cases:
1. |Ey — E,| > 0F implies that the final states are non-conserving by an
amount larger than the width of the transition probability maximum

- |E,,)> Integration Range
E—FE,
\Ea) 1—cos( e At)
(E—Ea)?

1 ~ 1
(E—E.)? "~ Ey— E,)?

Eog+d6FE E—E
/ dE [1 — cos ( aAt)]
Eo—6E | h |

20E>—hAt

In this case,

So that

And so
4P(Eb)5E |Vba |2

Wa—>B — (Eb _ Ea)2

(36)

2. |Ey — E,| < 0F implies that the transition probability peak falls within
the range of final energies. This means that the transition is energy
conserving. Now,

|Es)

FEo+0F e o]
/ in (34) — /
Eo—0FE —00

and (34) in given by (27). Thus

2w At

—P(Eb) [Voa” (37)

Woop =
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Remark 3: Eqn (37) is an important result since it represents the dynamical behavior
in many quantum systems. Le., imagine N, systems in state |E,) at time t.
A short time At later, the number of systems in state |E,) is

2
N,(t+ At) = Nu(t) |1 — %p(Eb) Via|” At
So No(t+Af) — No(t) 2
a + - a _ __ﬂ- 2
At = 7 p(Eb) ‘%a’ Na(t)
= N, = -TN, (38)
where W 9
_ Wamp _ 2T 2
I'= At = A P(Eb) |Wm| (39)

and thus I' is a transition rate (transition probability per unit time), and (38)
describes an exponential decay at this rate.

N (t) = Nu(0)e ™ (40)

Examples of where this holds: (-decay, spontaneous emission from an excited
state of an atom or molecule.

13.3.4 Periodic Perturbations

Consider a harmonic interaction of the form:

V(t) = Afewt 4 At
with A an unspecified time-independent operator. Then (23) becomes

1

Was = 35 /t R [<Eb(2ﬁ (Ea> ¢ilna—e)T | <Eb‘A‘Ea> el )| 2 (41)

0

And the integral is largest when wy, — w = 0 or wp, + w = 0. These are resonance
conditions corresponding to energy conservation.

Ey=E, + hw} (2

Ey=E, — hw

Physically, these represent an energy quanta absorbed or emitted (respectively) from
the system providing the periodic potential, as seen in Fig. 13.2.

Remark 1: We require that w > 17 so that the frequency is much greater than the

width of the transition resonance peak. This establishes that the system has enough
time to “feel” the periodicity of the perturbation.
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| Es) — B
~ VWV w VAVAVAVA 3 )
|Ea) — |
(a) Resonance and (b) Resonance and
energy conservation energy conservation
with absorption of a with emission of a
quanta quanta

Figure 13.2: Resonances of Periodic Perturbations

Following through with the integration in (41) gives us:

Ea> Ea>

Considering transitions to a continuous band of final states gives energy conserving

transition rates:
1. For the case where By, + 0E > E, + hw > E, — 0E:

N i 21 — cos ((wpg — w)AL)
(Woa — w)?

(Wha — w)? + h?2

21— cos ((wpg —w)AL) 2 ‘<Eb

2
Woop = 7 ‘<Eb

Wa—>b B 2 2

- AT
T hp(Ea+hw)(<Ea+hw‘A ‘Ea> (43)
2. For the case where Ey + 0E > E, — hw > E, — E:
Wa_>b o 2w At 2
b Ep(Ea—hw)(<Ea—hw‘A ‘Ea> (44)

Remark 2: Equations (43) and (44) give transition rates that are often referred to
as Fermi’s Golden Rules. The hw supplied by the perturbation provides the
energy to make the transition energy conserving.

13.3.5 Sudden and Adiabatic Perturbations

Two situations in which the response of the quantum systems changes is easy to
calculate is:
1. Sudden Approximation: Here we assume the system can not change it’s
state arbitrarily fast, so a sudden change in external field will not change
the state of the quantum system during the field change.

2. Adiabatic Perturbation: When perturbation is slow enough that the state
of the system changes adiabatically with applied perturbations.
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Chapter 14

Scattering

14.1 Scattering Cross Sections

Consider a general scattering experiment:

Detector has solid angle dQ

3 ﬁsﬂ= (6,9)

Beam of

Monchromatic

Particles
Scattering Sample
containing N Scatterers

Where the particle flux J is the number of particles crossing unit area per unit time. Also, the
beam is weak enough so that the particles scatter independently (no coherence).

Remark 1: We neglect coherence of scattered waves between scatterers—each scatterer acts as if
it were alone. This assumption fails for x-ray diffraction.

We define:
N = 4 of particles recorded at the detector per unit time
= N = JNo(Q)d (1)

where o(Q2) is the differential scattering cross section, and is a parameter that characterizes the
collision between the incident particles and scatterers. The “differential” refers to the detector only
monitoring a small solid angle df2.

Remark 2: The total scattering cross section is

Tror = / () d) (2)

209
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Remark 3: Though the target can be quite complicated (an atom made up of electrons and
protons, etc...), it is often sufficient to describe the scatterer by a central potential V(7).
(if we consider elastic collions only!) This is what we will do in this section.

Remark 4: The goal is to relate what is measured in experiments (the differential cross section),
to a solution to the Schrodinger equation.

Assume incoming particles have energy E, and momentum Aik. Then the stationary solution must
satisfy

[-%v? i V(r)} $x = B (3)

where V(r) defines the interaction between particles and scatterers, and E is the energy of the
incident and outgoing particles. We want a solution that describes the scattering process, so we
look for a solution of the form:

Uie(r,t) = e Fyy(r) (4)
with asymptotic form
” eikr
ik-r
)~ G ) )
incoming N——
particles outgoing spherical
wave of scattered
particles

as r — 0o. This means that iy (7,t) gives an expanding spherical wave.

Remark 5: The %7 represents a beam of particles with speed % and a density of 1 particle per
unit volume. The corresponding particle flux is
hk

J=1—
m

The flux of particles entering the detector at angle Q(0, ¢) is:

N _ (numbor of outgomg> . @ . ( Detector )

particles per unit area
volume m

2
For large distances r, the first term is Hi (2” and the detector area is r2 dS.

N = F@)PE a0 (0

Comparing (6) with (1) gives:
o(Q) = |f(Q)
—— ———

measured calculated

Remark 6: Now the main task is to calculate what is called the scattering amplitude f(€2).
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Remark 7: Often we are considering the scattering of individual particles off one another. In
this case, an incoming singe particle would be described by a time independent wave-packet
rather than a plane wave, and the picture would look like: where the big particle is being

2d

J_ b (impact parameter)

Detector
L . 10
i f

central wavelength

— — b
21
hk __ 2mh

scattered by the smaller. The incident particle (wavepacket) has velocity v = 77 = 7.
The longitudial and transverse dimensions of the wavepacket are determined by the spread
in momentum.

In the above picture we’ve made the approximations that:
e [,d > a - otherwise the scattering depends on the details of the shape of the incoming
wavepacket.

e [,d > X - otherwise the wavepacket description of the incoming particle will not give
well defined energy and momentum to be small compared to the scale on which the
scattering properties change with energy and momentum.

e d > b - for non-trivial results (if d < b, then there is no significant perturbation,
assuming short range potentials that fall off faster than %)

e D > a, )\ - so that the influence of the potential on the detector has dropped to 0
(detector is asymptotic regime).

e Dsinf > d - so as to separate the transmitted and scattered parts of the incident

wave packet:
— | Q

Mathematically, for the description we would multiply the incoming plane wave by a real envelope
function which depends on the distance from the scatterer (more precisely, on the impact parame-
ter). We would eventually derive a description of the scattered wave packet that depends on the
solution to the Schrodinger equation in a central potential. Given this description and the above
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constraints, we can show that the differential cross section (which depends on the probability for a
wavepacket to scatter within d2 of © (location of the detector)) is still given by

o(w) = |fr(Q)? (7)

where the asymptotic solution to the Schrodinger equation is:

) ikr
Yr(r) ~ ™"+ fk(Q)eT

14.2 Waves and Phase Shifts

Our goal now is to find f(€2) for a given central potential. Recall that in §10.2.2 and §8.2.3 we
found that the solution to the spherically symmetric Schrodinger equation could be written

vr.0.0) = 3 4,20y, 0.0)

L,m
where Ug; is a solution to the radial equation (§10.2.2.E2) and Y},,,(6, ¢) are the spherical harmonics.

Remark 1: The scattering problem has azimuthal symmetry. For initial propagation direction,
aligned with the z-axis, the solution is ¢—independent, and only m = 0 terms are involved.
Thus we have

— Ug
P(r,0) = Z alTPl(cos 0) (8)
=0
where Pj(cos ) is the Legendre polynomial and a; = %Al,o-

Remark 2: The goal is to match (8) to the asymptotic form (5)

ikr
b(r,0) —— *T 1 F(9)C

r—00 r

where we are using arrows to represent asymptotically similar.

If we take k in the z-direction, the incident plane wave can also be expressed as:

o

et = lZ:(?l +1)(0)' - ji(kr) Pi(cos 6) (9)
=0

(See §10.2.3.R11). Expanding f(f) in Legendre polynomials:

£(0) =" fiPi(cos ) (10)
=0
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We require Ug;(r) to be a regular solution to the radial equation, and asymptotically, we can write
it as

l
Ugi(r) —— sin <kr — g + 51) (11)
where ¢ is called a phase shift. The asymptotic form of (8) is
o (—i)l 5 eikr (Z)l s, e—ikr
PP I A e LS 12
W(’)m;“l( 2 ¢ e ) fleost) (12)

In order to match this to the asymptotic form (5), we write the asymptotic form of j;(kr) in (9):

Y — - i l 'kT’
W(r,0) —— Z [ (21 + 1)(ki <%ek — % ﬂ’”) +fS } Py(cos 6) (13)

Now, (12) and (13) must match as there are 2 different forms of the same incoming and outgoing
spherical waves. This requirement gives an expression for a;:

e Incoming Waves:
(=)' s\ it (=i
al< 5; ¢ _(2l+1)k 5

= a =

e Outgoing Waves: (matching coefficients)

VA AN
o (Gen) - B G

_ @+ e e (21 41)

PR U [
(2L + 1) [ o4,
= -1 1
=" (e ) (15)
And the expression for the scattering amplitude in terms of the phase shifts is:
1 o
=7 Z (21 4 1)e™ sin(8;) Py (cos 0) (16)
1=0

Remark 3: Solving the differential scattering cross-section is reduced to finding the phase shift
for the different angular momentum components of the scattered wave.

Remark 4: Note that we can write the asymptotic solution (13) with a; from (14).

— 204+ 1) [ (=Dlethr 5 et
(r,0) — lzz: 5 T +e g Py(cos )

T
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where this phase factor shifts the phase of the outgoing partial wave relative to the incident
plane wave—this is where the entire scattering process is captured. (Partial waves refer to
individual terms in the spherical wave expansion.)

Remark 5: The differential scattering cross-section is terms of phase shifts is:
a(0) = |£(0) =13 Z 21 4+ 1) (20 + 1)’ =) sin(§;) sin(8y ) Py (cos ) P(cos ) (17)
LU

Integrating this over a unit sphere gives the total scattering cross-section. Noting the
orthogonality of the Legendre polynomials:

Olot = —72T Z (20 + 1) sin?(&) (18)
1=0

We can write
o0
Otot = E gl
1=0

with (19)

4 . 9
= ﬁ(% + 1) sin“(d;)
and o; gives the contribution to scattering cross-section from partial waves with angular momentum
l.

oy

Remark 6: The partial wave expansion is most useful when only a few terms in (18) contribute.
To get an idea of which terms dominate, consider a scattering (classical) problem. Here

V(r) = 0 for » > rg. Now the angular momentum of the incoming particle is L = bp
and is a constant of motion. If b > ro (L > rgp), then there is no scattering. Quantum
mechanically, L — Al (more precisely, L — A%l(l + 1)) and p = hk. Thus, we expect the
strongest scattering when

I < krg (20)

and the weakest scattering when
[ > krg (21)

Generally speaking, we expect o; to become unimportant for [ > krg. This holds if V(r) =0
for r > 79, but turns out to be true also if V() is very small (though not strictly 0) at some
range 7.
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Remark 7: Equation (8) (weak scattering) holds when there is either low energy (k — 0), or high
angular momentum (I — o). Recall that high angular momentum particles will “miss” the
target if L > rgp. Physically, lower energy corresponds to large wavelength. In the limit
Q= ]2“—7’; < 1, a small scatterer will have little effect on a large incident wave. (Imagine a

small obstacle in sound and water waves.) Any scattering that does occur will be isotropic

since large wavelength waves cannot probe the spacial structure of the scatterer.

14.3 Example: Scattering from a Hard Sphere

Consider the potential:

, 0<r<
V(T):{OO T T0
0, rmo<r<o

Ju—

To

The general solution to the radial equation (§10.2.3) is
Ry(r) = Auji(kr) 4+ Bymi(kr)
where A;, B; are constants and the BC’s are

Ayji(rok) + By (kro) =0

Ji(kro
=B =-A
: " (kro)
= Ry(r) = A} (m(kro)ji(kr) — ji(kro)m (kr))
where A) = %. The asymptotic form of the solution (§10.3.1.R6) is
m(kro) Ji(kro)

R, ——
(1) —— .

sin (k:r — %r) + cos (k:r — %r)

kr
Comparing this with the general form (§14.2.E11):

Ry(r) — 1 sin (kr — %r +6;)

r—00 r

1 . ! 1 e\
— o sin (k:r — 5“) cos o + o cos (k‘r — 7”) sin ¢
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= n(krg) = cos §; and Ji(krg) = sin

= tand; =

= §; = arctan <

jz(lﬁ’o)>

m(kro)
ji (kro)

n (kro) + j (kro)

= sin?(§)) =

Remark 1: At low energies, the spherical Bessel functions become

. Fr)!
Jikr) T3 (2z(+)1)!!

(20— 1)!
m(kr) — Ry

So that the partial cross section for scattering off a hard sphere is

4 (20 + 1) (krg) 2

Do 220+ D)2l — )2
The dominant cross section is s-wave scattering (1=0):
dm

a —>k—>0 ﬁ(/ﬁ’o)z = 471'7‘(2]

where 7q is the length scale characterizing the range of the scatterer, and is sometime called
the scattering length.

Remark 2: At high energies, we’ll use the asymptotic forms of the Bessel functions (see Messiah)

to get:
1
o(Q) — ZTS (1 + cot2(g)J12 (kro sin 9)) (1)
and
Otot k—) 271'7"(2]

This limit corresponds to very short wavelengths, from which we might expect the classical
results:

1

() = -r
(@) 4 %Y (lassical results

Otot — FTS

We do not get these results since the wave nature of the scattering process does not com-
pletely vanish. This is because the hard sphere has “sharp” edges, so that any wavelength,
no matter how short, is affected by the discontinuity and there are diffraction effects. The
Bessel function in (f) is the diffraction term.
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14.4 Scattering from a Square Well — Resonances

Consider the potential

-V
V(’r’): { 0, T <Tg
0, T>T

To

Vo

Remark 1: From before we know that a 1D square well exhibits resonances which are very sharp
when the well is very deep and incident particles have low energies. Similar resonances
occur when scattering from a 3D well.

Remark 2: Recall from §10.3.2 that regular solutions inside the square well are

Ri(r) =gi(kr)  (r <o)

with

2m
and we have chosen to normalize R;(r) for convenience. Outside of the well, the solution is
a superposition of the Hankel functions.

Ri(r) = AR (kr) + BW T (k) (r > 1)

with
2mE
72
These solutions correspond to E > 0 since we are interested in the unbound states outside
the well for scattering phenomena. The boundary conditions require continuity at r = rg:

k=

(ko) = Ah\) (ko) + Bib\ ™) (erg) (1)
and continuity of the derivatives at r = rq:

Rt (kro) = b [ A (ko) + Bibf™ (k)] 2)
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Remark 3: We also want to match the asymptotic form of the solution outside the well to the
scattering solution:

1
Ry(r) — o sin (kr — & + &)

T—00
11 [ei(kr—lw/2)ei5l _ e—i(kr—lw/2)eiél:|
r—oo  kr 2i

Inserting the asymptotic form of the Hankel functions:

Ri(r) 1 [Alei(kr—ln/z) n Ble—i(kr—lw/2)]

r—oo kr

Comparing the forms gives
Al = eiél, Bl = e_i(sl

25, _ Al
By

So we need only the ratio of the unknown coefficients. From (1) then,

=e

Al i jl(H,TQ hl(_)(k"l"o)

B B W (ko) B (kro)

Now, taking (1) - kh\ ™ (kro) — (2) - b\ (kro):

0

kji(kro) ST (kro) — kjj(sro)h{ ™ (kro) = Ak [hl(*)(kro)h}*)’(kro) - hl(+)/(kr0)hl(+)(kro)} +

+ Bike [ (kro)h{ ™ (kro) = b (ko) (kro) |

—Blk‘< 21 )
k;ro

where the last term is from the Wronskian relation of Hankel functions (Messiah X.38).

25, (ko

] k2i 1
26 _ Ji(kro) i

hl(+)(l<:r0) (k0)? Iy (kro )™ (ko) — regl (ko) S (ko)

k"r'o

Ji(kro) 71

)
h”( )
1
_ ) (kro) 1—225 1 )
h“ (kro) (ko) [ER™ (ko) — DR (k)]

Remark 4: For a deep potential and moderately low energies:

Krg > 1 and K>k
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So

. (jl (kro) >2 2i7;(kro)
n(kro)
- dikro) \ 2 3)
1+ (m(kro)>
= cos(20;) + isin(24;)

= tand; ~ —

which is the same result as for the hard sphere.
Remark 5: For certain energies, the denominator in the second term of (3) vanishes. In this case,

note that y
‘7.l(m‘0) —— cot (krg — I7/2)
Ji(kro) Krol

For simplicities sake, let krg > [ so that

hl(_)(km) o—2ilkro—im/2)
hl(+)(k77“0) kro>>1

kro)2h ) (kro )b (k 1
= (kro)“h; " (kro)hy (To)ﬁ>

— +)7 .
= (kro) "y (bro)hy ™ (kro) i

Thus (3) becomes

~k
215

62i6l ~ e—2i(k7’o—l7r/2) 1 —
z— — cot ( )

o~ 2ilkro—In/2) cot(kro — Im/2) +
cot(krg — Im/2) —

zlwzlw

=0 = —(kTo—lﬂ/2)+¢

where

|

tan ¢ = Z
an ¢ cot(krg — lm/2)

Now ¢ is generally negligible when £ < 1, unless rro — I7/2 = (2m + 1)7/2, where m is an
integer. When we have this secondary case, we have resonances.
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The distance between resonances is Axkrg = .

2m 2m
m AFE
= K 1+ﬁ?_1 rg =T
252
= AFE = Ton
mro
Assuming K > k= Vo> E = Kk’ ~ QFL—TQ’LVO = K3
27V,
= AFE ~ Yo
mro
Since
§
3
£
Kro —Im/2
(n+m (n+2)m
Which implies
¢
(n—1)m

)

where in the range (%), tan ¢ goes to 0 — oo and —oo — 0 which corresponds to a change of 7 in
¢. So 0y = —(kro — Im/2) + ¢ increases by 7 each resonance. In between resonances, background

scattering is determined by §; = —(krg — I7/2) + ¢.



Chapter 15

Relativistic Quantum Mechanics: The
Dirac Equation

The Dirac equation is a relativistic description of a quantum system that includes the relativistic
nature of some systems (like high-Z atoms) as well as spin and spin-orbit coupling.

15.1 Spinless Free Particles - The Klein-Gordan Equation

Recall that in deriving the Schrodinger equation, we started with the kinetic energy:

o
2m
and let R
p—D o A2
. p
= th— = —
il (7 g ) = 1)
ot
In deriving a relativistic description, let
H? = 2% + m2c
So that the substitution of operators gives
9? 1, 5.
92 ) = ~72 (&p* +m?c) |¢) (1)

This is the Klein-Gordan equation.

Remark 1: Note that we considered H? rather than H = +/c2p? + m2c*. This is because the
former gives a symmetric description of space and time as desired by relativity. Otherwise,
expanding H in a momentum basis:

1 p2 1 p4
2

221



222 CHAPTER 15. RELATIVISTIC QUANTUM MECHANICS: THE DIRAC EQUATION
gives even and odd derivatives not on an “equal footing”.

Remark 2: (f) is a good description for spinless particles, but is insufficient for particles with

S #£0.

15.2 Dirac Equation for Free Particle

The Dirac equation for a free particle is given by

) = (cap+ fme?) ) 1)

f_(0 6
“\6 0)

e & is the Pauli spin matrices

e [ is the 2x2 identity

where

=
N
o~
=

~>

N~

—

)

where

e ¢ is the speed of light

Remark 1: In the derivation of the Klein-Gordan equation, we took H — H? to get the space-time
symmetry. Here, Dirac assumed that \/c2p? + m2¢* « p+ something without momentum
to get space-time symmetry in an equation of 1st order in space and time.

A+ milt =ca-p+ Bmc2
where &, 3 are determined by matching coefficients:
A (P2 +p2 +p2) + mPct = (& p)° + mc® (d - pB + Bé -ﬁ) + 32m3c!
Matching coefficients gives the following relations:
1. 47 = 32 = I where i = z,y, 2
2. didj + djdi = [di,dj]+ =0 for ¢ 75 7
3. Bai+ = |B.as] =0

_l’_

Remark 2: From these relationships, we conclude that &, 3 are traceless Hermitian matrices with
eigenvalues = +1.

Remark 3: Traceless with eigenvalues=+1 = even dimensional. But they cannot be the 2x2 Pauli
matrices (since there are 4 matrices here, and there are only 3 Pauli matrices with these
properties) = try 4x4 matrices
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Remark 4: The choice of & and B given in (2) satisfy these requirements, though it is not unique
(since the properties of Remark 2 are preserved under a unitary transformation).

Remark 5: |1) in (1) is called the Lorentz Spinor and has 4 components (to be compatible with
4x4 &'s and ().

Remark 6: (y|)) = a constant since the Hamiltonian is Hermitian.

15.3 Electromagnetic Interactions
The classical Hamiltonian for a particle with charge ¢ is:
H=[(p—2A)*+m?] Y24 ge

where ® and A are the electrodynamic scalar and vector potentials. Generalizing the Dirac equation
so that p — p — 2A and adding the electromagnetic potential energy:

z’h%—zf = [cd- (p—1A)+ Bmc® + q@} P (1)

15.3.1 Electron Spin and Magnetic Moment

To see how spin and magnetic moment drop out of the Dirac equation, it is sufficient to
let ® = 0 and keep only (9(%)2 terms. Let () = e P/ to find energy eigenstates.
Plugging this into (1):

ih <—%> e_iEt/hzZ) = [cd . (13 — %A) + Bmc2] e_iEt/hq/)
= By = (c&- T+ fme?) o 2)
where X
fi=p- 14 ®

Remark 1: II is called the kinetic momentum operator.

Remark 2: Recall that v is a 4 component spinor and that &, B are given by

&4=6,%6 and [=06,01

which suggests that we can write
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where x and ¢ are 2 component spinors.
Plugging (4) into (2):
B lX| = mc2l  c6 11 X
0| |eo - T —mc2l ©
(E—mc)  —c6-TI x| |0
—co -1 (E+m)I| |¢] |0

which gives a set of coupled equations for y and ¢:

(E—mc®)x = cé -y (5)
(E +mc?)p = cé - Ty (6)
From (6):
6 - TI
== FrmaX @

Remark 3: In the non-relativistic limit,

ol _ 6 (p—121A)
% Ey + mc? + mc?

_cmv) 1w
T ome  2¢

where
e [, is the Schrodinger energy < mc?
e mu is the typical momentum
So in the non-relativistic limit, ¢ is the small component and y is the big component.
X (®)

=~

In the non-relativistic limit, (5) becomes:

. 1 ~ .
Esxzc&-l—hpz—(o“'-ﬂ)(&-ﬂ)x 9)
2m
1 7/~ = - .
:—(H-H—i—z’&-HxH)X
2m
andﬂxﬁ:@B. So now (9) becomes
I 2 hg .
— (p-14) - M s.Bly=E 10
2m (p ¢ ) 2mca }X sX (10)

which describes a spin % particle in a magnetic field. The energy splitting (Zeemann

effect) gives
5=+ (E)
me \ 2

and the picture in Fig. 15.1:
Here 2upB = 20F = gupB = g = 2s 4+ 1, and we see that electron spin and magnetic
moment are accounted for in the Dirac equation.
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upB

—uBB

Figure 15.1: Zeemann splitting

15.4 The Dirac Equation for the Hydrogen Atom

For the hydrogen atom:

and the Dirac equation is

X 2
iha—¢: c&-(ﬁ—%A)+ﬂmc2—e— P
,

We still decompose 1 into the 2 component spinors and obtain equations for x and ¢ (§15.3 (5)
and (6) with £ — E - V).
(E -V —mc)x = c6 - pp (1)

(E -V +mc*)p = cé - px (2)

Remark 1: In absence of a B field, we can let A = 0 so II — p, and hence the above results in
(1) and (2).

From (2), we have
o= (E—V+mc*) lcé - px (3)
which is substituted into (1), giving:
(E—=V +mc*)x =cé-p(E—V +mc®) L6 - py (4)

Remark 2: Note that we were careful to keep the order correct, as p can operate of V, so order
does matter.

Remark 3: Solving (4) and plugging into (3) gives the solution to the full Lorentz spinor (.

Remark 4: Keep O(2)?, (4) becomes:

(Bs —V)x =c6-p(E- —V +2mc?)"'c6 - py

c . A A
N5 (6-p)(6-D)x
1 ~2D
—%px

which is just the non-relativistic Schrodinger equation.
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15.4.1 Fine Structure

Recall that in solving the Schrodinger equation for the hydrogen atom, we resorted to
perturbation theory to get the fine structure of the energy eigenspectrum (previous
HW). The time structure was due to relativistic effec8ts which emerge naturally from
the Dirac equation. Expanding (4) to O(2)* (one order higher than that required
to recover the Schrodinger equation), and letting £ = E, + mc? in (4) with Ej the
solution for the Schrodinger equation gives:

1 Es—V\~!
Es—-V+2m?) = — 1+ 15.1
(Es +2mc) 2mc? ( R (15.1)
1 E;, -V
~——|[1- 15.2
2mc? ( 2mc? > (15:2)
1 E;, -V
= — 15.3
2mc?  4m2ct (15.3)
And (4) becomes
A~ A~ 1 Es - V ~ A~
(ES - V)X =Co-p |:2m02 4m204 :| o - pPX
1 o 6 -p(Es —V)(6-P)
Ex = |— (6- vV —
= Bx = |5-(6-D) + ey X
152
) A A A A
p & - p(Es —V)(6 - P)
Bo= |2 +v- 5
= HsX 2m +V 4m?2ct X (5)

extra piece giving fine structure

Remark 1: Note that (5) is not simply a more complicated Schrodinger equation as
E is on both sides of the equation.

Remark 2: From §15.4.R4, the Schrodinger equation is recovered from (9(%)2, S0:

9
Eyx = <p_ + V) X are O(%)2
2m

2
p v
= (BEs = V)x = om X + 0(2)4

since
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So in the third term of the rhs of (5), it will be sufficient to let (Es — V)x —

%X- But we have

(Es - V) o - ﬁ X
~—~—
awkward

So

Ex=|—+4+V—
sX 2m + Am2ct X
_ ]32 - 154 p[,V]_w-px[p,V} .
2m 8m3c? 4m2c? 4m2c2?

Remark 3: (6) now looks like the Schrodinger equation!

Remark 4: On the rhs of (6), the 3rd term is the relativistic correction to the kinetic

energy.

Remark 5: The 5th term can be manipulated:

5. 7(e)] = ~ih-f o+ ihf o

. (Of L, 0 .0
= —ih <8_ac> _tha_x —I-zhf%

o (of
=i <%>
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ie-px[pV] .2
- 4m?2c? =22’ P —iny <_7>
+e27,%
B he? 1 _
= mEE s PxT
B he? 1 R
~am2aps? TP

where it is ok to switch » and p since the p operator never operates on the conjugate
coordinate.

2
e 1 ~ 4
- 1351
2m2¢2 r3

=H s.0. — the spin-orbit interaction

where it is ok to switch r and P since the p operator never operates on the
conjugate coordinate.

Remark 6: The 4rth term in (6) is not Hermitian.

:>/|X|2d?’r7é constant

= x is not a good Schrodinger wave function
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But what is required is

[otwdtr= [ e+ 167 d'r = constant

:/ _‘X\2+ (& - px)’ (5'13X)] PBr

Am?2c?

IxI” +

X'(&-5)' (G- D)x|
4m?2c?

So to O(2)*, x; has a constant norm. But now we must write (6) in terms of
Xs-

Xs = <1+ﬁ>x (7)

8m?2c2

Since E,x = Hx by (6), we have that

R N P\
Es <1 N 8m202> Xe=H <1 i 8m202> X

c
- [ i 8m1202 <ﬁ2ﬁ - ]f[ﬁ2>] X+ O
[FI+ 8m1262 [132, H X
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= Hy=H+ 8ml2c2 2.1
i ) s

= Hy= F 4 gy [T (9)

Remark 7: Equation (9) gives an extra term that comes from creating a suitable
wavefunction with constant norm, so that (8) is a suitable Schrodinger equation
that includes relativistic effects in the Dirac equation. Combining this extra
term in (9) with the non-Hermitian 4rth term in (6) gives:

1 A
8m2c2 [p P

v<>

| = gt [0.V] = oz [p- [2. ]+ [, ] -2 =20 0.9

where we used [AB,C| = A[B,C|+ [A,C]|B

1 [ SN
= gz |2 [p V] + 5 V] 9]
R,
- 8m?(:2v v
:ﬁv2 1
8m?2c2 r
e2h?
_2m2027T

A~

which is the Darwin term!

Remark 8: Putting these together (Relativistic Kinetic Energy, Spin-Orbit Interac-
tion, and Darwin) gives the potentials that, in perturbation theory, resulted
in the fine structure for the Hydrogen atom.

Remark 9: Recall that the Darwin term contributed when [ = 0 and the S.O.
coupling contributed only when [ # 0 such that the contribution gave the
same result independent of /. This is in spite of the fact that Hp has nothing
to do with angular momentum. Physically, this term comes because a particle
can not be localized more that h - (the compton wavelength).

V(r) — V(r) = some smeared average about 7

Remark 10: Solving the full Dirac equation (rather than just to O(%)*), gives the
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energy spectrum:

97 1/2

B, =mc |1 @ 11
’ +(n—(j+%)+[(j+%)2—a2]”2> "

Expanding in powers of a:
e O(a’) — rest energy

e O(a) — Schrodinger energy

e O(a?) — fine structure (compare with perturbation results)

Remark 11: Equation (11) is still not 100% correct when compared to experiment
(One can not account for Lamb shift for example). To get this correct, the
E + M field itself must also be quantized (i.e. the field must be treated as a
bunch of harmonic oscillators).

15.5 Negative Energy Solutions

In general

.. . ... __ the possible outcome of a system
Relativity 4 Quantum Mechanics = of 1 or several particles

particle production arbitrarily enough
with enough energy energy for short time

Question: How does Dirac theory account for this?

Answer: With Negative Energy Solutions!

For simplicity, let i = ¢ = 1, then the free particle Dirac equation is:

i%—f:(a-ﬁJer)w

or
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Remark 1: We can not neglect the negative energy solutions, though note that if p = 0= FE =

+mc2.

But what do we do with the negative energy solutions?

A

E

Even if +mc? states are stable, quantum fluctuations should be enough to allow transitions to
negative energy states. The problem is that this is not observed.

15.5.1 Dirac Solution

The vaccuum is really occupied by fermions, which don’t allow positive energy particles
to occupy negative energy states (Pauli-exclusion principle). Consider

O Positive Energy Space

(AE > 2mc?
0
000 O\. 0000 Occupied by negative energy
O O O O O O O O O particles with charge -e

Remark 1: The filled Dirac sea is unobservable, but the hole is observable—it has
change +e and |E| > mc?, and is called a positron.

Remark 2: When an electron jumps back into the hole left in the Dirac sea, 2
particles are destroyed (an electron and a positron), but an energy > 2mc? is
liberated in the form of a photon.

Remark 3: Note that this explanation only works if the particles are fermions. But
bosons can have negative energy solutions (and the negative energy solutions
of the spinless Klein-Gordan equation are what motivated Dirac to look for a
first order theory in the first place).

15.5.2 Feynmann’s Solution

Negative energy solutions only travel backwards in time.
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Remark 1: We still have the notion of an anti-particle (positron in this case). This
is how things progress:

‘A

negative energy particle
tc """""""" .‘ """""""""""""""""""""""

\travels backwards in time

177 R [OOSR @ e
To be destroyed

> x

What we observe is the positron (particles with positive energy) created at t; and destroyed
at t.. This implies that the creation of the positive energy positron coincides with the
destruction of the negative energy electron (and vice-versa).
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Chapter 16

Feynmann Path Integral Formulation
of Quantum Mechanics

In the Schrodinger approach, we first find eigenvalues and eigenvectors of the Hamiltonian, then
determine the propagator, U(t) (the full solution). In the path integral approach, U(t) is found
directly.

16.1 Path Integrals - Concepts and the Classical Action

Here we consider only a single particle in 1-D (the generalization to higher dimensions is straight
forward).

(z0,t0)

where the initial and final points are fixed.

Recipe:
1. Draw all the paths between (xo,ty) and (z,1).

2. Calculate the action S|z, t] for each path.

235
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3. U(w,t;20,%0) = A 41 paths eSlatl/h where A is a normalization factor.

Remark 1: Recall that the action is a functional defined by
¢
S= [ ci)dt (1)
to

where L£(t) is the Lagrangian (usually £ =T — U). Also, a functional eats a function and
excretes a number.

Remark 2: Note that the propagator is not a weighted sum, thus, the classical action does not
seem to be more likely (as it should in the classical limit). However, the paths are all treated
as phases, which add together constructively near the path that corresponds to the classical
action, and destructively for paths away from the classical action path by more than 7.

Example: For a free particle with x = ¢

A X

(t,1)

Ll

....... ;

(0.0) >

Here the alternate path is x = t2. Letting (xo,t0) = (0,0) and (z,t) = (1 cm, 1 s):

1 1
_ 1,2 - 1 1
Sel —/0 [2m3: ] dt 2m/0 dt = 5m

r=t=1r=1

1 1
Sat = / [%mxz] dt = 2m/ 2 dt = %m
0 0
For a classical particle, m ~ 1 gram, which implies that the phase changes by

Salt - Scl

- :(g_%)m:ﬁzl.leO%»ﬂ

h  6h

0—27

So we can ignore non-classical paths. For an electron, m ~ 1 grams, implying that

Salt_Scl m
— = —= .16 <
h 6h =7

and so we can not ignore non-classical paths.
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16.2 U(t) for a free particle

Recall that propagating U (t) as the solution to the time-dependent Schrodinger equation gave

m 1/2 . .
Uz, t;20,t0) = Ul(w,t;20) = (27rhz't) eim(@—m0)?/2ht (1)

It turns out that for potentials of the form
V =a+br+ cx? + di + exd

= U(t) = A(t)eSe/P (2)

with A(t) a normalization (HW). A free particle is of this form, so show that (2) is sufficient to
obtain the exact answer (1). For a free particle: a =b=c=d=e =0. So,

tn tN
S = / L(t)dt = / sma? dt (3)
t to

0

Ax

(TN, tN)

(0 t0)

t

>

Imagine that the path is broken up into n-discrete steps so that as N — oo, the path is continuous:

A X

TN

To 4

Remark 1: In this picture, “draw all the paths” from (xg, %) to (zn,txn) corresponds to using all
possible values of x at a given t (like moving the “beads” up and down on an abacus).



238 CHAPTER 16. FEYNMANN PATH INTEGRAL

Remark 2: “Calculate the action for all possible paths” is represented in the discretized form by

2
S = Z <$Z+1 >5 withe = ot (4)

Remark 3: Finally, calculate the propagator as a “sum of all paths”. Symbolically, this is written

as TN
/ eSO/ 4 (5)
xo

where

TN
/ D[z, t] = Integrate between all paths between xq, z N
o

In this case, we write

TN
U(xzn,tn;zo,to) = / St/ ()]
zo

o) 00 00 N— 2
— vm (Zit1 — x:)
_]\;EnooA/_ood:rl/_oodxg /_Oode_leXp< h; >

e—0

Scaling = by /57"

m \1/2 2he %(N_l) & & e N— 1(yz+1 vi)?
Yi = (2—ha> z; = lim (W) / dyl/ dy2’”/ dyy—ie”Z=0 i

e—0

Taking terms with y; implies

& ~(y1-v0)?® —(ya-vy1)? IT —(ya-vo)?
dyre i e i — 4/ —e 2i
oo 2

Inserting this result into the next integral...

im (im)? 12 2 /a;
/ o812 i~ (s2=00) /2z:< ) o~ (s —y0)? /3i

Doing all the NV — 1 integrations gives:

U(zn,tn;zo,to) = ]\}1_1)1180 A -
E—

1
2h5>2(N Y (ZW)Q(N . o~ (N —y0)?/Ni
N1/2

. (N-1)/2
= lim A 2imhe N_1/2e—($N—xo)2m/2iNh5

N—o0 m
e—0
2imhe \ V/? m 1/2 o .
= i A —(zn—xz0)*m/2ihNe
Noo ( m > <2thg> ¢

e—0
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Remark 4: Taking the limit N — oo and ¢ — 0 gives Ne = t, which is the exact answer in (1) if

e <2i7rh6>_N/2

m

This means we can write

o m 1/2 dwN 1
/DZE 1= Z\}Enoo (2277715) /_OO S 1/2/ / S 1/2

Remark 5: The propagator, U(xs,ts;2;,t;) is sometimes called the Feynmann amplitude.
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