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Outline of topics

The Schrodinger equation
> Non-relativistic quantum mechanics

The Klein Gordon Equation
>  Arelativistic wave equation for bosons

The Dirac Equation
>  Arelativistic wave equation for fermions

Quantum Electrodynamics
»  The Dirac equation in an electromagnetic potential

Scattering and Perturbation Theory
»  Feynman rules, cross-sections and widths

Quantum Chromodynamics
»  Quarks, gluons and color, renormalisation, running couplings



1. The Schrodinger Equation

® Consider a plane wave with energy ¥ = hw and momentum p’ = hk -

bt F) = Nei (E-f—wt)

These values can be extracted using the energy and momentum operators :
E =il p= —ihV
ot
[see later for what | really mean by “=*]

® It should not be surprising that these operators do not commute with time and position
respectively, and indeed obey the usual commutation relations:

70,5 (8, 8) = —ihzi (6, 8) + i (2 (1, 3) = (D5,
X ox;



® Indeed, we could have started with the commutation relation as a postulate and
worked the other way.

Recall that the wavefunction is just the coefficient when we write the state vector in
terms of the position eigenbasis |z) ,

:/d% b(x)|z) e. Y(z) = (z|)

= Exercise : working in one space dimension only and assuming the commutation
relation [Z, p] = ih show that

(615l) = / dx ¢ () (—zh )w(:@

Hint: First consider (x|[Z, p]|y) and use §(z — y) = (z — y)a—y(S(:z; — )

@ This demonstrates that —th and —zhg are strictly speaking only position
space representations of the momentum operator Can you work out (or guess)

the momentum space representations of position and momentum?




2
Classicall Kk — P , and writing this in t f
9o assically we know  F/ o -+ V/, and writing this In terms o

operators gives us the Schrodinger equation

8?7@ h2 Erwin Schrodinger

o _ N2
T i

® But how do we interpret the Schrédinger equation and the associated wavefunction?

The best way is to see what it conserves. What are its conserved currents and density?

2
P* X S.E.: w*m%—f i zp *V24h + Vop*e (1)

c’w*

¥ x SE*: —wih— Q—wvzw* + Voo )
m



Now subtract (1) — (2)

= in 2 = 2 yeg2y 4 2yt = 29 [y Ty + ¢V

ot 2m
T

V. [579y] = Vo Fu + 9V

conserved density

We have shown that the quantity p = ™1 satisfies a continuity equation

h

a—'?—l—ﬁjzo with j >
] 1

(V) — (V*)y]

conserved current



a — —
Now, integrating over a volume V: / or dV = —/ V-JdV
vV ot 1%
1 ’ 8 — —
and using Gauss’ Theorem _/ pdV = _/ J.dA
ot Jv A

Any change in the total p in the volume must come about
through a current J through the surface of the volume.

Volume V enclosed
by Area A

® p = Y™ isaconserved density and we interpret it as the probability density
for finding a particle at a particular position.

Notice that p is positive definite, as required for a probability.



2. Klein-Gordon Equation

The Schrodinger Equation only describes particles in the non-relativistic limit. To
describe the patrticles at particle colliders we need to incorporate special relativity.

A quick review of special relativity

We construct a position four-vector as

o = (29, 21, 22, 23) = (et, ©) (b =1{0,1,2,3})

An observer in a frame S’ will instead observe a four-vector z'#* = A¥, ¥ where A
denotes a Lorentz transformation.

e.g. under a Lorentz boost by v in the positive x direction:

v
ct/ v -2y 00 ct 1
x _| — v~ 0 O x Y= 5
v | | 0O 0 10 y -5
' 0 O 01 z



® The quantity T, Is invariant under a Lorentz transformation

rhr, = gata’ = (ct)? — |Z|?

/

note the definition of
a covector Ty = guva”

1 0 0 O

O -1 0 O : . : : :
Here guv = 00 -1 0 is the metric tensor of Minkowski space-time.

O 0 0 -1

B This invariance implies that the Lorentz transformation is orthogonal:

I, | I v B A3
v he, = gur e = gu N a™ N gz

e MoV
xhxy, = g

_ _ -1 —
o', = atz < g N N g = gag & [N Lw = Nup

(Notice that | could have started with orthogonality and proven the invariance.)



dxt

® A particle’s four-momentum is defined by p¥ = m——

dr

T is proper time , the time in the particle’s own rest frame.

It is related to an observer's time via t = YT

Its four-momentum’s time component is the particle’s energy, while the space
components are its three-momentum

pt = (%ﬁ)

and its length is an invariant, its mass 2 (times c?):

2
pou =5 — |p? = m2?

10



B Finally, | define the derivative

O

This is a covector (index down).

You will sometimes use the vector expression

10

8;;0 = (EE’

o= (15, -V

9y, transforms as Oy — 0, = [A_lru Oy

I
[8:13/“ = 833—69[;” = A!, 0x"

oxV?

v)

Watch the minus sign!

8 — 8x” 8 _ [/\_1}1/ 8
oz’ oz’ HoxV p OxV
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® For simplicity, from now on | will use natural units .

Instead of writing quantities in terms of kg, m and s, we could write them in terms of c, i
and eV:

209792458 ms ™!
6.58211889(26) x 10" 1%evs
1.782661731(70) c? kg

C

h
leV

So any quantity with dimensions kg2 mP s¢ can be written in units of c® 7P eV, with

a = b+4+c—2a
B = b+4c
v = a—b—c

Then we omit & and c in our quantities (you can work them out from the dimensions) —
we don't just “set them to be one”.

12



The Klein-Gordon Equation

The invariance of the four-momentum’s length provides us with a relation
between energy, momentum and mass:

Oskar Klein
plpy = E? — |p]* = m?

® Replacing energy and momentum with £ — z% , P — iV gives

the Klein-Gordon equation:

02 2 2
<_ﬁ+v )qb:m ¢

(I have set V=0 for simplicity.)

13



Alternatively, in covariant notation: pfp, = m2  with pt — 108 gives

(9% +
f
(52

= o 0, is sometimes written as [ or [1?)

This has plane-wave solutions ¢(t, &) = Ne {(Et—PT)

/

normalization

This is the relativistic wave equation for a spin zero particle, which conventionally
is denoted ¢ .

14



® s the Klein-Gordon equation the same in all reference frames?

Under a Lorentz transformation the Klein-Gordon operator is invariant, so:

(525 +m2) /(@) = (% +m?) ¢'(A2) =0

To give the same physics in the new frame, we need:

S real (since A isreal)
&' (x') = S¢(x) with

|S|2 =1 (Lorentz trans. preserve the norm)

Under continuous Lorentz transformations, S must be the same as for the identity, ie. S =1

But for a parity inversion (t,Z) — (¢, —Z) it can take either sign

15



If S= 1, then¢ is a scalar O, 7)) =3¢ (t,—%) = ¢(t,T)

If S =-1, then¢ is a pseudoscalar  ¢'(t', ) = ¢'(t, —%) = —¢(t,T)

Since| | is invariant, then \qb\Q does not change with a Lorentz transformation.

This sounds good — the probability doesn’t change with your reference frame!

® Unfortunately, the probability should change with reference frame!

LA
. . . \
Remember that |¢|? is a probability density: A .
1 4
Length contraction changes volumes V' = =V Q

Y
The probability P = pV so for P to be invariant we need p’ = vp

16



®» We need new definitions for the density p and current J which satisfy the continuity
equation

8 . . =
8_/: +V.-J =0 orconvaranty, @,7*% =0 with j* = (p,J)

One possible choice is:

p=1i|p*08 90" ] T =—i|¢*(V$) — (Vé*)d]

\

(this is the same current as before, just

As afour-vector, with a different normalisation)

gt =i[¢*(0'¢) — (0H9")¢]

= Exercise : Derive the continuity equation above, in a non-covariant notation
(just as we did for the Schrodinger equation). Now derive it using a covariant
notation.
17



Consider our plane-wave solution: ¢ (t, Z) = Ne " Et—0T)

6= (V2—m2)p = E2=m2+|p?

ot
=  E=+\/m2+ |52

We have solutions with negative energy , and even worse,

/\

p=ilo"5 — o] = 2NIPE A

SO these negative energy states have negative probability distributions !

We can't just ignore these solutions since they will crop up in any Fourier decomposition.

This is why Schrodinger abandoned this equation and developed the non-
relativistic Schrédinger equation instead — he (implicitly) took the positive sign
of the square root so that he could ignore the negative energy solutions.

18



Feynman-Stuckelberg Interpretation

Quantum Field Theory tells us that positive energy states must propagate forwards in
time in order to preserve causality.

®» Feynman and Stuckelberg suggested that negative energy states propagate
backwards in time .

Our negative energy (E < 0) plane wave solutions are

—

QbE,ﬁ(t,f) — Ne_i(Et_ﬁ'f) — Ne_i(|E|(_t)_p'f) — ¢\E|,—ﬁ(_taf)

4

moved the minus sign remember
over to the time . dz dz
P=M—= —M—F_
dr d(—71)

Particles flowing backwards in time are then reinterpreted as anti-particles flowing
forwards in time.

19



If the field is charged, we may reinterpret j* as a charge density, instead of a probability
density:

gt = —ie[¢*(0Hp) — (0H¢™)d]

Now p = |9 so for a particle of energy E: jo — —2€|N|2E
| o . 0 _ 2 — oo NI2(—
while for an anti-particle of energy E: j° = 42e|N|*E = —2¢|N|“(—F)

which is the same as the charge density for an electron of energy -E

20



In reality, we only ever see the final state particles, so we must include these anti-particles

anyway.

space

v

time .
positive energy state

flowing forwards in time

e

> L‘(/I/L
negative energy state flowing
backwards in time

positive energy anti-particle state
flowing forwards in time

Quantum mechanics does not adequately handle the creation of particle—anti-particle
pairs out of the vacuum. For that you will need Quantum Field Theory .

21



Normalization of KG solutions

The particle (or charge) density allows us to normalize the KG solutions in a box.

p = 2|N|2E so in a box of volume V the number of particles is:
/V pdV = /V2|N|2EdV — 2|N|2EV

So if we normalize to 2 E particles per unit volume ,then N=1

Notice that this is a covariant choice. Since the number of particles in a box should be
independent of reference frame, but the volume of the box changes with a Lorentz boost,
the density must also change with a boost. In fact, the density is the time component of a

four-vector j°.

22



The Klein-Gordon Equation from a Lagrangian

In classical mechanics we can use Lagrangians to describe dynamical systems, via the
principle of least action

The evolution of a system progresses along the path of least action, where the action is
defined in terms of a Lagrangian
TechnicallyL is a Lagrange density.

q = /ﬁ(qb, a’u¢) d4:IJ The Lagrangian is
L= / L(é, 8ue) 3

s it clear why this must also depend on Op¢ ?

Actually, more correctly £ = L(¢, ¢*, dub, Oud™)

We want to know the field configuration such that an infinitesimally small variation of the
field leaves the action unchanged.

ie. p(x) — ¢(x) + () = S —S5+6S with 05 =0

23



59 = 6%% [ £06,0,6) d*a+5 (9,0) [ £(6.000) d*s

0
O (Oud)

=/ (5¢— + 04 (66)—5 ; ) d*z

/ O (Ouo)

oL oL oL
Bt 01, (06) 55 o5 = O <5¢ 5 ((fm)) 09 Ou (a (auqb))

9 oL .
So 68 = /[&p— +8M%) 5, (a (am))] o

total derivative is zero
since ¢ vanishes at oo

a_c_a< oL )z
¢ " \9(duo)

This is the Euler-Lagrange Equation .

True for all ¢ so,

24



® Consider the Lagrangian for a free scalar field:
_ * 2 %
ﬁ—a,u¢ oFp +m=p o

We have two Euler-Lagrange Equations. One for ¢» and one for¢™ :

oL oL oL oL
a4 a'“ =0 * a'u *
olo) 0 (Oud) el O (Oug
Let's use the one for ¢™: oL _ &
Jox
oL

;) =

0@ 00 T (

So (82 — m2) ¢ = O which is the Klein-Gordon equation!

oL )_
0 (0ug*))

02

25



3. The Dirac Equation

The problems with the Klein-Gordon equation all came about because
of the square root required to get the energy:

Paul Dirac

E = +y/m?2 4 |p]2

Dirac tried to get round this by finding a field equation which was linear in the operators.

Ry
|
Q1

P+ Bm - i = (—id -V 4 pm) ¥

All we need to do is work out & and (3

26



Now, we have F = o;p; + Bm where ¢ and j are summed over 1,2,3

= E° = oja;ppj + (a;8 + Bag)mp; + 7m?

1
= (a4 ajai)pipj + (o6 + Paq)mp; + 3°m?

relabel i < j ,ie. Y o pipj = Y 0oy PP = Y 0Ly Dib;j
i,j 3,0 1,J

So, comparing with  E2 = m?2 4 |p|2  we must have:

ajotajo; = 2044
;0 + fa; =0

g2 =1

@ and (3 are anti-commuting objects — not just numbe rs!
27



These commutation relations define o and 3. Anything which obeys these relations
will do. One possibility, called the Dirac representation , is the 4x4 matrices:

~(23) (3
k \2><2 matrices

where o, are the usual Pauli matrices:
(01 (0 —2 o — 1 O
1={10) 727\ o0 3= 1o -1

Since these act on the field 1), v itself must now be a 4 component vector, known
as a spinor .

Qi O
O Qi

T R [Strictly speaking
<—Za-v+ﬂm)¢ ~ T ) this is also just a

representation.]

28



We can write this equation in a four-vector form by defining a new quantity y*:

(1 o0 . (o0 &

The anti-commutation relations become:

{77} = 29"

And the Dirac Equation is:  (with p* — 10 )

(ivM0y —m) ¢ =0

OftenyHQ,, is written as @



Exercise : Show that the above anticommutation relation reproduces the
required anticommutation relations for o and .

Exercise : Show that the matrices o and B in the Dirac equation are
Hermitian, traceless, have even dimension and have eigenvalues +1.

(Hint: showing they are Hermitian is a bit of a cheat!)

t

Exercise : Prove that <70)T =~9 and (72) =+ i=1,2,3 and

therefore ()T = ~40~#~0

30



Does the Dirac Equation have the right properties?

Is the probability density positive definite?

ﬁ (v = (¥9)7)

A appropriate conserved quantity is now p = ¢T¢ with J = ¢T62¢

In four-vector notation,

gH = PyHe with ¢ = ¢pT40 (Note Y90 =p2=1)

Clearly p = Yip > 0 always! \/

=

Exercise : Starting from the Dirac equation derive the continuity equation for
the above density and current (you can stick to convariant notation this time if
you like).

31



Does the Dirac Equation only have positive energy s  olutions?

Look for plane wave solutions:

V(t, T) = u(p)e HE—PT) = ( ;ﬁ ) o—i(Bt—p-T)

4 component spinor J 2 component spinors

(O

u/

Since we want the energy, it is easier to work without four-vector notation:

=S romu=re (X )=( 1 L7 (3)

32



For a particle atrest, p = O

#(3)=(5 %) (2)

Solutions:
! 0 positive energy
u = 0 1 with B = m -~ solutions
o B LA
Z\
0 0 50
OR ‘Q
0 0
negative energy _lo0 0 | B
solutions U=1111o0 with & = —m
0 1

33



Oops! We still have negative energy solutions! 3
Dirac got round this by using the Pauli Exclusion principle.

He reasoned that his equation described particles with spin (e.g. electrons) so only two
particles can occupy any particular energy level (one spin-up, the other spin-down).

>
<y
£
1] o <@ o
E=0
©
)
N
O &
©
= o o Q @
If all the energy states with E<O are Moving an electron from a negative
already filled, the electron can't fall energy state to a positive one leaves a
Into a negative energy state. hole which we interpret as an anti-particle.

Note that we couldn’t have used this argument for bosons (no exclusion principle)
so the Feynman-Stuckleberg interpretation  is more useful.

34



A General Solution

. = .

E<X>_< OIS = < XZEJ_};ﬁ
¢ ) \d-p —m ¢ b= G- p

L E—I—mX

Check these are compatible:

- = - =

. ] 2

4 . . L . ™
0ioj = 8ijtieipor = (3 D)% = |p°+i (P x p)-G = |p]?

\

\_ property of Pauli matrices, e.g. 0102 = 103 y

35



We need to choose a basis for our solutions. Choose,
(1) — (1 2 — (O

Positive Energy Solutions, E > 0, are w(l), ¢(2)

f

. x = ¢
p=—"""x = < .5
E+m — 9P (s)
\ ¢ E-I—m£ (s=1,2)

S S),—ipT — 5(8) —1p-x
() (2) = ulsle—p —\/m< 5-ﬁ§(s)>e p

L E+m
[Normalization choice - see later]

36



Negative Energy Solutions, E <0, are ¢(3)> ¢(4)

- —

— TP (s)
X=—%
b= ¢() (s=1,2)
\
7D _¢(s) .
E—m —1p-x
£(s) ) e

Typically, we write this in terms of the antiparticle’s energy and momentum:

1, (3:4) (_ﬁ)e—i(—p)-x = ,(1,2) (%) eiDT

Conventions differ
here: sometimes the
order is inverted

N —

37



Orthogonality and completeness

With the normalization of 2 F particles per unit volume, it is rather obvious that:

1) T,(8) = 2psrs (M) T (8) = opgsrs

This is a statement of orthogonality.

N

[positive energy]

Less obvious, but easy to show, are the completeness relations:

>, D) =p+m
s—i

S W) =p—m

s=1,2

= Exercise : Prove the above completeness relations

Note that this is a matrix
equation:

oot

38



The Dirac Equation from a Lagrangian

. : : _ spinor indices
Consider the Lagrangian for a free Dirac field: /

Lzﬂhwm—mwwﬂ%@ﬂg%—m%ﬁ%

We have two sets of Euler-Lagrange Equations. One for 1) and one for ;E ;

oL oL oL oL
9 =0 =——0 —~ ] =0
op; (8 (@ﬂbi)) o <8 (5Wi>)

Let's use the one for 1 : gg = ([7“]7;3' Op — m5z‘j) Y;
1
oL _
0 (0yb; )

So (y*0y —m)1 = O whichis the Dirac equation!

39



| could have used the other set of Euler-Lagrange Equations to give an equation for the
antiparticle:

(B,ﬂ,@ ~H 4 frmZ =0 sometimes written ) (’Y'uai + m) =0
\

arrow denotes
acting to the left

The Dirac Lagrangian looks rather asymmetric in its treatment of 1) and 15 :
In principle,ﬂ is just as fundamental as 1 and we can rewrite the Lagrangian:
L= (YO — m) = 0 DRI)) = (0ud ) v p—mapp
total derivative

OO — < (8) A — mipy

2
= 2P (0 = m) ¥ — 5% (T 4+ m) v

oreven [

40



Anqular Momentum and Spin

—

The angular momentum of a particle is givenby L. = 7 X p.

If this commutes with the Hamiltonian then angular momentum is conserved.

[H,E] = [@- 5,7 x 7] = ~id X $%
This is not zero, so L = r X p is not conserved!

But, if we define f = ( g g ) = —ita]aoQ3Q (= 467172737)

then [H,X] = [d-p, —iajasazd] = 2ia@ X §

So the quantity J = [, + 1> s conserved! [H, J]=0

N|—

> Exercise : Demonstrate the above commutation relations.

(Hint: show that >, = _Eeijkajak first)

41



L is the orbital angular momentum, whereas %Z IS an intrinsic angular momentum

1 0 0 O
Notice that our basis spinors are eigenvectors of %23 = % 8 _01 Cl) 8
O 0 0 -1

with eigenvalues :I:%

So now we know why the spinor contains four degrees of freedom:

* positive energy solution, with spin up

* positive energy solution, with spin down
» negative energy solution, with spin up

* negative energy solution, with spin down

42



Helicity of massless fermions

If the mass is zero, our wave equation becomes
p(x\_( 0 &% X Ep =0 -px
o)~ \aF o0 & = .
Ex=06-p¢

Writing W 1, = %(X + ¢) then we find the equations decouple

EVp= oc-pVgr and EV;= -7 -pV¥y

These two component spinors, called Weyl spinors , are completely independent, and
can even be considered as separate particles!

- =

o.p
7]
/7

{ |p] = E for massless state}

Notice that each is an eigenstate of the operator with eigenvalues +1

43



> .5
2|p]

For the full Dirac spinor, we define the Helicity operator as

This is the component of spin in
the direction of motion.

A particle with a helicity eigenvalue —I—% is right handed -

A particle with a helicity eigenvalue —% is left handed

-

A
/IA_.—\ P
\,v

Since an antiparticle has opposite momentum it will have opposite helicity.

left handed particle  =—s—  right handed antipatrticle

[this is why the labelling of solutions in the antiparticle spinor v is sometimes reversed]
44



We can project out a particular helicity from a Dirac spinor using y matrices.

This is the Dirac

0.1.2.3 _ ( 0 1) - — representation.

Define v° = iy0y1~2~3 =
10 /

and projection operators  Pp/j, = % (1 4+ 75) _ % ( :|:11 :|:11 >

Then a spinor P, will be left handed, while P,u will be right handed.

e.g. 1 1 4
e (3 4)(5)-(382)

but Lﬁ%(iii) =%%<i§ij§> so Ppu is right handed.

45



We can make this more explicit by using a different representation of the y matrices.

The chiral representation (sometimes called the Weyl representation ) is:
0 — 01 N = 0 ¢ 5 - ,.0,1,2.3 — -1 O
8 < 1 0 ) 8 ( 3 0 ) V=YY 0 1

1-9)=(05) m=i+)=(57)

The left-handed Weyl spinor sits in the upper part of the Dirac spinor, while the right
handed Weyl spinor sits in the lower part.

p= (8 9) ()= ()

Now PL =

N|—

e.g.
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The weak interaction acts only on left handed particles.

Parity transforms © — —7° but leaves spin unchanged (it doesn’t change which of
the solutions you have). Therefore parity changes helicity - it transforms left handed
particles onto right handed ones (and vice versa),

l.e. P\ULZ\UR and P\URZWL

So the weak interactions are parity violating.

Also, helicity is only a good quantum number for massless particles.

If a particle has a mass, | can always move to a reference frame where | am going
faster than it, causing the momentum to reverse direction. This causes the helicity to
change sign.

For a massless particle there is no such frame and helicity is a good quantum number.

a7



We saw earlier that the mass term in the Dirac Lagrangian looks like

mapy = m (Wi wih) (Cl) é) (;'j;) =m (Wiwg+wvhw)

. _ (chiral representation)
Mass terms mix left and right handed states.

Therefore massive particle are not compatible with the weak interaction!

The solution to this problem is to introduce a new field called the Higgs field . This
couples left handed particles, to right handed ones, mixing them up and giving them an
effective mass .

EHiggs O Y@L ) ¢¢R

If the vacuum (lowest energy state) of the system contains a non-zero amount of this
new field (¢) # O, we generate a mass Y (¢)

The theory also predicts a new patrticle, the Higgs boson , which we hope to find soon!
48



Svymmetries of the Dirac Equation

This notation differs in different texts.
e.g. Peskin and Schroeder would write

— / g -1
The Lorentz Transformation P(z) — P'(z) = SP(A~ )

How does the field ¥ (x) behave under a Lorentz transfromation?

2 = N g Op— 0, =IN"1,70,  ¢(@) = (') = Sy(x)

(V"0 —m) ¢Y(z) =0 — (iy*[A~1],0, —m) Sip(x) = O

(y* and m are just numbers and don’t transform)

Premultiply by S—1 : (iS‘lfy“S[/\_l]’/M&/ — m) Y(x) =0

= S_lfy“S = AH_~¥

49



We can find S for an infinitesimal proper transformation /\”V = g“,/ -+ w”y

(

A AV = S_l’y'“S [antisymmetric]

write S =14 %aw/ wH”  (just a parameterisation)
4 ot Y = (1 — %aaﬁw(w) ~H (1 —+ %Uo‘pwap) -

= 24,0 (5'“0475 _ 5“g’¥a) = [v#, gaﬁ]waﬁ [ignoring terms O(w?) ]

1
— Ouy = > [’Y,u, Y] [l jumped a few steps here]

This tells us how a fermion field transforms under a Lorentz boost.

= Exercise : Demonstrate that this choice of o, satisfies the transformation
equation (ignoring terms O (w?))
50



The adjoint transforms as 1 = wHO — wTSTfyO = @DHOS_l =S~

[since ST~0 = ~0.5—1 for the explicit form of S derived above]

So ) is invariant.

And jH = PpyHah — PSTINHSY = AP ih~yY)  so our current is a four-vector.

Common fermion bilinears:
D — Py
by — Det (A)dy >y
PyHp — Ny pyVep
Pty — Det(A) Ay dyPy2y

oty — Ao NV 5 PPy

scalar

pseudoscalar

vector

axial vector

tensor

51



Parity t—t, T— —X

A parity transformation is an improper Lorentz transformation t — t, £ — —&
described by

10 0 O
0 -1 0 0

p]

NMI=10 o0 -1 0o
0 0 0 -1

Again AY, Y = P_lfy“P , SO P’yo = 'YOP and P~'= —+'P [i=1,2,3]

Since ’YO commutes with itself (trivially) and anticommutes with ’yi , a suitable choice is

P =mP, n =1

P y(t, &) — ¥p(t, —%) = P(t,Z) = yO%(t, @)

Can you derive the parity transformations of the bilinears given on the last slide?

You should see that 77 drops out, so there is no loss of generality setting 7 =1 -



Charge Conjugation

Another discrete symmetry of the Dirac equation is the interchange of particle and anti-

particle.

15—>¢CECQZT

Take the complex conjugate of the Dirac equation:

(178 —m) v () = (=i(r"") 8—m) (v1)"

S — (—’i’Y“Ta,u _ m) ey

Premultiply by CWOT and the Dirac equation becomes:

(—iCA* T C 0y —m) e = O

Therefore we need (' such that

CH To—1_ — M

(used 4#1 = 104190 and = 3140)
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The form of C changes with the representation of the y-matrices. For the Dirac
representation a suitable choice is

0 0 0 -1

2.0 o) —i0o\ _ | O O 1 O
0_7’77_<—¢ag 0 )‘ 0 -1 0 O
1 0 0 O

C:Y(t, &) — Yo(t, @) = Ol (t, ®) = iy2yO% (¢, @)

How does this transformation affect the stationary solutions?

1 1 0]
- 0 —imt _ o) imt __ o) imt
Y = o | ¢ — Y. = C ole =10 |¢
0 0] 1
0] 0] 0]
- 1 —imt _ 1 imt __ 0 imt
'¢ = 0 e — '(pc = 0 e = _1 e
0 0 0 etc

We have mapped patrticle states onto antiparticle states, as desired.
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Time Reversal

A naive transformation of the wavefunction t — —t, £ — & is not sufficient for time
reversal. Since the momentum of a particle, is a rate of change , it too must change sign.

Changing the momentum direction and time for a plane wave gives:

o—i(B—pT) __ —i(B(-)—(~1)F) — i(Bt—pF) — (e—i(Et—ﬁ-f))*
We must (again!) make a complex conjugation: (¢, &) — ¢r(—t,T) = Ty*(t, Z)
Take complex conjugation of Dirac Equation, switch ¢ — —t and pre-multiply by T:

o
o(—t)

(M% +i7-V — m) V(, ) ——> T (—mo* iV — m) T 1Ty*(—t, 2)
) S
= (0T S T ) 1,2)
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Need:

A suitable choice is:
O 1 0 O
.13 —10103 0 . -1 0 0 O
T_,WV_( 0 —10103)_Z O 0O 0 1
O 0 -1 O

T : (¢, &) — pp(—t, &) = T*(t, ®) = iy y>v* (¢, 7)
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CPT

For the discrete symmetries, we have shown:

C: 9tz — e,z = CPIt,2T) = vy, @)
P ¢(t,f) - 77D1D(ta_f) — P¢ (taf) — WOTP (t7f)
T: ¢,z — Yr(—t,8) = T¢*@t,2T) = 'y ¢*(, @)

Doing all of these transformations gives us

CPT : y(t,%) — Yopr(—t, —%) = ir?72°7 [0y 3y (¢, 2)]
= iv*y2°° (=) Y (¢, )
= Y Y y(t, E)
= —iv°Y(t, T)

Soif ¥(x) is an electron, Ycpr(—x) is a positron travelling backwards in space-time
multiplied by a factor —i~y>.

This justifies the Feynman-Stuckleberg interpretatio n!
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4. Quantum Electrodynamics [without using QFT]

Classical Electromagnetism

Maxwell’'s equations:

—

ﬁ-EZp V-B=0

. - OB . - OE

VXE+-—=0 VXxB—-——=1]
+8t ot

James Clerk Maxwell

Maxwell wrote these down in 1864, but amazingly they are covariant!

0 —E; —E, —F3

Writing FHY = B> Bs 0 —By and jF = (p,f) they are

Es —B, By O

5 0 [Note: the ability to write
[Note: FHY = — FVH] 8MF“ =] Maxwell’s Equations in this form

is not a proof of covariance!]
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Maxwell's equations can also be written in terms of a potential A*

Writing  FH = gHAY — §¥ AF

we have O F* = 0,0l AY — §,,0" AH

Now, notice that | can change AM by a derivative of a scalar and leave FMV unchanged
At — AP 4+ NOH o = Fr — FHY 4+ NOHOY D — NOVOHp = FHY

Choose A such that

This is a gauge transformation , and the choice 9, A¥ = O is know as the Lorentz gauge .

In this gauge:

92 A — M does th?s look
familiar?
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The wave equation with no source, 92AY = 0 has solutions

AP = el T with g% =0

/

polarisation vector with 4
degrees of freedom

The Lorentz condition ( 8, A* = 0) = quet =0

So €” has only 3 degrees of freedom (two transverse d.o.f. and one longitudinal d.o.f.)

We still have some freedom to change A*, even after our Lorentz gauge choice:

AH — AF 4 Oy is OK, aslongas 92y = 0

—

Usually we choose X such that V - A = 0. This is known as the Coulomb gauge .

—

V-A=0 = qg-€=20

So only two polarisation states remain (both transverse). 50



A Lagrangian for the free photon field

We want a Lagrangian which will give us 9, F'*" = 0 (Maxwell’s equations with no sources)

L= —ZFuF*

OF oL
Recall F,LLI/ — (a'u,A]/ — ayA,u,) SO a:: = O — 8—14p = O
8F,W/ o_p p O oL 1 OF,u
= - = = —ZFH a
0(05Ap) M I 8(0:45) 20 0(8sAp)

= —%FW (gﬁgﬁ — gngr )

oL (0L \ _. 1
6Ap o 8(80-14/0) o :_E(FUP_FPU):_FJp

\

F'PY9 antisymmetric

— a;FJp:O
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The Dirac Equation in an Electromagnetic Field

So far, this has been entirely classical. So how do we incorporate electromagnetism into
the quantum Dirac equation?

We have one more symmetry of the Dirac Lagrangian which we haven'’t looked at yet.

Consider phase shifting the electron field by 1) — ew'gb .

The adjoint field transforms as 15 — QE e_w and the Lagrangian transforms as
L= (iy'0u —m) P — e (v 0, —m) el =L
The Lagrangian doesn’t change so the physics stays the same.

This is known as a global U(1) symmetry

(since et doesn't vary with \

space-time coordinate) (since e'” is a unitary 1x1 matrix)
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What happens if we make our transformation local , i.e. depend on space-time point?

w N e’i@(aﬁ)w

& N ?Ze—iﬁ(a:)

L — e (intd, —m) e p = L — Pyt (9u8(2)) ¢

The free Dirac Lagrangian is no longer invariant. If we really want this to be a symmetry

of the theory, we will have to add in something new.

Let’s postulate a new field A#* which couples to the electron according to

L =1 (inHOu—eyu At —m) 4

Often this is written in terms of a “covariant derivative”

DH = o 4 je AH

charge of the electron = -e

Beware: conventions differ,
e.g. Halzen and Martin have

FeyuAt
while Peskin & Schroeder
have as above
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Now £ = (ivH D, —m)p — b (i’y“e_w(x)DLew(x) — m) W

So, to preserve the Lagrangian, we need D,u to transform too:

D,LL _ D;L — ei@(aﬁ)Due—iQ(x)

= Oy + ieAiL = ¢i0(z) (O + ieAy) e~ 0(2) = Oy — 10,0(x) + ieAy

therefore we need Au to transform as

Ay — Al = Ay — 10,0(x)

This is the gauge transformation we saw for the (cl assical) photon earlier!

Coupling the electron to a photon makes the theory locally U(1)

symmetric

1 s
Lqep = =, FuF* + 9 (iv"'Dy — m) ¢

(iY'Dp—m)sp =0,  9°AF = ji=

M= eyt
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The Magnetic Moment of the Electron

We saw that the interaction of an electron with an electromagnetic field is given by

(iy*0, — ey AH —m)yY =0
T T

- N ) m G- (—iV —ed) ) [ x
Writing u0<(¢> as before, E<¢>_<&.(_ﬁ—eﬁ) —m ><¢)

(Coulomb gauge = A%=0]

o L L2
G- (—iV — eA) i G- (—iV — ed)]
Etm X and —m—+ Etm

So ¢ =

x =0

Also,
0i0j = 0;jtie; g0 = [6’- <—z§ — e/_f)}z = |—i6—e%¥|2—e (6 x A+ A x 6).5

—

xA)wzéw

<

V X Ap4+AxV ) = (6 X E) Y — A x (ﬁ@b)—I—/Yx (ﬁ@b) = <
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7 —eA|?2 —eB - &
So we have, E—m+4 x =20
E+m
o G- (§— eA)
In the non-relativistic limit, £# =~ m and ¢ = > X < X
m
write the Dirac equation as approximately:
]. D) eé s i
—p—eAlPp— ——9p =0
lep <1 o
L 3 . e =
This is an magnetic moment interaction — U - B with U = —2—Z
m

, SO We Can

The magnetic moment (i is composed of a contribution from the orbital angular momentum,

= 6 =
ML — — 5
2m
and the intrinsic spin angular momentum
&
— —_ o 1 .
Hs — s Z

gyromagnetic ratio _—,—_—/ 2m \/
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The Dirac equation predicts a gyromagnetic ratio g =2

We can compare this with experiment: g, = 2.0023193043738 + 0.0000000000082

The discrepancy of g-2 from zero is due to radiative corrections

The electron can emit a photon, interact, and reabsorb the photon.

If one does a more careful calculation, including these effects, QED predicts:

_9 2 3 4
I— < _ % 03028 <9> +1.181 (9> _1.510 (9> 4. 44.393x10" 12
2 2T T T T
_2
Theory: Ith — < _ 1159652140(28) x 1012
2 excellent
5 agreement!
Experiment: ge% = 1159652186.9(4.1) x 10712

The muon’s magnetic moment is more interesting because it is more sensitive to new physics.
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5. Scattering and Perturbation theory

Now we have the Dirac equation in an Electromagnetic field we can calculate the
scattering of electrons (via electromagnetism) a+b — c—+d

We will assume that the coupling e is small, and that far away from the interaction,
l.e. outside the shaded area, the electrons are free particles.

® Then the initial state is a solution of the free Dirac Equation.
®» It will evolve in time according to the Hamiltonian of the interacting Dirac Equation.

® The probability of finding a particular final state (also a solution of the free Dirac
Equation) is the projection of the evolved state onto this particular final state.
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The Dirac Equation (in a field) can be written:

1% = —i79y'Vip + my%y + eV with V = 40414,
c.f. the Schrédinger equation in a potential V [Remember y%y° = 1]
Let’'s assume that the state at time ¢ = —o0© is an momentum eigenstate Vs of the

free Dirac equation (V=0) with energy E = \/p2 + m?

ie. HoWy=i2W; with Ho = —in9viV; 4 m~0

Our Dirac equation in an external fieldis (Hg +eV) ¢ = i%—‘f

We need to solve this equation for .
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Now, since \If > form a complete set, any solution must be of the form

P = /d3

*\
(this normalisation choice to ensure |k|? can be interpreted as a probability)

p(t)\lf _(z)  with / BPaviv, = 28,53 (57— )

Let's expand K in powers of e: i.e. Ky = 2nhk ”( ) el

v=Y e [apow D (W)
i
Let’s stick this in and see what we get:
(Ho+eV)y = i%—f
= ; e / d3p2iEﬁRZ§”) (Howp+evwy) = ; e / d3p225 (z‘agf%;b Z(t)wﬁ+ ggn)iiwﬁ)
(i A

cancel
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To order e°: /d3p 1 i—P =0 e. 8O = &89 (o)
2E; Ot p
~(1)
1 ORz (1) 1
To order e /d3p i—PL W= /d3p—%go)va~
2E; ot 2E; P
o) T
We can now extract using the orthogonality of W : /d3a;\IJAU~ =2E;63) (5 - Q)
ORI (1) 1
oa N3 U/w*vw 3z
LY / PoE "

p
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. - . _ 1 .
But attimet = —oo the initial state is ¢; = fd3P2—Eﬁ/<&ﬁ(—OO)Wﬁ— Vs,

ie. E:](;O) ~ ki (—00) = 25363 (5 — ;)

(1)
Ok
:>iq

/w*vw L 432

;g)/_z/ at’ [ vy g

Zero

R
LQl/'\

Integrate over t:

By time ¢ = oo the interaction has stopped. The probability of finding the system in a state
by = V5, (2)
D)

is given by |/<cf|2 ~ |€/<c~ 2 to order e* with:

K~ —ie/d4a: w}vwi
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Explicitly putting inour V = fyofy“AM gives

Kea = —z'e/d4:c zpi (*yofy“Au) Ya

i/jlgac)Aud4x j,SaC) — —€1ZC’Y,LL¢CL

OK, so now we know the effect of the field A* on the electron, but what A" does the
other electron produce to cause this effect?

O2AF = jl' | = —eti(pg) v u(py)et(Pa—re) (db -
(db) .],l(l ) = —ePyutbp

1
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Putting this all together:

ac ]‘
Rpi = —2/9( ) 2351)
_ 1) _ L .
= e ulp) (TQ) () (~er"Yupy) [ P priretn T ats
— ~ j

(277)454(pa + pp — Pe — pd)

forces momentum conservation

Note: This is not just a pretty picture, or a graphical aid. This diagram is a
mathematical notation for the expression above!
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Feynman Diagrams: The QED Feynman Rules

We can construct transition amplitudes simply by associating a
mathematical expression with the diagram describing the interaction.

For each diagram, write:

Uu
« U for each incoming electron > ° m
« U for each outgoing electron 5 g >
« U for each incoming positron ~—o v
« U for each outgoing positron o <
e
« € for each incoming photon AN e
* eH*
e /'™ for each outgoing photon N NNNANN
1 p
. _ZQWZ? for each internal photon ANNANANN
p+m _ P
« 55 for each internal electron >
P —m

« —ie@QY" for each vertex

Remember that y-matrices and spinors do not commute, so be careful
with the order in spin lines. Write left to right, against the fermion flow.

Richard Feynman

(fermion charge Q)
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2 detalls: k:

P
 Closed loops : W@W\/V\/\

d*k
Integrate over loop momentum / (2m)% and include an extra factor of -1 if
it is a fermion loop.

 Fermi Statistics : If diagrams are identical except for an exchange of
electrons, include a relative — sign.

These rules provide M , and the transition amplitude is
k= —i(2m)*6% (py — p) M

The probability of transition from initial to final state is |’ffz'|2
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An example calculation: e © —e p
iM = —e2a(k )y u(k) gq% a(p' )7 u(p)

This is what we had before.

To get the total probability we must square this,
average over initial spins , and sum over final
spins .

1 Z M2 = Z Z {[aE A uk)] [atk )y u®)| "} {[a@) veu@)] [a@)wu@)]
spin

SDInS

et

_4
o4
A

LH (k, k") L (p, ')

But [u(k)vFu(k)]® = [uT(k’)fyOnyu(k)}T (ﬂzuHO)
= ul (k)17 O Tu (k)
= ul (k)97 %u(k’) (741 = A0y#q0, 10T = 40)
= (k)7 u(k’) (+04°=1)
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But don’t forget that the u are 4-component spinors and the y are 4x4 matrices:

1 —(s S S 14
So Lk k) =35 3 X @) My ul (R @5 (k) [T uf ()
8:1,2 3/21,2
T (summation over z,3,m,n = 1,..,4)
spinor indices

We can simplify this using the completeness relation for spinors:

Z u@(s) (k) a§S) (k) — k,u [’Yu]ij +m 571]’ {beware normaliza_ltion here —_this IS onIyJ

true for 2E particles per unit volume
s=1,2

s'=1,2 s=1,2
= % (k;)[’yp]m + m5m‘) [’Y“]z’j (ko [’Ya]jm + m5jm> [ Imn
A A

=3 Tr(K+m) " (k+m)7"]

We need some trace identities!
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Trace ldentities

Trl = 4

174 1 v v 1 174 v v
Trofiy” = JTr (7" + ") = JTr(29") = g™ Tr1 = 44"
Trfyyt = TryPy2yiy "y = TraPata¥y s = —TraPy2yky = 0
Tr ,YM,YV,YA,YR —4 (guug)\f-s . g,ukgwi + gumgyk> T

[This is true for any odd

Tr ’YS’YM’YVW’)\’YFL = —4ieh A" number of Y-matrices]

\{be careful with this onel! J

= Exercise : Show that Tr f)/“f}/”’y>"y"i =4 (g“”gA” — g“)‘g”” + g“”g'”‘)
Using this identity and Tr 4#~+" = 4 ¢g"¥, show:

LMY (K K =2 (k“k’” + VP (k K — m2) gW)
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1
So = Y M|
4S|oins
4
€
= 4 4 (kuk’V + KK H — <k - mg) guv> <pup,y + pup), — (p p — mﬁ) gW)
4
€
= 8 (WG p) + WP (k) =3 p) = m(K - k) + 2mEmy)

If we are working at sufficiently high energies, then p2 > mg, m/% and we may

ignore the masses.

o4
N e (G DICIO R COIC)

spins
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Often this is written in terms of Mandlestam Variables , which are defined:

s = (k+p)?2 ~ 2k-p =~ 2K -p
t — (k—k’)Q ~ —2k- kK ~ —2p-p
v = (k—p)2 ~ —2k-p =~ =2k -p

[Notethats—l—t—l—uzmg—l—mg—l—mg—l—mg%O]

Then

® s is the square of the momentum flowing in the time direction

® tis the square of the momentum flowing in the spacee direction
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Cross-sections
So we have \/\/ll2 but we are not quite there yet — we need to turn this into a cross-section.

Recall ki = —i(2m)* 6% (py — pi) M

| 2

g [(2m)*6% (py — p)]* IMP?

= @2m)**(p; —p)VT|IM|?

. T/2
since (271‘)454(pf—pi) = /d%ez(pf_pi)‘m = /_;/2 dt /V Br=VT

But we need the transition probability per unit time and per unit volume is:

|5 £4]°
VT

= (2m)**(ps — pi) IM|?
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The cross-section is the probability of transition per unit volume, per unit time x the number
of final states / initial flux.

kil # final states
do = X
VT initial flux

Initial Flux

In the lab frame, particle A, moving with velocity U 4, hits particle B, which is stationary.

—

VA

A — Os
.Thteh nt;)mbrenr of par:]iclteﬁrliker,]ﬂ\ 7 |§ The number of particles like B | 2F
N the beam, passing throtlg Ay per volume V in the target is v
volume V per unit time is

L . . 1
So the initial flux in a volume V is W|’UA| 2E A 2FER
But we can write this in a covariant form: iw |2E42Ep = 4 \/ [( pg)° —m?3 mQ]
L y2lUal2E42Ep = o5/ |(Pa - PB AmB

This must also be true for a collider , where A and B are both moving, since the lab
frame and centre-of-mass frame are related by a Lorentz boost.
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# final states

How many states of momentum p can we fit in a volume V?

In order to not have any particle flow through the boundaries of the box, we must impose

periodic boundary conditions
L

Lp:z = 2mn  so the number of states between p_ and p_+dp, is o dpx
A

So in a volume V we have
L L L V
—d ~d (—d >: 43 /\/\/\/
(27‘(‘ p:;;) (27r py) on P% (27)3 P

| —

But there are 2EV particles per volume V, so

: _ d3p
# final states per particle = —
(27)3 2F
d3 d4 . . .
2 P 2r5(p2 — m2) so thisis covariant

1
Note that / —
owelat | em3oE (2m)4
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Putting all this together, the differential cross-section s

1
do = =|M|?dLips
F

where the Flux F'is given by,

F=a4/ (pa-pB)® — mam3]

and the Lorentz invariant phase space is,

d4pc d4pd
dLips = (2n)*s* — pa — pp) 208 (P2 — m2) 2w (pT — m3
ps = (2m)"6" (pe + pqg — Pa — pp) 2mé(pz — mg) 2mé(pg — my) (2m)% (2r)4
NG AN N 0
~ ~ '
momentum conservation on-shell conditions integration measure
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In the centre-of-mass , this becomes much simpler

This frame is defined by pa = —pPp, and E.+ E,=+/s [ ) F;eger:_b;:)z]

So pa = (Ea;Pa) and p, = (Ep, —Pa)

) . 1
with  [pa| = 4—Sw\(s, mg,mg) A, B,7) = o + 82+ +2 — 2a8 — 2ay — 28y
s—l—mg—mg E_S_mg+ml%
Ea - b —
2y/s 2y/s
Then the Flux becomes F = 4\/ [(pa ) — mgmg]

= 4 (|palEp + |Pp|Ea)

F = 4|ﬁa‘\/§
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Also pe= —-pg and Ec+ E;=+/s withrelations analogous to those for p_, and p,

The phase space measure becomes:

dLips = (2m)*6*(pc + pa — pa — 1) 22c (23363 2]15d (f;f'?)d3
= ?5(Ec+ Eg— \[)4E6Edd3ﬁc
= 4— S(E.+ E 4 — \/‘)4E0Ed|pc|2 d|pe| dQ [since C;'fj%' = |§:|£\?;lg
- _ B % dy/5 A2
dLips = T2 |\Z;C§| dS?2
Putting this together:
do 1 |71, o
dQlem 6472 |ﬁa|g|M|
87
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Returningto our process € (4 — € L [With m, = m, = 0]

do 1 1 |pe|l 5 1 11 5 et 1s2+u? a2 s24u?
o= 2 S IMT = > IMPP =5 =
spins

aQ 6472 |fal s 647254 L © 32725 2 25 2

1 2+ 2/ / 2
=3 M2 =26t tzu

4 The fine structure constant « = —
spins 4

In terms of the angle between a and ¢

S
t = (pa—pc)2=—2pa-pC=——(1—COSH)

C 2
S
0 u = (pa— pd)2 = —2pq - pqg = —= (1 4+ cos @)
a - b 2

d 24 1 4+ cosf)?
d/ The differential cross-section is: eI + (1 + )
d2 8s (1 —cos6)?

. NN do  4a? 1
Notice that this is divergent for small angles: c L2 — as 60— 0

ds? s

This is exactly the same divergence as is in the Rutherford scattering formula.
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Crossing symmetry

Generally, in a Feynman diagram, any incoming particle with momentum p is equivalent to
an outgoing antiparticle with momentum —p.

e e e M+
Pa X e crossing Pa’\ 7 —py,

| o
po po ot wo

This lets us use our result for e W~ — €™ W to easily calculate the differential cross-section
foree” — utu.

s = (pa+pp)? . s = (pa—pe)?
crossing
t = (pa—pc)? N t = (pa+pa)?
u = (pa—pg)? v = (pa—pg)?
i.e S <1
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e - 1 2 2 2,2 2
! _Z|M|2:2€4 +2U do a‘tc+u
4spins S dS? Ds  s2

/N, /

{ Be careful not to change the s J

from flux and phase space!
Writing 6 as the angle between the €™ and

b= _%(1_C059)> U = —§(1+C059) [as before]
= do - a2 1 2 0 Notice the singularity
dQ 45 ( - Qo ) is gone!

The total cross-section is

a2 41 o

+1
= —2 / 1 4 cos?0) d(cosh) = ——
OTot 4s " -1 < T ) ( ) 3 s
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Identical particles in initial or final state

So far, in the reactions we have looked at, the final state particles have all been
distinguishable . form one another. If the final state particles are identical , w
have additional Feynman diagrams.

eg.ee —»ee [See Feynman rules]

o

ie? = a(pe) v u(pa) @(pg)vuu(pe) —ie? U(pd)’y“u(pa,) u(pe)yuu(pp)

interchange of identical \ \ f

fermions = minus sign p, and p, interchanged

~
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Since the final state particles are identical, these diagrams are indistinguishable
and must be summed coherently .

IM[? = [M1+Mo|? = M1 [P+ Mo|*+2Re M1 M3

e

We have interference between the two contributions.

= Exercise : Show that the spin summed/averaged differential cross-section for
e e — e € inQEDis given by the above equation, neglecting the
electron mass.
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Compton Scattering and the fermion propagator

Compton scattering is the scattering of a photon with an electron.

| just quoted the Feynman rule for the fermion propagator , but where did it come from?

Let’s go back to the photon propagator first.

1
Recall the phot tor i gL 2 v
ecall the photon propagatoris —ig 2 e D c
VA VAVEVAVENY
1 . _ :
The —— is the inverse of the photon’s wave equation:
p
1
AN = —p?AF =i = AP =
p
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The g"V is coming from summing the photon polarization vectors over spins:

4
> e/g;)el(/k) = — g <~—— this is for virtual photons
A=1

1

1\ 4
So, the photon propagator is then —i <—2> > 6/5;)66\) = —igh >
P~/ x=1

1
For a fermion propagator we follow the same procedure u p2—m? y
The massless fermion spin sum is N\
5 Remember that 1) also
Z U )17,( )= p4+m obeys the KG equation.
S S
s=1 (P—m)yp=0
= @+m)@-m)v = (p> —m?) =0
so the fermion propagator is
1 2
. — . Zé +m _ _ 7
—t <_p2 _ m2> Z U(s)U(s) — sz — 2 [sometlmes written J_ mJ

s=1
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More precisely, the propagator is the momentum space Fourier transform of the wave
equation’s Greens function

Green’s function S obeys: (i@ — m)S(zx —y) = i6(4) (z —vy)

(.. . : . )
This is a definition of a Green’s function. They are very useful to know since we can use

them to build up solutions for any source.

(@P-m)p@) = p(z) = w@) =i [ py) Se—y) dy

- v
iy d*p - —ip-(z—y) o :
Writing S(z —y) = 2m)? S(p) e "P\*7Y)  and pre-multiplying by (i@ —m)
: d4p = —ip-(x— (4
gives [ o5 85 06— m) () e = iz —y)
~ ' (115 + m) Remember
= Sp)=——="- 2 2 4 .
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So now we are armed with enough information to calculate Compton Scattering

€u €

- el

T %

Putting in the Feynman rules, and following through, with m_ =0

> M2 =2t (24 2)

spins & &

= Exercise : Reproduce the above equation (starting from the Feynman Rules).

You will need to use > e’g;)ef;p) — —g"”
7 spins

[sum over transverse .
polarizations] What happened to the interference?
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Decay Rates

So far we have only looked at 2 — 2 processes, but what about decays?

A decay width is given by:

_ |5 1412 # final states

VT # of decaying particles per unit volume
A

\ This replaces the Flux.

dl

Foradecay a — b+ ¢ we have
| pi]°

VT

1 dsﬁb 1 d3pe _ d4pb d*pe
2E, (27)3 2E. (2n)3  (2m)4 (2n)4

= (27)26%(pa — pp — pc) | M|

(27) 8(p2—m2) (27) 8(p2—m?2)

# final states =

# of decay particles per unit volume =
2FE,

1
- 2R,

N dr |IM|? dLips
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In the rest frame of particle a:  pq = (ma,0), pp = (Ep, D), Pec= (Ec,—D),

with By = \/[512 +m3, Ee= /|7 + m?

The decay is back-to-back

1

1 1

4kpE (2%)25(ma_Eb_EC) prdlp ds2
C

dr = IM|?

2ma

EbEc

d E,dE, = E.dE,. =
But |pld|p] = EydEy = EcdEc B, + B

———d(Ep + Ee¢)

_ (1 2 ]
r=/ S M )25(ma By=Ee) g g 4Byt Ee) d2

r—/ 2 151 d©
g M2 1A
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Remember, to get the total decay rate, you need to sum over all possible decay processes.

Mot =) T
;

The inverse of the total width I_-T-ét will give the lifetime of the particle:

If the number of particles = N, then,

1 dNg

— = Na(t) = Ng(0)e " Tott
N. di a(t) a(0)

Mot = —
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6. Quantum Chromo Dynamics (QCD)
Quarks, Gluons and Color

QCD describes the interaction of quarks and gluons .
It is very similar to QED, except we have 3 types of ‘charge’ instead of just one.

Conventionally we call these charges red, green and blue , and each quark can be
written as a vector in “color space”:

B A

However, QCD is symmetric under rotations in this color-space, so we can always
rotate the quarks to pure color states and say they are either red, green or blue.

This symmetry is known as SU(3), o and parallels the U(1)qep symmetry of QED.

The force between the quarks is mediated by gluons which can also change the
color of the quarks.
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Since we have 3 different sorts of quark (red, green and blue), to connect them all together
we naively need 3 x 3 =9 different gluons.

B B
RB _ B Since we are connecting together
(0000000 = = quarks of different color, the gluons
. must be colored too.
R R
particle flow color flow

So, for example, we could have gluons:
RB, RG, GR, GB, BR, BG + three orthogonal combinations of RR, GG, BB
Conventionally these last 3 are

1 _ - 1 — - - 1 _ _ _
— (RR—-BB), —=(RR+ BB — 2GG), —= (RR+ BB + GG) .
75 ). 7 (RE+ ). 5 (RR+ BB + GG

Since QCD is symmetric to rotations in color-space, the first 8 of these must have
related couplings. However, the last one is a color singlet, so in principle can have an
arbitrary coupling. In QCD, its coupling is zero.

= We have 8 gluons 101



In order to transform one quark color-vector onto another, we need eight 3x3 matrices.

For example to turn a blue quark into a red quark we need a kB gluon represented by

) 010 010 0
TBB =10 0 0 ie 00O 1 :(100)
000 000 0

The above matrix is not a very convenient choice (it is actually a ladder operator).

Instead we normally write 7% in terms of the Gell-Mann A matrices .
1
T4 =2
2

These matrices are generators of the SU(3) group and obey the SU(3) algebra ,

4
A By _ . pABC C\
[T ,T ] — ’Lf T SU(3) structure constants
. : 1
are conventionally normalised by Tr(TATB ) = 55’43 and are traceless .

1
{Hence the removal of = (i 4+ BE + GG) /
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The Gell-Mann matrices are:

Notice there are only 2 diagonal Gell-Mann matrices.
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OCD from a Lagrangian

Just like QED, we can describe the physics of QCD with a Lagrangian:

L= \—%F;?VFZV + > @(@"Du—m)ga

J flavours
kinetic term \ \ ariant
for the gluon up, down etc. derivative

The covariant derivative is now a 3x3 matrix in color space:

[Dilap = Sapdu + igs | T A7}

ab
coupling gluon field
constant (with color A)

The gluon field strength has an extra term compared to the photon’s:

Fa, = 0uA] — 8, Al — gfBCAT AT —

quark field

gluon self
Interaction
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At a vertex between quark and gluons we need to include a factor

- A
—igs TapVj;

The gluons also carry color , so we must also include a gluon-gluon interaction. This is
given by

By B

—9s FPC ((p1 = p2)79" + (P2 — p3)*9”" + (3 — p1)’9"*)

The full QCD Feynman rules will be given to you in the Standard Model course.
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Renormalisation

When we calculate beyond leading order in our perturbative expansion, we will find that
we have diagrams with loops in them.

For example, the corrections to our ee” — p+p” would include the diagram

But momentum conservation at all vertices leaves the momentum flowing around the
loop unconstrained! We need to integrate over this loop momentum, and find a result
containing

N d*k 1
(2m)* k2 — m2] | (k — p)2 — m?]

This integral is infinite!
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To see that it is infinite, lets look at this integral in the limit as £ — co. Then we can
neglect the momentum p and the mass ™m. The integral becomes

4 o0 1
d’k 1 / k3dk— — / dk= = log oo — log 0
(2m)4 k4 0 k \
this is a fake, because our
Ultra-Violet (UV) singularity approximation doesn’t work

fork — 0

This is not really that surprising. Even in classical electromagnetism we have
singularities when we go to small distances/high energies.

For example, in classical electromagnetism, the energy associated with a charged
sphere of radius R is:

3@2

— 00 as R—0
54regR

So classically, a point charge should have infinite energy!
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Are infinities really a problem?

Our theories such as QED and QCD make predictions of
physical quantities . While infinities may make the theory difficult
to work with, there is no real problem as long as our predictions of Va

physical quantities are finite and match experiment. Gerardus Martinus
't Hooft Veltman

We find, that in both QED and QCD, that our physical observables are finite: they are
renormalizable theories.

To understand this, lets think about the one-loop calculation of the electron mass

—— = > + M + 0(64)

m = mg4+ e’mq + O(e?)
NN
finite — 00 O

In order for the physically measured mass to be finite , the ‘bare mass’ must be infinite
and cancel the divergence from the loop. But this is OK, since m is not measurable, only
m IS.

We absorb infinities into unmeasurable bare quantities.
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In reality, what we are doing is measuring differences between quantities.

5 N
—Q— = > + > + 0(64)

Since the loop contains a dependence on the momentum scale, Q, the mass changes
with probed energy. The difference between two masses at different scales is:

m(Q7) - m(Q3) = (mo+em1(Q7) +0(eM) — (mo + e?m1(Q3) + O(eh))

(ma—=7m0) + ¢ (m1(Q3) — m1(@3)) + O(c*)

- J
'
infinities are the same in both m,’s
= finite

The difference between the masses is finite .
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Both philosophies, absorption or subtraction of singularities, are doing the same thing.
We replace the infinite bare quantities  in the Lagrangian with finite physical ones
This is called renormalization .

The beauty of QED (and QCD) is that we don’t need to do this for every observable
(which would be rather useless). Once we have done it for certain observables,

everything is finite! This is a very non-trivial statement. We say that QED and QCD
are renormalizable .

In QED we choose to absorb the divergences into:

e, m, Y, A
electron / / \ \ photon
charge electron electron wave-function
mass wave-function

Instead of writing observables in terms of the infinite bare quantities eqg, mq, %o, 4o ,
we write them in terms of the measurable ‘renormalized’ quantities er, mpg, YR, AR.

In order to do this, we must first reqularize the divergences in our integrals.
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Regularization by a Momentum cut-off

The most obvious regularization is to simply forbid any momenta above an scale A.
Then, the integral becomes

d*k 1 AN |
oryiEE ™ /O dky = logA—logO

The UV divergence has been regularized (remember the infra-red divergence here,
log 0, is fake). This isn’t very satisfactory though, since this breaks gauge invariance.

Dimensional Regularization

The most usual way to regulate the integrals is to work in d = 4 — 2¢ dimensions
rather than 4 dimensions.

d4—2€k 1 1 k_2€ o0
/ k3 Qedk / dk _
(27T)4—2€ L4 k1+26 Ve 0

/

we have increased the power of £ in the
denominator, making the integral finite 111




More precisely, our original integral (ignoring masses for simplicity) gives:

d*—2¢L 1 1 _ i(47‘r)6_2|—(1 +r2(1 —¢) (—p2)—¢
(2m)4=2¢k2 (k 4 p)? F(1—2¢)  e(1—2¢)
~ ~ —
finite divergent as
e — 0

Notice that it is rather arbitrary which bit one wants to absorb or subtract off.

1
( )2— for the above integral.
v €

This is known as the Minimal Subtraction , denoted MS.

One could subtract off only the pole in e, i.e.

Alternatively we could have removed some of the finite terms too,

(p2/Q%) " _ i (

e.0. i(4m) 2 (14e€) _ = Gn)?

1 +vE — |09(p2/Q2)>

€

[Euler-Mascheroni Constant]

This choice is known as M_S

Also notice the renormalization scale Q .
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Running couplings

How does the QED coupling e change with quantum corrections?

these cancel, due to a Ward Identity

| can include some extra loops by...

TN

Writing 1(Q) = thisis e(Q) =eo (1+1(Q) + I*(Q) + 1*(Q) + ..

. 1
-0 (1 . I(Q)>
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2

e
In terms of a = — |, we find
%

aQ

1 - 5%log (Q2/A?)
_ cut-off

a(Q) =

but since this was general, | could have chosen to evaluate my coupling at a different scale

aQ

1 —3%log (MQ//\Q)

e.g.

a(p) =

| can use this second equation to eliminate 0.y (which is infinite) from my first equation.

_ a(p)
o o) log (Q2/u2)

The QED coupling changes with energy.
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We can do the same thing for QCD, except we have some extra diagrams

e.g. We find,
a(u)
as(Q) =
1 — 253 log (Q2/42)
where (g = 11Ne — 2Nf [ N, =# of colors = 3 J
3 N, = # of active flavors

At higher orders in perturbation theory we will have more contributions. The complete
evolution of the coupling is described by the beta function

Oas Q2
fon(@) = @2 | 000 = o 0 (0
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For Ny < 16 . the QCD and QED couplings run in the opposite direction.

(87 Qs confinement
QED QCD
Asymptotic
1 freedom
137 0.118 |
|
absurdly m
[ high energyJ_) /\QED /\QCD &

At low energies QCD becomes strong enough to confine quarks inside hadrons.
(The B function is not proof of this!)

At high energies QCD is asymptotically free , so we can use perturbation theory.
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