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Preface 
 

Wavelet analysis is one of the most effective solutions to overcome the drawbacks of 

Fourier analysis, and since the seminal work of Ingrid Daubechies was published in 

the late 1980s, it has been applied very successfully in various branches of science and 

engineering. The fractional wavelet techniques started to play an important role in 

data treatment corresponding to complex systems during the last decade. 

The wavelet transform and it generalization started to be an efficient mathematical 

tool which has been widely used to investigate a signal in a time-frequency 

representation to allow analyzing the parts of interest individually. 

As it is well known the main difficulty in processing the biological signals is their 

extreme variability and the requirement to analyse on a case by case basis. The wavelet 

transform is recognized as an useful tool in the signal analysis corresponding to the 

biological data as well as to the complex seismic data. 

This book aims to show the range of applications of wavelet analysis to data from the 

field of biology and geosciences. 

Specifically, the book contains chapters showing how the wavelet transform was used 

for the analysis of EEG signals in patients with oral communications,how it was used 

to investigate the energy distribution of the EEG signal components as well as its use 

for the dimensional reduction in a gait recognition framework. 

One of the chapters shows how we can convert EEG activity into cursor movement by 

a brain computer interface using an appropriate feature extraction scheme. The 

detection data of mammary carcinoma processing method based on the wavelet 

transformation was presented. The applications of the wavelet method in sport and 

hand palm texture biometric identification and verification were illustrated. 

Improvement of shimmer parameter of oesophageal voices using wavelet transform 

and the application of this method for textile material feature extraction is another 

interesting topic covered by this book. The powerful utilization of the wavelet 

transform and its varieties in two important applications, namely biometrics and non-

destructive testing is explained in detail. 



X Preface 
 

In this book the reader can find new methods involving two spherical multiscale 

transforms, the wavelet and the curvelets, and the design for restoration of spherical 

data with noise following a Poisson distribution. 

The book ends with two applications of 1D and 2D wavelet transforms used in 

treatments of the geophysical signals. 

I strongly believe that the chapters of this book will be of great help for graduate and 

postgraduate students, as well as for researchers who will get a general view of the 

powerful wavelet method and its applications in treatment of biological and 

geoscience data . 

 

Dumitru Baleanu 

Cankaya University, Faculty of Art and Sciences, 

Department of Mathematics and Computer  Sciences, Ankara,  

Turkey  

 

Institute of Space Sciences, Magurele-Bucharest,  

Romania 

  



 





Part 1 

Wavelet Transforms in Biology 



 



1 

Wavelet Transform  
for the Analysis of EEG Signals  

in Patients with Oral Communications Problems  

Maria Viqueira, Begona García Zapirain,  
Amaia Mendez Zorrilla and Ibon Ruiz  

Deusto Institute of Technology, Deustotech-LIFE Unit, University of Deusto, Bilbao 
Spain  

1. Introduction 

This study is a part of a developed project to help people who can´t talk or control their 
movements when communication.  

There are different kinds of methods to improve the communication of these people. Some 
examples are: 

1. Methods based in the ocular movement: for example the videooculography systems, 
where a little camera detects the eye position and place the mouse in the same position 
on a monitor. 

2. Physical communicators based on boards: the user points, on a board, what he wants to 
communicate. This method involves that the user´s disability allows him to have some 
control over his movements. 

In this case, the intention is to use a method which can be used with people whose disability 
do not let them utter a word (or they present a big difficult for that), neither take the whole 
control of their movements. 

This kind of disability may be due to several cerebral palsy, one example of that could be 
athetosis. This disease is a kind of paralysis which also presents injuries in the 
extrapyramidal system, which is part of the nervous system. This illness causes that the one 
who suffers it cannot take the whole control of his movements, and the difficulties at the 
time to talk (in some cases it prevent them the speech totally). 

For these end, we have chosen to work with the signals from an EEG, which is a brain 
activity record. When analyzing the signals, the intention is to detect what a person wants to 
say. Therefore it wouldn´t be necessary that the user had a hole control of the movements 
(or even eyes),  because what is pretended is to interpret what the user wants to say, without 
having to express it externally. Nowadays EEG is a very used method applied to improve 
user interaction (see the literature [1-2]). 

The brain shows electrical activities on different frequency bands and it can be useful 
analyze each frequency band separately. 
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Fourier transform is a very used method in frequency domain, but it presents the inconvenient 
that it does not show temporal information of the signal. It means that Fourier shows the 
signal frequency ranges, but it doesn´t inform when we are in a frequency or in another. 

Wavelet transform, explained widely in [1], is a method to analyze the signal in time-
frequency scale. This method is very useful in non stationary signals analysis, it means: 
those signals which don´t stay constant over time. 

The use of the different frequency bands allows to separate the signal in different frequency 
components in order to eliminate noise signals and information which doesn´t provide 
anything significant.  

In this case we want to analyze the EEG signal in different frequency bands to get the P300, 
which is a signal that appears as an answer to a light or sound stimulus. 

The P300 wave is between the band frequencies corresponding to [0-8Hz]. The predominant 
component of the P300 is about 2.5Hz, existing also another theta component (6Hz 
approximately), which appears in a latter zone [4]. Analyzing this band, we can detect the 
presence or absence of the P300. 

The method which has been used to help in the communication consists in illuminate 
different letter, so that, when the letter that the user is watching is illuminated (target letter), 
the brain sends the P300 wave as an answer to that stimulus. 

 
Fig. 1. Matrix shown on the screen of Competition BCI 

 
Fig. 2. Matrix shown on the screen of the final application of this project 

If it illuminates the target row, it results the P300b, whereas if the illuminated row is not the 
one the user is watching, appears the P300a. 

 
Fig. 3. P300a and P300b 
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Detecting the signal, which appears between 300 and 600 milliseconds after the target 
photostimulate, and knowing the sequence of letter illumination, we can predict the letter 
that the user wants to say. 

We have decided working with the Discrete Wavelet Transform (DWT) because it doesn´t 
require so much memory as the Continuous Wavelet Transform (CWT), it is efficient if we 
use scales in powers of 2, it presents higher facilities to analyze numerically the transformed 
data and the calculations are faster. 

This technique has been used in studies in order to get the P300, such as [21]and [22], and 
combining the DWT with another techniques [26] and [27]. 

The DWT performs basically two functions: 

1. It filters the signal along a low-pass filter and another high-pass filter to obtain the 
approximate and detail signal coefficients in different ranges of frequency. 

2. Sub-sampling of the output signals. 

The successive decompositions are made from the signal obtained in the low pass filter. 

When developing the algorithm, we have made a preliminary study to understand the 
behavior of the P300 and Wavelet Transform. 

From this study, conclusions are reached concerning the shift of the signal according to the 
mother wavelet chosen and the frequency band where the P300 is best detected. 

Subsequently, there has performed a second part to detect which wavelet is more 
appropriated to integrate at the final application and in which channels we have obtained 
higher success percentage, because the EEG to use has only 4 channels. 

 
Fig. 4. EEG 4 channels 

 
Fig. 5. Final application  
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2. State of the art 

2.1 Technical  

The Wavelet Transform results very useful in the analysis of non stationary signals [30-31], 
where the signal of the study presents parts with different frequencies over time. 

Wavelet is not only useful in the study of signs, but it is also frequently used in digital image 
processing, although this study focuses on the first case.  

In medicine applications, it is used in a case which is needed to detect any peculiarity in the 
registry of biomedical signals. 

1. Noise removal: the Wavelet decomposition is produced without spaces and without 
overlap the data, so the decomposition process is totally reversible (the signal can be 
rebuilt). Thus, they result useful in the algorithms where it is wished to retrieve the 
original information with a minimal loss. Wavelet Transform is also used for removing 
the noise in images, such as the noise removal of planar images in nuclear medicine 
[5][32-34]. 

2. Feature extractions: as it has been said before, the DWT is used in non stationary 
analysis. It allows the detection of the “oddballs” that can be originated in EEG, EOG or 
ECG signals, among others[6][35]. 

3. Detection of tumors [23]: extracting texture features through the DWT, it can help in the 
diagnosis of certain tumors, as the breast [24]. 

4. Seizures:  
a. Epilepsy: it is possible to detect certain epilepsy cases using the DWT. There are 

studies where it has been used the Wavelet Transform to detect the seizures in 
newborn, like in [7] and [8]. Knowing in which moment the seizures are 
happening, it can help in the diagnosis of diseases [28]. 

5. Electrocardiograms: the use of the DWT allows to analyze the ECG signals and make a 
classification of them [9]. Similarly, it allows to detect  if there exits an ECG abnormality 
[10]. 

6. Pregnancy: we can know if the fetus presents any problem during the pregnancy, 
working with the images obtained by ultrasounds [11].  

7. P300 detection: Wavelet transform has been used in previous studies to detect the P300 
in EEG signals, like in [12], [13] and [14]. 

8. Detecting the frame of mind: there are differences between thinking a movement and 
keeping the mind relaxed. The use of the wavelets indicates the behavior of the brain in 
the different bands, so it can determinate if an individual is thinking in something or 
not, coming to know which movement is been imagined. 

9. Alzheimer: as study of this disease, there are methods which start from wavelet 
coefficient to test the difference between a healthy people EEG and EEG from 
Alzheimer patients [25]. 

2.2 Social 

The analysis methods in the frequency domain are useful to detect possible anomalies, 
which is a great help in medicine applications. Wavelet is a method which represents signals 
in time and frequency scales, but there are methods which work in time-frequency 
distribution and they are also used in medical applications. 
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A new method which has acquired relevance in the signal analysis is the Matching Pursuit, 
which consists in select, in a signal dictionary, the signal which matches better with the one 
of the study. 

Usually, the methods used in time-frequency distributions use classify algorithms to 
separate different kinds of signals [15]. 

3. Methods 

3.1 Wavelet Transform 

The Wavelet Transform is defined by: 

 
*

f (s,τ)W (s,τ) f(t)ψ (t)dt   (1) 

The wavelets are generated from a wavelet function ψ(t) , called “mother wavelet”, which 

is defined as: 

 s,τ
t-τ

ψ ψ
s

1
(t)

s
 
 
 

 (2) 

being τ  the translation factor and “s”, the dilation factor. 

The signal f(t) is sampled by mother wavelet versions, which are dilated and moved. 

The DWT is defined by the following way:  

  
-j

-j2
j k

W(j,k)= f(x)2 ψ 2 x-k   (3) 

3.2 BCI 2003 database 

We have used the database corresponding to the BCI competition. The data have been 
obtained with a sample frequency of 240Hz. They produced 12 illuminations (one for each 
row and column) and, for each letter to predict, they do 15 repetitions (each one is 
illuminated 15 times). Each illumination lasts 100 milliseconds and, between each 
illumination, there is a space of 75 milliseconds. 

This database has been used in more occasions to make studies with EEG signals and detect 
the P300, like in [16] or [29]. 

There have been performed three sessions, with different trials, where the first two are 
destined as a part of the training, where they difference the illumination of a target or non 
target row or column. The third session corresponds to the words to predict. 

The algorithms developed have been used initially with this database for test its efficacy. 
This database provides the result of 64 channels of study and it has applied the algorithm to 
all of them in order to know the behavior of the P300 in each one,  and testing in which ones 
the P300 is best appreciated.  
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The Wavelet Transform performs a set of consecutive filters,  leading to decomposition of 
the signal in different levels and frequency bands. In this case, the level decomposition 
results: 

060  12060 

300  6030 

150  3015

5.70  155.7 

75.30  575.3 

 
Fig. 6. Decomposition level 

The result of the last low-pass filter corresponds to the approximate coefficients, where we 
should detect the P300 main component. 

Initially, we have separated the target and the non target samples corresponding to the 
different trials of the season 1. 

To check the algorithm efficacy, we have probed with the trials corresponding to the third 
session, which is the session of prediction. 

3.3 Matlab Toolbox and mother wavelet 

The algorithm has been developed entirely in Matlab and, for Wavelet Transform 
operations, we have used the Wavelet Toolbox from Matlab. 

Moreover, the wavelets used have been the ones which this toolbox gives. The choice of one 
mother wavelet or another conditions the form of the low-pass and high-pass filters, so the 
Wavelet Transform will be different depending on the mother wavelet chosen. 

The chosen mother wavelets have been the following ones: bior3.9, bior3.7, bior3.5, bior3.3, 
rbio1.5, rbio1.3 and DB9, as in [21], because of the similarity with the P300, [17] and [18]. 
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It has been studied the behavior of the signal by the following way:  
 

 
Approximate 
coefficients 

Detail 
coefficients 

Frequency band 
level 4 

0-7,5 Hz 7,5-15 Hz 

Frequency band 
level 5 

0-3,75 Hz 3,75-7,5 Hz 

Table 1. Frequency ranges 

4. System design 

Below it is detailed the design of the algorithm that we pretend integrate into the final 
application. 

In the section called “High level designs” it is shown a general scheme of the data 
acquisition and its treatment, and one scheme with de different modules and jobs which 
compose the study. 

In the section called “Low level design” it will be concreted the reflected jobs in the previous 
section. 

4.1 High level design 

The main application makes the following operations: 
 

 

 

Fig. 7. Application scheme 

 

Preprocessing 

 Processing 

 Signal 
acquisition 

 

 

Initial study 

Prediction 

Algorithm 
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To develop the algorithm, we make a first study and, then, we develop the method based in 
the conclusions obtained in the first part of the study. 

 

 
Fig. 8. General scheme 

In the initial study it can be observed the behavior of the target and non target signals to 
check the shift that each wavelet produces to the signal. Subsequently, we work between the 
corresponding  time interval to localize the P300 depending on the used mother wavelet. 

4.2 Low level design 

Initial study 

The initial study provides information about the behavior of the P300 at the frequency 
domain. Studying the difference between target and non-target data, it is possible to obtain 
some initial conclusions about this behavior. 
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Fig. 9. Objectives of the initial study 

It involves the following steps: 

 
Fig. 10. Initial study 



 
Wavelet Transforms and Their Recent Applications in Biology and Geoscience 

 

12

On the one side, separate the targets and non target data corresponding to Albany BCI 
competition. With these data, it performs the Wavelet Transform at the levels where the 
P300 should be appreciated to check the time intervals where the peak is appreciated.  

As it has been said before, the interval where the peak is best appreciated is between 0 and 
7, 5 Hz.  

After doing this initial study it can be observed that there exists a big difference between the 
signals corresponding to the targets and the ones which are not target. This difference is 
well appreciated because the separation of the data has been performed by averaging the 
results of several sessions: the more signals are averaged; the greater will be difference 
between targets and non targets. 

The prediction stage won´t show that difference so clearly, but with the initial study it can 
be known where will be best appreciated. 

As it has been said before, the interval where the peak is best appreciated is between 0 and 
7, 5 Hz.  

After doing this initial study it can be observed that there exists a big difference between the 
signals corresponding to the targets and the ones which are not target. This difference is 
well appreciated because the separation of the data has been performed by averaging the 
results of several sessions: the more signals are averaged; the greater will be difference 
between targets and non targets. 

The prediction stage won´t show that difference so clearly, but with the initial study it can 
be known where will be best appreciated.  

Preparing data 

This stage is done in the initial study and on the prediction of the words.  

 
Fig. 11. Preparing data 

Data are separated according to the row or column illuminated, obtaining in that way, 12 
different data sets. It takes samples from the illumination until 2 seconds after in order to 
obtain the number of data which ensures the correct transformation at the last level (in this 
case, level 5). Using the Matlab command wmaxlev, it can check that the number of samples 
is correct. 

The reason of separate columns and rows is because the cross of the target row and the 
target column will be the letter that the user is looking. 
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Wavelet Transform 

The Wavelet Transform has been also used in the initial study and at the time of predicting 
the words. After the transformation, the data will be at the frequency domain. 

The part which transforms the data makes the following steps: 

 
Fig. 12. Wavelet Transform 

The transform of each row and column is made in Matlab (12 transformations in total for 
each letter, corresponding at 6 columns and 6 rows) to give rise to the different frequency 
bands. The detail coefficients are the high-pass filter result, whereas approximate ones are 
obtained from the low-pass filter. In this case: 

Level 4[3.75-7.5 Hz] (Aprox 4) and [7.5-15Hz] (Det 4) 
Level 5[0-3.75 Hz] (Aprox 5) and  [3.75-7.5] (Det 5) 

Finally, it is made a resample stage to add more samples. 

Transform in Matlab 

The first thing that is needed is to ensure that the Wavelet Transform will be correct with the 
number of samples which have been selected. To assure this, we use the command 
wmaxlev()  in Matlab. With this command it is possible to know the highest level of work 
with guarantees by giving the number of samples and the mother wavelet. 

In this case, taking two seconds after the illumination is enough to ensure the correct 
transform at level 5. 

The Wavelet Transform has been performed for each one of the 64 channels. In the final 
application, there will be only four channels, so the transform will be much faster.  
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Fig. 13. Transform in Matlab 

The following scheme shows the instructions used in Matlab: 

 
Fig. 14. Instructions in Matlab 

To obtain the Wavelet Transform it is needed to give the signal to transform, the mother 
wavelet that will be used as filter, and the level of work.  
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In this case, as we need ranges of frequencies at level 4 and level 5, we have to do the 
transform twice (one for each level). 

Test 

To detect the letter where the P300 has been appreciated, it performs the following 
operations: 

 
Fig. 15. Test 

Once the transform is made, it takes the samples corresponding to the interval obtained in 
the study stage. On one side, it compares the 6 columns and, by the other side, the 6 rows; 
thus, it takes as target row and column the ones which present a higher peak than the rest. 

Finally, it localizes the letter corresponding to these row and column. 

After obtaining the letter, there is also another program which compares the theoretical 
letter with the real obtained and shows the average of success for each channel. 

5. Results 

Initial study 

For this first part, we have used the following channels: FZ, CZ, PZ and OZ. We wanted to 
know the shift that means, for the P300, the election of one mother wavelet or another. The 
same way, we wanted to know in which levels is best appreciate the difference between a 
target and non target. 

Mother wavelets: bior3.9, bior3.7, bior3.5, bior3.3, rbio1.5, rbio1.3 and DB9. 

After the corresponding transformation, we observe a higher peak in the following time 
interval: 
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CZ channel: 

 
Table 2. Time intervals for CZ channel 

 
Fig. 16. bior3.7, level 4 

 
Fig. 17. bior3.5, level 5 
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PZ channel: 

 
Table 3. Time intervals for PZ channel 

 

 
Fig. 18. bior3.7 level 5 

FZ channel: 

 
Table 4. Time intervals for FZ channel 
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Fig. 19. DB9, level 4 

 
Fig. 20. bior3.5, level 5 

The cells with green background show the frequency band where it is appreciated a higher 
peak. In case of FZ channel, the yellow background makes reference to time interval that, 
without been where the peak is the highest, show a considerable difference. 

From OZ cannel we have not obtained significant differences, so the results are not shown. 

Second stage 

The Project where this part is integrated, consist in detect the P300 using an EEG with only 4 
channels. For that, it is only shown the results of the 4 channels where the percentage of 
success has been higher. 

It also shows the relative absolute error, the equations is the following: 

AE = TV – RV 
TVTheoretical value (100) 
RVReal value 
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The hit rate is applied by letter, no by the whole word. 

rbio1.5  

 
Table 5. Predicted letters for rbio1.5 

Average of the 4 channels: 70.415% 

 

 
Fig. 21. Channel comparison for rbio1.5 

 

 
Fig. 22. Errors rbio1.5 

None of the four channels have an error less than the 20%, so, although the success rate 
could be accepted around 65. 
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Fig. 23. Electrodes localization for rbio1.5 

The obtained peaks have the following forms: 

 
Fig. 24. Letter C, columns, FC1 

 
Fig. 25. Letter C, rows, FC1 
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rbio1.3 

 
Table 6. Predicted letters for rbio1.3 

Average of the 4 channels: 64.52% 

 
Fig. 26. Channel comparison for rbio1.3 

 
Fig. 27. Errors rbio1.3 

The success rate is worse than the previous wavelet. In this case, the rbio family doesn´t 
arrive at the 80% of success. 
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Fig. 28. Electrodes localization for rbio1.3 

 
Fig. 29. Letter P, columns, FC1 

 
Fig. 30. Letter P, rows, FC1 
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bior3.5 

 
Table 7. Predicted letters for bior3.5 

Average of the 4 channels: 72.58% 

 

 
Fig. 31. Channel comparison for bior3.5 

 

 
Fig. 32. Errors bior3.5 

The error is still more than the 80%, but the success is higher than rbio family.  
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Fig. 33. Electrodes localization for bior3.5 

 
Fig. 34. Letter N, columns, FCZ 

 
Fig. 35. Letter N, rows, FCZ 
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bior3.7 

 
Table 8. Predicted letters for bior3.7 

Average of the 4 channels: 80.65% 
 

 
Fig. 36. Channel comparison for bior3.7 

 

 
Fig. 37. Errors bior3.7 

The four channels have an error less than the 80%, so the result is acceptable. 
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Fig. 38. Electrodes localization for bior3.7 

 
Fig. 39. Letter C, columns, FC2 

 
Fig. 40. Letter C, rows, FC2 
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bior3.9 

 
Table 9. Predicted letters for bior3.9 

Average of the 4 channels: 80.65% 

 
Fig. 41. Channel comparison for bior3.9 

 
Fig. 42. Errors bior3.9 

In this case, only two channels are over the 80% of success, but it can be observed that the 
channel FC1 has an error less than the 15%. 
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Fig. 43. Electrodes localization for bior3.9 

 
Fig. 44. Letter Z, columns, FC1 

 
Fig. 45. Letter Z, rows, FC1 
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bior3.3 

 
Table 10. Predicted letters for bior3.3 

Average of the 4 channels: 58.87% 

 
Fig. 46. Channel comparison for bior3.3 

 
Fig. 47. Errors bior33 

Within the family of the bior, the bior3.3 is the one which presents higher errors, exceeding 
all of them the 35%. 
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Fig. 48. Electrodes localization for bior3.3 

 
Fig. 49. Letter M, columns, FCZ 

 
Fig. 50. Letter M, rows, FCZ 
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DB9 

 
Table 11. Predicted letters for DB9 

Average of the 4 channels: 69.36% 

 
Fig. 51. Channel comparison for DB9 

 
Fig. 52. Errors DB9 

The success rate of the DB9 is higher than the rbio family, but it presents higher errors than 
the bior family (except for the bior3.3). 
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Fig. 53. Electrodes localization for DB9 

 
Fig. 54. Letter C, columns, CZ 

 
Fig. 55. Letter C, rows, CZ 
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Following it can be observed the typical deviation of each wavelet. The deviation has been 
obtained using the corresponding average of each one: 

 

 
Fig. 56. Typical deviation from the average of each one 

The value of the bior3.7 stands out from the rest because its four channels have the same 
value (80.65%), so the deviation is zero. 

The DB9 presents de highest typical deviation because it has a big difference between FC1 
and CZ. 

We also present another graph with the typical deviation, but in this case,  the deviation has 
been calculated respect to the average of the seven chosen wavelets (71%): 

 

 
Fig. 57. Typical deviation from the average of the seven wavelets 

This figure shows the average of the best four channels of each mother wavelet: 
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Fig. 58. Percentage of success by families 

 
Fig. 59. Percentage of errors by families 

As we can see, the best percentage corresponds to the channel FC1 with the wavelet bior3.9, 
but the wavelet with best average is the bior3.7, so this is the chosen one. 

It only has been shown the best four channels for the bior3.7, but it also presents results that 
overcome the 65%. 

FC1 77,41935484 

FC2 74,19354839 

C1 67,74193548 

CZ 70,96774194 

AF3 67,74193548 

F1 74,19354839 

F4 70,96774194 

Table 12. Channels for the bior3.7 

The electrodes are localized in the frontal  lobe, which is the region that, among other 
functions, is responsible for the attention functions; and in the parietal lobe. 
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The order of success of the seven used wavelets is the following (from the best to the worst): 

 
Table 13. Order of success 

The worst results corresponds to rbio1.3 and bior3.3, which are the wavelets with the lower 
order of the filter. The lower the filter is, the more frequencies are allowed by it.  

The  following table shows the different selected channels and the time where the peak is 
detected: 

 
Table 14. Channels and times 

The difference of the time that the peak appears is due to the order of the filter: the higher 
the order is, the later the peak will appear. 

This table contains the advantages and disadvantages comparing with each other: 

 
Table 15. Advantages and disadvantages 
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The ideal situation would be one wavelet with a high success and with the peak appearing  
as soon as it is possible.  

This is difficult to obtain because to get precision, we need one mother wavelet with a high 
order, but this situation makes that the peak is delayed. 

Although the chosen wavelet (bior3.7) shows the peak after 500 milliseconds, it does not 
mean that this delay represents any problem at the final application.  

The first thing is because the P300 appears between 0.3 and 0.6 milliseconds since the 
stimulus is detected.  

The second part is that, in order to ensure a good level decomposition , we have used 
samples until 2 seconds since the letter is illuminated. If the decomposition wasn´t 
conditioned by the number of samples, the sample frequency could be lower. 

The bior3.5,  rbio1.5 and DB9 don´t arrive at the established 80%, but their average is 
superior than 65, so the results are acceptable, although  they are not enough in this 
application. 

Following, it is presented the error of those mother wavelets that don´t arrive at the 
objective, being the theoretical value the 80%: 

 

 
Fig. 60. Error rbio1.3 respect 80% 
 

 
Fig. 61. Error rbio1.5 respect 80% 
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Fig. 62. Error bior3.5 respect 80% 

 

 
Fig. 63. Error bior3.9 respect 80% 

 

 
Fig. 64. Error bior3.3 respect 80% 
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Fig. 65. Error DB9 respect 80% 

The error is negative to indicate that the success doesn´t arrive at the established objective. It 
can be observed at bior3.9, where FC1 and FCZ overcome the 80% and the error (which is 
not an error in this case) is positive.  

Bior3.3 is the one which is the farthest, with two channels with a distance higher than the 
20%.  

On the contrary, the bior3.9 practically arrives at the 80%, because the error of  FZ and F2 is 
less than a 3%. 

The following figures show the Wavelet Transform for the word HAT, with the wavelet 
bior3.7.  

Letter H: column 2 and row 2: 

 
Fig. 66. Letter H, columns 
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Fig. 67. Letter H, rows 

Letter A: column 1 and row 1: 

 

 
 

Fig. 68. Letter A, columns 
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Fig. 69. Letter A, rows 

Letter T: column 1, row 2 

 

 

 

Fig. 70. Letter T, columns 
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Fig. 71. Letter T, rows 

6. Discussion 

The performed algorithm is intended to be integrated in an application where the temporal 
answer must be the minimum possible. Although it´s an initial study of the P300 after the 
Wavelet Transform, the method focus to the posterior real application, so, even existing 
methods and calculations that would improve the hit rate, they are not applied due to the 
time that it suppose.  

It is considerate as valid those results with a hit rate higher than an 80%. 

It has made only comparisons between the different rows and columns to know which ones 
differ more than the rest in its behavior. It considers as target row and target column the two 
ones which show more difference respect to the rest. 

It has been made entirely with the wavelets given by Matlab, being the bior3.7 the wavelet 
with best results. 

Using other statistical methods after the transformation, and also with a quadratic B-Sprow, 
it can obtain higher results [19], but it supposes employ more time in calculations. 

For the final application, it wouldn´t need a previous stage of training to difference between 
targets and non targets, because there has not been used any classifier. 

In this study it has been used the 64 channels to know in which ones of them exists higher 
difference between the P300b and the P300a, in order to chose the best four channels that 
will be used in the application. In many studies the occipital region shows higher hit rates 
[18], although it can also be appreciated some differences in the frontal part [20]. 
Nevertheless, in [4] they point that the P300 can appear in the parietal and temporal zone.  
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7. Future research  

There can differentiate three lines of actuation: 

1. Improve the success of the algorithm in order to be more reliable without increasing the 
time due to the calculations that it supposes. This could be possible, among other 
things, by making our own wavelet, so that the noise that the used wavelets add to the 
signal could be minimized. 

2. Use the algorithm in other applications where is necessary analyze signals in frequency 
bands, such as epilepsy problems. 

3. Use other methods to work with EEG signals, such as Matching Pursuit. 
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1. Introduction 

Wavelet theory is a natural extension of the Fourier transformation and its modified Short-
Term Fourier transformation (STFT). Over the years, wavelets developed independently in 
mathematics, quantum physics, electrical engineering, as well as in other areas of science. 
The result is their significant application in all branches of science. Due to its advantages 
over other techniques of signal processing, Wavelet Transform (WT) in recent years has 
attracted considerable attention in signal processing in medicine. The advantage of WT over 
the Fourier transformation is reflected in the time-frequency analysis (Daubechies, 1992; 
Mallat, 1998; Mertins, 1999; Vetterli & Kovacevic, 1995; Wang & Xu 2009). 

On the other hand, epilepsy is the second most prevalent neurological disorder in humans 
after stroke. It is characterized by recurring seizures in which abnormal electrical activity in 
the brain causes altered perception or behavior. As one of the world’s most common 
neurological diseases, it has affected more than 40 million people worldwide. Epilepsy’s 
hallmark symptom, seizure, is manifestations of epilepsy and can have a broad spectrum of 
debilitating medical and social consequences (Aylward, 2008; Lefter et al., 2010; McHugh & 
Delanty, 2008; Ngugi, 2011; Tong & Thacor, 2009). Although antiepileptic drugs have helped 
treat millions of patients, roughly a third of all patients are unresponsive to pharmacological 
intervention. An area of great interest is the development of devices that incorporate 
algorithms capable of detecting an early onset of seizures or even predicting the hours 
before seizures occur. This lead time will allow for new types of interventional treatment. 
Intention is, in the near future, that a patient’s seizure may be detected and aborted before 
physical manifestations begin (Latka et al., 2005; Saiz Díaz et al., 2007). 

Electroencephalogram (EEG) established itself in the past as an important means of 
identifying and analyzing epileptic seizure activity in humans. It serves as a valuable tool 
for clinicians and researchers to study the brain activity in a non-invasive manner. Careful 
analyses of the electroencephalograph (EEG) records can provide valuable insight into and 
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improved understanding of the mechanisms causing epileptic disorders. Detection of 
epileptiform discharges in the EEG is an important component in the diagnosis of epilepsy. 
In most cases, identification of the epileptic EEG signal is done manually by skilled 
professionals, who are small in number (Adeli et al., 2003; Patnaik & Manyamb, 2008; Wang 
& Xu 2009). The diagnosis of an abnormal activity of the brain functionality is a vital issue. 
The clinical interests (in EEG) are, for example, the sleep pattern analysis, cognitive task 
registration, seizure and epilepsy detection, and other states of the brain, both normal and 
pathophysiological (Asaduzzaman et al., 2010; Ernst et al., 2007; Leise & Harrington, 2011; 
Subasi et al., 2005) 

EEG signals involve a great deal of information about the function of the brain. But 
classification and evaluation of those signals are limited. Since there is no definitive criteria 
established by experts, visual analysis of EEG signals in time domain may be insufficient. 
The routine clinical diagnosis needs the analysis of EEG signals. Therefore, some 
automation and computer techniques are used for this aim. Recent applications of the WT 
and Neural Network (NN) to engineering-medical problems can be found in several studies 
that refer primarily to signal processing and classification in different medical areas.  Several 
authors used WT in different ways to analyze EEG signals and combined WT and NN in the 
process of classification (Adeli et al., 2007;  Guo et al., 2010; Leung et al., 2009; Mirowski et 
al., 2009; Subasi et al., 2005; Zandi et al., 2008). 

As EEG signals are non-stationary, the conventional method of frequency analysis is not 
highly successful in diagnostic classification (Subasi & Erçelebi, 2005). A few papers recently 
published have reported on the effectiveness of WT applied to the EEG signal for 
representing various aspects of non-stationary signals such as trends, discontinuities, and 
repeated patterns where other signal processing approaches fail or are not as effective (Adeli 
et al., 2003; Asaduzzaman et al., 2010; Guo et al., 2009; Lessa, 2011), but there are still some 
problems with classical EEG analysis and classification (Arab et al., 2010; Bauer et al., 2008; 
Oehler et al., 2009). It is important to emphasize the algorithm for classification of EEG 
signals based on WT and Patterns Recognize Techniques. Discrete Wavelet Transform 
(DWT) with the Multi-Resolution Analysis (MRA) is applied to decompose EEG signal at 
the resolution levels of the EEG signal components (δ, θ, α, β and γ), and Parseval’s theorem 
is employed to extract energy distribution percentage features of the EEG signal at different 
resolution levels. The neural network classifies those extracted features to identify the EEG 
type according to the energy distribution percentage. 

2. Energy distribution of the EEG signal components 

Some results of our previous research, shown in this chapter, were published recently 
(Omerhodzic et al., 2010), and the datasets were originally selected from the Epilepsy Center 
in Bonn, Germany, collected by Ralph Andrzejak (Andrzejak et al., 2001). The datasets we 
particularly used and denoted consisting of three groups of EEG signals, were basically 
extracted from both normal subjects and epileptic patients. The first group was recorded 
from healthy subject (A set), the second group was recorded prior to a seizure (steady state) 
from part of the brain of the patient with epilepsy syndrome (C set) and the third group (E 
set) was recorded from the patient with the epilepsy syndrome during the seizure. Each set 
contains 100 single channel EEG segments of 23.6-sec duration at a sampling rate of Fs = 
173.61 Hz. Set A consisted of segments taken from surface EEG recordings that were 



 
Energy Distribution of EEG Signal Components by Wavelet Transform 47 

obtained from five healthy volunteers using a standardized electrode placement. Set E only 
contained seizure activity. 

As is well known, the EEG signal contains a several spectral components. The magnitude of 
a human brain surface EEG signal is in the range of 10 to 100 μV. The frequency range of the 
EEG has a fuzzy lower and upper limit, but the most important frequencies from the 
physiological viewpoint lie in the range of 0.1 to 30 Hz. The standard EEG clinical bands are 
the delta (0.1 to 3.5 Hz), theta (4 to 7.5 Hz), alpha (8 to 13 Hz), and beta (14 to 30 Hz) bands. 
EEG signals with frequencies greater than 30 Hz are called gamma waves (Schiff et al., 1994; 
Tong & Thacor, 2009; Vetterli & Kovacevic, 1995). 

Generally, a wavelet is a function  2L R   with a zero average 

   0t dt



 .           (1) 

The Continuous Wavelet Transformation (CWT) of a EEG signal  x t  is defined as: 

   *1
( , )

t b
CWT x a b x t dt

aa
 





   
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where  t  is called the ‘mother wavelet’, the asterisk denotes complex conjugate, while a
and b  ,a b R  are scaling parameters, respectively (He & Starzyk, 2006; Mei et al., 2006;. 
Omerhodzic et al., 2010). The scale parameter a  determines the oscillatory frequency and 
the length of the wavelet, and the translation parameter b  determines its shifting position. 

In practise, the application of WT in engineering areas usually requires the discrete WT 
(DWT). The DWT is defined by using discrete values of the scaling parameter a and the 
translation parameter b . Adjustment: 0

ma a  and 0 0
mb nb a , we obtain the following 

   2
, 0 00

m m
m n t a a t nb    , 

where ,m n Z , and m  is indicating frequency localization and n  is indicating time 
localization. Generally, we can choose 0 2a  and 0 1b  . This choice will define a dyadic-
orthonormal WT and provide the basis for multi-resolution analysis (MRA).  

In MRA, any EEG signal  x t  can be completely decomposed in terms of approximations, 
provided by scaling functions  m t  (also called father wavelet) and the details, provided by 
the wavelets  m t . The scaling function is closely related with the low-pass filters (LPF), and 
the wavelet function is closely related with the high-pass filters (HPF). The decomposition of 
the signal starts by passing a signal through these filters. The approximations are the low-
frequency components of the time series or signal and the details are the high-frequency 
components of the signal. The signal passes through a HPF and a LPF. Then, the outputs from 
filters are decimated by 2 to obtain the detail coefficients and the approximation coefficients at 
level 1 (A1 and D1). The approximation coefficients are then sent to the second stage to repeat 
the procedure. Finally, the signal is decomposed at the expected level (Avdakovic et al., 2009, 
2010; Mallat, 1998; He & Starzyk, 2006; Mei et al., 2006). 
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The frequency band [Fm/2 : Fm] of each detail scale of the DWT is directly related to the 
sampling rate of the original signal, which is given by Fm= Fs/2l+1, where Fs is the sampling 
frequency, and l is the level of decomposition. In this study, the sampling time is 0.00576 sec 
or sampling frequency is 173.6 Hz of the EEG signals. The highest frequency that the signal 
could contain, from Nyquist’ theorem, would be Fs/2 i.e. 86.8 Hz. Frequency bands 
corresponding to five decomposition levels for wavelet Db4 used in this study, with 
sampling frequency of 173.6 Hz of EEG signals were listed in Table 1.  

 

Decomposed signals Frequency bands (Hz) Decomposition level 
D1 43.4-86.8 1 (noises) 
D2 21.7-43.4 2 (gama) 
D3 10.8-21.7 3 (beta) 
D4 5.40-10.8 4 (alpha) 
D5 2.70-5.40 5 (theta) 
A5 0.00-2.70 5 (delta) 

Table 1. Frequency bands corresponding to different decomposition levels. 

The Db4 transform has four wavelet and scaling function coefficients. The scaling function 
coefficients are: 

0 1 2 3
1 3 3 3 3 3 1 3

, , , .
4 2 4 2 4 2 4 2

h h h h
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The wavelet function coefficient values are: 

0 3 1 2 2 1 3 0, , ,g h g h g h g h       
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Below, based on Parseval’s theorem, the energy of EEG signal can be partitioned at different 
resolution levels. Mathematically this can be presented as: 
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where 1,......,i l  is the wavelet decomposition level from level 1 to level l. N is the number 
of the coefficients of detail or approximate at each decomposition level. iED is the energy of 
the detail at decomposition level i and lEA is the energy of the approximate at 
decomposition level l (Avdakovic et al., 2011; Jaffard et al., 2001; Mertins, 1999; Omerhodzic 
et al., 2008, 2011). Figure 1 shows the three signals from the analyzed database. 
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Fig. 1. The first EEG signal presents the EEG of a healthy patient, the second EEG signal 
presents the EEG of an epilepsy patient in steady state and the third EEG signal presents the 
EEG of an epilepsy patient during the seizure. 

It is obvious (Fig. 1) that the magnitudes of the EEG signal of a patient with epilepsy and 
during the seizure are much larger than those of the other two EEG signals. Also, 
components of the EEG signal (δ, θ, α, β and γ) of a patient with epilepsy and during the 
seizure have much larger magnitudes than the other two EEG signals. The magnitude of the 
EEG signals of the healthy patient and the EEG signals of the epilepsy patient in steady state 
have approximately the same values. The activity (magnitude) of the components of these 
two signals will be determined by using DWT. The activity of the components (δ, θ, α, β and 
γ) of the EEG signals of the healthy patient and EEG signals of the epilepsy patient in steady 
state (signals in Fig. 1), after DWT and MRA and the use of Db4 wavelet functions, are 
shown in Fig. 2. After MRA of signals from Fig. 1, physical characteristic components of 
EEG signals are identified. It is obvious that the magnitude of the EEG signals of the 
epilepsy patient in steady state in frequency ranges [21.7-43.4] Hz and [10.8-21.7] Hz (γ and 
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β waves) is much lower than the magnitude of the EEG signals of the healthy patient. The 
magnitudes of the signals in the frequency range [5.40-10.8] Hz (α waves) have roughly the 
same characteristics, while the magnitude of the EEG signal of the epilepsy patient in steady 
state in frequency ranges [2.70-5.40] Hz (θ wave) is much higher than the magnitude of the 
EEG signal of the healthy patient. The magnitude of the EEG signal of the epilepsy patient in 
steady state in the frequency range and [0.00-2.70] Hz (δ waves) has a higher magnitude 
than the EEG signal of the healthy patient. Energy distribution diagrams of EEG signals for 
different analysis cases are shown in Fig. 2. 
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Fig. 2. Identification of components of EEG signals and their activity.  

We could recognize different distribution of energy of the analyzed signals, which was 
generally quite similar for each group of EEG signals. The results showed that different 
groups of the analyzed signals (sets A, C and E) are obviously different in energy 
distribution of signals in the frequency bands of decomposition of EEG signals (Fig. 3).  
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a) 

 
b) 

 
c) 

Fig. 3. Energy distribution diagram (%) of a) A set - 100 EEG signals of a  healthy patient, b) 
C set - 100 EEG signals of an  epilepsy patient in steady state and c) E set - 100 EEG signals 
of an epilepsy patient during a seizure (Omerhodzic et al., 2010) 
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It was noted in the EEG signal of healthy subjects that energy activity in the frequency 
components of D3 and D4 (beta and alpha) waves was quite similar, and percentage of total 
energy value of the signal was around 20%. Energy activity in the frequency range D5 
component (theta wave) was slightly lower in intensity and  percentage of its value in total 
energy signal value was around 10%, while value percentage of  D2 (gamma wave) was 
approximately 5%. Noise was negligibly small (D1) while the value of the frequency 
components of A5 was about 45%, although for some samples it had a much higher value. 
Unlike the distribution of EEG signals of healthy subjects, energy distribution of the signal 
of patients with epilepsy syndrome was obviously different. In comparison with EEG 
signals of healthy subjects, D2, D3 and D4 components of EEG signals have a significantly 
lower percentage of total energy distribution than D5 and A5 signals. Energy distribution of 
EEG signals where epileptic seizure was registered was significantly different from the first 
two cases. Energy activity of D3, D4 and D5 components was dominant, while A5 
component was somewhat lower. 

3. Indicators of epilepsy based on WT 

EEG is the recording of electrical activity along the scalp of head, produced by the firing of 
neurons within the brain. It refers to the recording of the brain's spontaneous electrical 
activity over a short period of time, usually 20–40 minutes, as recorded from multiple 
electrodes placed on the scalp (Adeli et al., 2003; Niedermeyer & da Silva, 2004). In 
neurology, the main diagnostic application of EEG is in the case of epilepsy, as epileptic 
activity can create clear abnormalities on a standard EEG study (Abou-Khalil & Musilus, 
2006). Well-known causes of epilepsy may include: genetic disorders, traumatic brain injury, 
metabolic disturbances, alcohol or drug abuse, brain tumor, stroke, infection, and cortical 
malformations (dysplasia). Therefore, EEG activity always reflects the summation of the 
synchronous activity of thousands or millions of neurons that have similar spatial 
orientation. Because voltage fields fall off with the square of the distance, activity from deep 
sources is more difficult to detect than currents near the skull (Klein & Thorne, 2007). Scalp 
EEG activity shows oscillations at a variety of frequencies. Several of those oscillations have 
characteristic frequency ranges, spatial distributions, and are associated with the different 
states of brain functioning. These oscillations represent synchronized activity over a 
network of neurons. Daubechies wavelets are the most popular wavelets representing 
foundations of wavelet signal processing, and are used in numerous applications 
(Daubechies, 1992). Daubechies 4 (Db4) is selected because its smoothing feature was 
suitable for detecting changes of the EEG signals. 

In the context of a better understanding of the consequences of epilepsy, but also drawing 
some conclusions, which may indicate the development of the disease prior to the event, in 
the form of attack (seizure), a detailed analysis of A and C sets of EEG signals was carried 
out. Below, in the same way, using MRA and Db4 wavelet function, two sets of EEG signals 
(A set - 100 EEG signals of the healthy patient and C set - 100 EEG signals of the epilepsy 
patient in steady state) were partitioned at five resolution levels. Thereafter, the energy 
values of the components of the EEG signals were determined using Parseval’s theorem (Eq. 
3 and Eq. 4). Fig. 4 shows energy values of individual components of EEG signal for set A 
and set C respectively. 
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Fig. 4. Energy distribution diagram of EEG signals: comparison of A and C sets (A set - 100 
EEG signals of the healthy patient and C set - 100 EEG signals of the epilepsy patient in 
steady state). 

It may be noted that in the patients diagnosed with epilepsy, D2 component activity (γ 
waves) is quite low and on average it is by 58.26% lower than the EEG signals of the 
healthy patient. D3 activity component (β waves) was on average lower by 48.22%, while 
the activity of D4 component (α waves) was quite similar to the EEG signals of the healthy 
patient. The activity of D5 component (θ waves) was about 200% higher than the EEG 
signals of the healthy patient, and the activity of A5 components (δ waves) was on 
average higher approximately 77.32%. On average, the analyzed signals, the energy value 
of set C (epilepsy patients) was 82% higher than in set A (healthy subjects). However, it is 
possible to observe the different activities of individual components of the EEG signals for 
healthy and epilepsy patients, which indicates different physical processes. Weakening of 
or a decrease in magnitudes, over time, of some components of EEG signals (β and γ 
waves), or strengthening of or an increase in the magnitude of θ wave over time can be 
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reliable indicators of the development of epilepsy. This finding indicates that a timely 
analysis of energy values of the components of EEG signal, if made in the same patient at 
regular intervals, could lead to timely detection of the developing of disease before it 
manifests itself clinically. For a better insight into the results of an analysis of the 
minimum and maximum values of the components of EEG signals are used to establish 
thresholds (limits) of energy value where EEG signal is normal. Energy thresholds at 
different frequency bands (decomposition levels) based on the calculation of energy value 
of the EEG signals from A set and comparison with the results based on the calculation of 
energy value of the EEG signals from C set is presented in Table 2. Each of the 100 
analyzed EEG signals from C set had ‘punching’ at set thresholds of the decomposition 
level. Signals marked with N005 and N097 had values outside the limits at each level of 
decomposition. Ten (10) signals had values beyond the boundaries of just one level of 
decomposition, while 90 signals had energy values beyond the boundaries at two or more 
levels of decomposition. 

 
 

 A set C set 

Decomposition level 
Threshold (μV)2 No. of EEG signals 
min max < min > max total 

D2 [21.7-43.4] Hz 124.524 2.211.951 72 1 73 
D3 [10.8-21.7] Hz 406.110 2.871.387 60 3 63 
D4 [5.40-10.8] Hz 395.460 2.549.130 13 19 32 
D5 [2.70-5.40] Hz 240.620 1.872.889 0 58 58 
A5 [0.00-2.70] Hz 846.406 23.970.453 0 6 6 

Table 2. Energy thresholds at different frequency bands (decomposition levels) based on the 
calculation of the energy value of the EEG signals from A set and comparison with results 
based on the calculation of the energy value of EEG signals from C set. 

4. EEG signal classifier based on percentage of energy distribution 

The percentage of energy distribution can be used for classification of EEG signals. One of 
the common tools used for classification are Artificial Neural Networks (ANN). Details on 
the mathematical background of ANN can be found in many books and papers (Subasi & 
Erçelebi, 2005; Dreiseitl & Ohno-Machado, 2002; Basheer & Hajmeer, 2000; Chaudhuri & 
Bhattacharya, 2000). In the classifier based on percentage of energy distribution of EEG 
signals (Omerhodzic et al., 2010) the Feed-Forward Neural Network (FFNN) is used to 
classify different EEG signals. FFNN model was provided in Matlab. The algorithm 
structure is based on two stages: feature extraction stage (FES) and classification stage (CS). 
The input of CS is a pre-processed signal. In this case, EEG signal in the time domain is 
transformed into the wavelet domain before applying as input to CS. Based on the feature 
extraction, 6-dimensional feature sets (D1, D2, D3, D4, D5 and A5) for training and testing 
data were constructed. The dimensions here describe different features resulting from the 
WT, that is to say, the total size of training data or testing data set is 6×300. Considering the 
classification performance of this method, this input vector is applied as the input to the 
WNN structure. The training parameters and the structure of the WNN used in this study 
are shown in Table 3. 
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Architecture 
The Number of Layers 3 
The Number of Neuron on the 
Layers 

Input: 6, Hidden: 5, Output: 1 

The Initial Weights and Biases Random 
Activation Functions Tangent Sigmoid 
Training Parameters 
Learning Rule Levenberg–Marquardt Back-Propagation 
Mean-Squared Error 1E-01 

Table 3. NN Architecture and Training Parameters  

They were selected to obtain the best performance, after several different experiments, such 
as number of hidden layers, size of hidden layers, value of the moment constant and 
learning rate, and type of activation functions. Data for each experiment were selected 
randomly. Table 4 presents classification results of WNN algorithm where 250 data sets 
were used to train the NN model, and 50 data sets were used for the testing process. The 
system can correctly classify 47 of the 50 different EEG signals in the testing set, as shown in 
Table 4. The classified accuracy rate of EEG signals of the proposed approach was 94.0%. A 
hundred percent correct classification rates were obtained for normal EEG signals. 

 
 

Class Healthy Epilepsy Syndrome Seizure 
Accuracy 

[%] 
Healthy 16 0 0 100.0 

Epilepsy Syndrome 2 17 0 88.2 
Seizure 0 1 14 92.9 

Overall Success Rate 94.0 

Table 4. EEG classification results of WNN algorithm 

This approach presents relativly simple WNN classifier with high accuracy of EEG signal 
classification and could be compared with findings of other authors (Adeli et al., 2007; 
Ghosh-Dastidar et al., 2007). The DWT-based method proposed in this chapter was applied 
to three sets of EEG signals for identification of components of EEG signals and their 
activity. Frequency band of signal decomposition corresponded to the frequency range of 
individual components of EEG signal (gamma, beta, alpha, theta and delta). The results 
showed that different groups of the analyzed signals (sets A, C and E) are obviously 
different in energy distribution of signals in the frequency bands of decomposition of EEG 
signals.  

5. Conclusion 

WT, due to its advantages over the other techniques of analyzing and processing of signals, 
found its application in medicine. EEG signals provide important information for several 
types of neurological diseases. The presented methods for the analysis of EEG signal did not 
give at full capacity the necessary information that would help secure confirmation or 
exclusion of certain diseases (e.g. epilepsy). We believe that analysis of EEG signals using 
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WT can be a suitable method for precise and reliable identification of bioelectric state of the 
cerebral cortex, both in healthy patients and epilepsy patients in steady state. Finally, it can 
be quite a reliable indicator of epilepsy. The example of analysis of EEG signals presented 
here, using the discrete WT, allows identification of components of EEG signals and 
determines their energy value. Monitoring and analysis of the patient over a longer period 
of time can give us more information concerning the development of epilepsy. WT in 
combination with ANN allows implementation of quite a simple classifier based on energy 
distribution of the EEG signal components. Identification of activities of individual 
components of EEG signals, as well as the physicality of the processes that occur at the 
source of these waves, should be subject of the future research. 
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1. Introduction 

This work proposes a novel computer vision approach that processes video sequences of 
people walking and then recognizes those people by their gait. Human motion carries 
different information that can be analyzed in various ways. 

Gait can be defined by motor behavior consisting of integrated movements of the human 
body. It is a cyclical pattern of corporal movements that are indefinitely repeated every 
cycle. Gait analysis is very important in the medical field both for detecting and treating 
locomotion disorders. Historically, gait analysis was restricted to medical contexts, but now 
it has been extended to other applications, such as biometry. Research has proven that 
human beings have special and distinct ways of walking (Winter, 1991; Sarkar et al., 2005; 
Havasi et al., 2007; Boulgouris, 2007). Given this premise, a human being’s gait can be 
understood as an important biometric characteristic. Arantes and Gonzaga (Arantes & 
Gonzaga, 2010,2011) have proposed a new framework for gait recognition called Global 
Body Motion (GBM). This framework was developed as a fusion of four models of human 
movement. Each model was based on specific image segmentation of the human silhouette 
and extracted global information about tri-dimensional, bi-dimensional, boundary and 
skeleton motion. That work applied the Haar Wavelet Transform (WT) for image 
dimensionality reduction with reduced loss of movement information. However, they did 
not analyze which wavelet family could perform better, maintaining the discriminant 
information of the human body movement in spite of the image scale reduction. Wavelet 
Transforms can be seen as mechanisms to decompose or break signals into their constituent 
parts. Thus, you can analyze data in different frequency domains with the resolution of each 
component adjusted to their scale. In this chapter, we analyze several wavelet families, 
choosing the best one, where “best” is defined as the Wavelet Transform that maintains the 
movement information after scale reduction for each model (Arantes & Gonzaga, 2010,211).  

2. Objectives 

There are differences in the way each person walks, and these differences can be significant 
in terms of identifying an individual. In a video sequence with only one person walking, the 
movement of this person, even in images with a complex background, generates valuable 
data among the highly correlated frames. In this work, we assumed that a frame-by-frame 
video sequence of a person walking forms one class, where each frame is an element of this 
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class. Thus, our objective is to establish a methodology that can recognize a person from the 
way he/she walks. Movement of the human body can be interpreted in various ways using 
standard techniques of image processing. Our system obtains global information about the 
body’s movement as a whole, from four models of segmented video images of the human 
being, before merging the results into a single model that we call the GBM (Global Body 
Motion). This model should improve the rates of biometric recognition.  

In this work, we propose to determine the best family of wavelets that maintains the 
characteristics of human body movement in scale for each previously published model 
(SGW, SBW, SEW and SSW) (Arantes & Gonzaga, 2010,2011). Because each family of 
wavelets has distinct characteristics, applications of low-pass and high-pass filters will 
generate different discriminant features. For gait recognition improvements, we developed a 
fusion of human movement models using the framework proposed by Arantes and 
Gonzaga (Arantes & Gonzaga, 2010,2011), and the fusion model results will be compared 
with the previously published models to determine the best-suited model.  

The analyzed wavelets families in this work were as follows: 

 Haar: Is the simplest wavelet family. This wavelet has a linear phase, is discontinuous 
and equal to Daubechies 1. The wavelet also has only two filter coefficients, and thus, a 
long-range transition is guaranteed. The Haar wavelet function is represented by a 
square wave where soft signs are not well reconstructed. This wavelet is the only 
symmetric and orthogonal wavelet (Burrus et al., 1998). 

 Daubechies: Has a non-linear phase. The response to impulse is maximally flat. This 
wavelet is quite compact in time, but within the frequency domain, it has a high degree 
of spectrum superposition between scales (Burrus et al., 1998). These wavelets were the 
first to make discrete analysis practical. Ingrid Daubechies constructed these models 
with a maximum orthogonal relationship in the frequency response and half of the 
sampling rate, imposing a restriction on the amount of decay in a certain range, thereby 
obtaining a better resolution in the time domain; 2n filter coefficients are produced 
given the wavelet order, n (Burrus et al., 1998). 

 Symlets: Have a non-linear phase. The response to impulse is more symmetrical. This 
model was proposed by Daubechies as a modification to the family “dbN” because of 
its similar properties and the fact that it tends to be symmetric (Burrus et al., 1998). 

 Bi-Orthogonal: Has a linear phase. This family uses two wavelets: one for 
decomposition and another for reconstruction. The Bi-Orthogonal wavelet family has 
compact support and is symmetric (Burrus et al., 1998). 

3. Methodology 

The proposed framework is shown in Figure 1. The extracted features create independent 
models (SGW, SBW, SEW and SSW) of the global movement of the human body, and these 
are compared separately using distinct wavelet families. 

To eliminate the background and consequent segmentation of the movement, we have used 
the algorithm based on the Gaussian Mixture Model (GMM), originally proposed by 
Stauffer and Grimson (Staufer & Grimson, 1999) and modified by KaewTrakulpong and 
Bowden (KaewTraKulPong & Bowden, 2001).  
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Two types of images were generated by segmentation:  

The first image corresponds to the image in segmented movement in grayscale. This 
sequence is called Silhouette-Gray (SG).  

The second image is obtained from the binary mask generated by the GMM. This sequence 
is called Silhouette-Binary (SB). 

We have proposed four families with the goal of achieving scale reduction without 
significant loss of information. Each WT performance is tested, taking into account the 
previously proposed framework for gait recognition (Arantes & Gonzaga, 2010, 2011), 
which was studied only for the Haar family.  

The images of people walking are decomposed into four sub-bands with different 
information in terms of both content and detail. For each level of decomposition, four new 
images are generated, each with half the special resolution and scale. Each decomposition 
level outputs one image from the low-pass filtering stage and three images from the high-
pass filtering stage. The low-pass filter generates the approximation coefficient’s image, and 
the high pass-filter outputs the vertical, horizontal and diagonal details. The approximation 
coefficients contain information about the human body shape and grey-level variations, and 
the detail coefficients furnish information about the silhouette contour.  

Given that the original segmented image contains all the information about the global 
movement of the human body when walking and that this information does not change 
significantly with scale, the four families of wavelets are applied at two levels for each of the 
segmented sequences. 

 

 
Fig. 1. Outline of the proposed framework for gait recognition. 
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3.1 Scale reduction 

The SG sequence, after applying WT, generates the SGW sequence. The SB sequence, also 
after applying WT, generates the SBW sequence. The segmented sequences, which 
constitute each class of subjects, represent the output as images of 31 x 60 pixels with the 
subject walking in the center of each frame. The scale reduction is basic in terms of reducing 
the amount of data without decreasing the amount of global information contained in the 
movement, thereby optimizing the computational effort of the recognition. Thus, the 
representation of two models of human gait is obtained: SGW and SBW models. The SGW 
model is derived from the SG sequence, after application at two levels of WT and SBW is 
generated from the SB sequence, also after WT. 

Scale reduction is performed for the four wavelet families: Haar, Symlets second-order, 
Daubechies second-order and Bi-Orthogonal 1.1 and 1.3. Thus, there are five databases for 
SGW and SBW, one for each order wavelet family. 
 

 
Fig. 2. Wavelet second-level decomposition using Bi-Orthogonal family. 

The Figure 2(a) shows the original image size of 124 x 240 pixels. Figure 2(b) shows the 
second level of wavelet decomposition, broken down into four components: low frequency 
coefficient (approximation coefficient’s image) and the coefficients with horizontal, vertical 
and diagonal details, respectively. At this stage, the size of the generated image is 31 x 60 
pixels. This figure represents the WT Bi-Orthogonal. The same process is applied to the 
other wavelet families considered in this work. 

3.2 Movement of the contour and the skeleton 

Aiming to capture the global variations of the movement of the human body contained only 
in the contour of the silhouette, we used the horizontal, vertical and diagonal details 
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generated by the WT. We applied the algorithm proposed by Lam (Lam et al., 1992) for the 
silhouette skeletonization. This procedure generates the skeleton sequence class of global 
movements called SSW (Arantes & Gonzaga, 2010, 2011). We generated five complete 
models for each wavelet family: 

SGW Model – Silhouette-Gray-Wavelet: each class is represented by a grayscale silhouette 
sequence using the WT applied to moving objects segmented by GMM. The SGW model has 
information about the three-dimensional global movement of the human gait grayscale 
variations, but it can be quite sensitive to variations in light. 

SBW Model – Silhouette-Binary-Wavelet: each class is represented by a sequence of binary 
silhouettes generated using the WT, applied to moving objects and segmented by GMM. 
The SBW Model provides information about the two-dimensional global movement of the 
silhouette of the human body while walking. The SBW Model reduces the sensitivity to the 
variation of light, but the clothes remain a variable that can negatively impact system 
performance. 

SEW Model – Silhouette-Edge-Wavelet: each class is represented by a sequence of 
silhouettes of images of edges obtained from the horizontal, vertical and diagonal 
coefficients of WT. The SEW model carries information about the global behaviors of the 
contours while walking. The SEW model is even less sensitive to light variations than the 
SBW model. However, the contour is insufficient for satisfactory recognition. 

SSW Model – Silhouette-Skeleton-Wavelet: each class is represented by a sequence of 
skeleton silhouettes obtained from the SBW method. The SSW model contains information 
about the global movement of joints of the human body and how they behave while 
walking. 

3.3 Feature extraction – EigenGait 

The EigenGait captures the temporal features (or temporal differences) of the human gait 
among the frames within each class and projects these features in a prototype vector.  

Because each frame sequence represents a corresponding class of a person walking, the 
intra-class variance is small, and the inter-class variance is large. Therefore, the PCA 
(Principal Component Analysis) technique is used to extract relevant characteristics for 
recognition. The PCA technique is applied to all frames of all classes belonging to the four 
models (SGW, SBW, SEW and SSW) for the wavelet families with the best individual result 
for gait recognition. 

The data dimensionality is also reduced in relation to the original variables, but maintains 
the relevant information. The main extracted characteristic is the feature vector that will be 
used for silhouette classification in its respective class. 

3.4 Fusion 

Different motion representation options carry distinct information about human body 
movement and silhouettes. Aside from being vulnerable in different situations (presence of 
shadows, change lighting, changes in dress, etc.), the proposed fusion model can add both 
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static (for the SGW, SBW and SEW models) and dynamic characteristics of the movement 
(for the SSW model). 

The proposed fusion approach assumes that the output of each model (SGW, SBW, SEW 
and SSW), trained individually with different wavelet families, yields a similarity score 
between each frame and the classes to be classified. This score similarity is obtained through 
the Nearest Neighbor (NN) classifier. Thus, we obtain the percentage of the correct answer 
for each model individually in each wavelet family. The model representation of the 
individual gait that yields a better performance will have a greater weight in the frame 
classification decision. 

The following steps can describe the algorithm: 

1. Calculate the similarity between each jth frame belonging to the test set and EigenGait of 
each class c, of model i, given by equation 1: 

  ,
i
j c j cS Min frame EigenGait                (1) 

where  
,

i
j cS is the smallest Euclidean distance between each jth frame and the EigenGait of 

each class c for each model i, with i varying from 1 to 4 (SGW, SBW, SEW and SSW). The 
frame will be classified in the class such that the mean distance is minimized. 

2. Calculate the average precision of correct answer for each model i, given by equation 2: 

  i
i

i
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   (2) 

where TPi is the number of correctly classified frames (true positives) of the model i, and TGi 
is the total number of samples of the test set of model i.  

3. Calculate the fusion score ( ,j c ) between the jth frame and class c, given by equation 3: 
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3.5 Materials 

We have used the “Gait Database” of the National Laboratory of Pattern Recognition 
(NLPR) from the Institute of Automation at the Chinese Academy of Science (CASIA, 2010) 
in this work. These images were generated outside in an environment with natural light. 
The images include three views: side, oblique and front (0o, 45o and 90o).  

Each class has three views and four sequences per view (two sequences walking from the 
left to the right and two sequences walking from the right to the left). These are numbered 
sequence 1, sequence 2, sequence 3 and sequence 4 with the following respective directions: 
right-left, left-right, right-left and left-right. Each variation of angles in each of the four 
sequences is illustrated in Figure 3. 

The sequences of videos were assembled from the available images. Altogether, 20 classes 
were obtained with 240 video sequences and 8,400 frames. 
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Fig. 3. Samples of frames from the Gait Database with angle variations of 0o, 90o and 45o 
(CASIA, 2010). 

3.6 Evaluation methods 

To evaluate the Wavelet Transform performance for human gait recognition in this 
framework, independent tests were carried out for each type of sequence (SGW, SBW, SEW 
and SSW) of each wavelet family. The results for each wavelet family were analyzed, taking 
into account the False Acceptance Rate (FAR) and False Rejection Rate (FRR).  

Each image of each frame was projected into a PCA sub-space and compared with the 
EigenGait prototype of each class. For each experiment, confusion matrices were generated, 
and the FAR and FRR rates were calculated for each class. We used the Feret protocol 
(Philips et al., 2000) with the leave-one-out cross-validation rule for evaluation of the results. 
After computing the similarity between the test sample and the training set, the nearest 
neighbor (NN) was applied to the classification.  

To evaluate the performance of the GBM model with the Gait Database for each wavelet 
family and each type of sequence (SGW, SBW, SEW and SSW), four independent 
experiments were carried out. In each of these sequences, the direction of the movement 
of the subject was restricted to angles 0o, 45o and 90o. For each direction of movement 
(angle), we used four sequences of frames for twenty different subjects. For these 
experiments, the number of elements in each class is the sum of the frames of the 
individual sequences.  

For the combination of four sequences, 144 elements of the class were used. For one test, we 
have used the combination of four directions of movement.  

These are the combinations of sequences: 

 Angle 0o, four sequences; 
 Angle 45o, four sequences; 
 Angle 90o, four sequences; and 
 Angles 0o, 45o and 90o, two sequences from left-right and right-left of each angle. 

The correct answer from each model is used as the weight in the weighted mean for the 
fusion process. 

4. Results 

Table 1 shows the percentages of matches with their respective FAR and FRR for the SGW 
model. 
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SGW Model 
Wavelet Family Angle Match % FAR% FRR% 

Haar 

0o 

70.5 5.9 29.5 
Daubechies  69.8 5.3 30.2 
Symlets  71.1 5.07 28.9 
Bi-Orthogonal 1.1 70.4 5.2 29.6 
Bi-Orthogonal 1.3 75.8 4.25 24.2 
Haar 

45o 

55.0 7.9 45.0 
Daubechies  62.8 6.5 37.2 
Symlets  71.6 5.0 28.4 
Bi-Orthogonal 1.1 73.4 4.7 26.6 
Bi-Orthogonal 1.3  81.2 3.3 18.8 
Haar 

90o 

60.2 6.9 39.8 
Daubechies  65.8 6.0 34.2 
Symlets  74.8 4.4 25.2 
Bi-Orthogonal 1.1 80.5 3.4 19.5 
Bi-Orthogonal 1.3 83.7 2.9 16.5 
Haar 

0o, 45o and 90o 

47.9 9.1 52.1 
Daubechies  51.2 8.8 50.7 
Symlets  65.4 6.0 34.6 
Bi-Orthogonal 1.1 67.3 5.7 32.7 
Bi-Orthogonal 1.3 69.4 5.3 30.6 

Table 1. Percentages of matches with their respective FAR and FRR rates for the SGW 
model. 

Analyzing the results obtained for the SGW model, angle 0o, the percentage of correct 
answers for each wavelet family is very similar. Though the SGW model carries more 
information about the human silhouette than the other models, the type of wavelet should 
not interfere in the classification model. In light of these results, the difference in the 
classification is determined by the camera angle in relation to the walker. For the 45o and 90o 
angles, the best hit rate is for the Bi-Orthogonal 1.3 WT. 

For the test in which the three angles are used together to form a single base, the wavelet 
family that best extracts the coefficients of low frequency (approximation image) and the 
details of the high-pass filtering is the Bi-Orthogonal 1.3. This fact implies that the Bi-
Orthogonal 1.3 WT captured more information on the global movement of the object. 
Another detail to consider is the low False Acceptance Rate (FAR) in the Bi-Orthogonal 
wavelet family. Table 2 shows the percentages of matches with their respective FAR and 
FRR considering the SBW model. 

The SBW model carries global information of human motion contained in the binary images 
resulting from the coefficient approximation of the transformed wavelet. For this model, the 
original proposal [5] suggested the Haar WT would have the best rate of correct 
classifications. Our results for the Haar WT show 69.7% accuracy at an angle of 0°. However, 
other wavelet families performed better than the Haar WT. 
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SBW Model 
Wavelet Family Angle Match % FAR% FRR% 

Haar 

0o 

69.7 5.3 30.3 
Daubechies  72.1 4.9 27.9 
Symlets  73.2 4.7 26.8 
Bi-Orthogonal 1.1 68.8 5.5 31.2 
Bi-Orthogonal 1.3 73.4 4.7 26.6 
Haar 

45o 

48.4 9.0 51.6 
Daubechies  61.3 6.8 38.7 
Symlets  64.4 6.3 35.6 
Bi-Orthogonal 1.1 61.8 6.7 38.2 
Bi-Orthogonal 1.3 71.6 2.2 28.4 
Haar 

90o 

53.8 8.1 46.2 
Daubechies  54.7 7.9 45.3 
Symlets  55.1 7.9 44.9 
Bi-Orthogonal 1.1 50.3 8.7 49.7 
Bi-Orthogonal 1.3 74.5 4.5 25.5 
Haar 

0o, 45o and 90o 

 

45.3 9.6 54.7 
Daubechies  54.3 9.1 52.1 
Symlets  56.2 9.1 51.9 
Bi-Orthogonal 1.1 57.4 9.7 55.3 
Bi-Orthogonal 1.3 61.4 8.5 48.7 

Table 2. Percentages of matches with their respective FAR and FRR rates for the SBW  
model. 

When the amount of information present in the image is reduced, we can infer that the 
length of the wavelet filter has a very important role. The Bi-Orthogonal wavelet has the 
low-pass filter of length 6, which causes the detail level obtained for this family to be much 
larger than that of the Haar family. Because the images of the model are derived from SBW 
low-pass filtering, a higher level of detail is obtained, resulting in a better image. For an 
angle of 0o, Symlets and Bi-Orthogonal wavelets provided equivalent results. For the other 
angles, the best performance occurs with the Bi-Orthogonal family. FAR for this family are 
also lower than that of WT Haar and Daubechies. Table 3 shows the percentages of matches 
with their respective FAR and FRR for the SEW model. 

The SEW model carries information about the global movement related to the human 
contours of the silhouettes. The SEW model is generated from coefficients with horizontal, 
vertical and diagonal details. The best performance for this model is with the Bi-Orthogonal 
wavelet at an angle of 90°. Table 4 shows the percentages of matches with their respective 
FAR and FRR considering the SSW model. 

The SSW model carries the global information about movement of the body’s joints. This 
model provides the least amount of information about the movement. Nevertheless, its rate 
of correct classifications using the families of Symlet and Bi-Orthogonal wavelets is good 
and far exceeds that of the Haar wavelet. 
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SEW Model 
Wavelet Family Angle Match % FAR% FRR% 

Haar 

0o 

52.1 8.4 47.9 
Daubechies  72.8 4.8 27.2 
Symlets  71.5 5.0 28.5 
Bi-Orthogonal 1.1 53.6 8.1 46.4 
Bi-Orthogonal 1.3 74.8 4.4 25.2 
Haar 

45o 

54.6 8.0 45.4 
Daubechies  68.5 8.0 31.5 
Symlets  70.7 5.5 29.3 
Bi-Orthogonal 1.1 68.4 5.1 31.6 
Bi-Orthogonal 1.3 70.8 5.6 29.2 
Haar 

90o 

58.3 5.1 41.7 
Daubechies  65.8 7.3 34.2 
Symlets  68.3 6.0 31.7 
Bi-Orthogonal 1.1 71.3 5.6 28.7 
Bi-Orthogonal 1.3 80.3 5.1 19.7 
Haar 

0o, 45o and 90o 

45.3 3.4 54.7 
Daubechies  56.2 9.6 43.8 
Symlets  57.3 7.7 42.7 
Bi-Orthogonal 1.1 60.1 7.5 39.9 
Bi-Orthogonal 1.3 62.7 7.0 37.3 

Table 3. Percentages of matches with their respective FAR and FRR rates for the SEW  
model. 

Analyzing the overall performance of the wavelet families, WT Bi-Orthogonal maintains 
good performance regardless of the type of movement or angle used. A Haar WT, for this 
study, is very susceptible to the motion model and the steering angle of the walker. 

The average of the correct answers of each wavelet in each model is used to calculate the 
weighted mean within the fusion schema. The Feret protocol (Philips et al., 2000) is used to 
evaluate the results. The statistical performance of this method is reported as the CMS 
(Cumulative Match Score), which is defined as the cumulative probability of a correct 
classification of a test object within the top k hits. 

The CMS curves in Figure 4 were obtained through the fusion of the SGW, SBW, SEW and 
SSW models. The models used in the fusion process were those that achieved the best 
results for the analyzed wavelet families. 

The CMS curves in Figure 5 were obtained through the fusion of the SGW, SBW, SEW and 
SSW models, using the combination of the three views with two sequences each. 

4.1 Comparative results 

The results from the GBM model for this angle were compared with the results obtained 
from the previous work of Arantes and Gonzaga (Arantes & Gonzaga, 2010,2011). Four 
combined sequences were used, for angles 0o, 45o and 90o, as in the previous publication. 
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SSW Model 
Wavelet Family Angle Match % FAR% FRR% 

Haar 

0o 

49.6 8.8 50.4 
Daubechies  51.3 8.5 48.7 
Symlets  60.3 7.0 39.7 
Bi-Orthogonal 1.1 56.8 7.6 43.2 
Bi-Orthogonal 1.3 63.2 6.5 36.8 
Haar 

45o 

42.7 10.0 57.3 
Daubechies  50.3 8.7 49.7 
Symlets  60.2 10.1 39.8 
Bi-Orthogonal 1.1 59.4 8.7 40.6 
Bi-Orthogonal 1.3 61.8 7.0 38.2 
Haar 

90o 

52.5 7.1 47.5 
Daubechies  56.3 6.7 43.7 
Symlets  62.7 8.3 37.3 
Bi-Orthogonal 1.1 63.7 7.7 36.3 
Bi-Orthogonal 1.3 78.4 6.6 21.6 
Haar 

0o, 45o and 90o 

42.7 6.3 57.3 
Daubechies  45.8 3.8 54.2 
Symlets  50.2 10.0 49.8 
Bi-Orthogonal 1.1 56.8 9.5 43.2 
Bi-Orthogonal 1.3 61.7 8.7 38.3 

Table 4. Percentages of matches with their respective FAR and FRR rates for the SSW model. 

0 2 4 6 8 10 12 14 16 18 20
90

91

92

93

94

95

96

97

98

99

100

Rank

C
um

ul
at

iv
e 

M
at

ch
 S

co
re

 

 

Angle 0
Angle 45
Angle 90

 
Fig. 4. CMS curves after fusion by combining the four sequences of walking.  
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Fig. 5. CMS curves after fusion by combining two walking sequences and the combination of 
the three views. 

In table 5, the best results for the correct answer are presented based on the CMS. The CMS 
ranks vary among 1, 5 and 10 at an angle of 0o. For this angle, the best results were obtained 
for the families of Symlets and Bi-Orthogonal wavelets.  

Table 6 shows the best results for the correct answer, based on the CMS. The CMS ranks 
vary among 1, 5 and 10 at an angle of 45o. For this angle, the best results were obtained for 
the families of Symlets and Bi-Orthogonal wavelets.  

 
 

Angle Model Method Rank 
1 5 10 

 
 
 
0o 

SGW Symlets 91.8 99.0 100.0 
SBW Symlets 90.7 99.3 100.0 
SEW Bi-Orthogonal 1.3 85.5 94.7 99.7 
SSW Bi-Orthogonal 1.3 80.8 92.8 97.5 
GBM 
Fusion 

 99.1 99.8 100 

SGW  GBM (Arantes & Gonzaga, 2011)  90.9 99.0 100 
SBW GBM (Arantes & Gonzaga, 2011) 88.0 98.7 99.9 
SEW GBM (Arantes & Gonzaga, 2011) 78.8 94.2 97.9 
SSW GBM (Arantes & Gonzaga, 2011) 54.2 67.2 73.9 
GBM 
Fusion 

GBM (Arantes & Gonzaga, 2011) 97.1 99.4 100 

Table 5. Comparative table of the GBM model – angle 0o. 
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Angle Model Wavelet Family 
Rank 

1 5 10 
 
 

45o 

SGW Symlets 97.8 99.0 100 
SBW Bi-Orthogonal 1.3 95.3 97.7 99.1 
SEW Bi-Orthogonal 1.3 90.6 96.5 98.7 
SSW Bi-Orthogonal 1.3 88.3 92.8 97.9 
GBM 

Fusion 
 98.9 99.6 100 

SGW GBM (Arantes & Gonzaga, 
2011) 

96.7 99.9 100 

SBW GBM (Arantes & Gonzaga, 
2011) 

92.4 99.9 100 

SEW GBM (Arantes & Gonzaga, 
2011) 

80.4 95.2 08.8 

SSW GBM (Arantes & Gonzaga, 
2011) 

50.3 82.6 90.0 

GBM 
Fusion 

GBM (Arantes & Gonzaga, 
2011) 

97.4 99.6 100 

Table 6. Comparative table of the GBM model – angle 45o. 

Table 7 shows the best results for the correct answer, based on the CMS. The CMS ranks 
vary among 1, 5 and 10 at an angle of 90o. For this angle, the best results were obtained for 
the families of Haar and Bi-Orthogonal wavelets.  

 

Angle Model Wavelet Family 
Rank 

1 5 10 

 
 

90o 

SGW Haar 99.9 99.9 100 
SBW Haar 99.6 99.8 100 
SEW Bi-Orthogonal 1.3 98.1 99.4 100 
SSW Bi-Orthogonal 1.3 90.8 98.5 99.1 

GBM Fusion  99.9 100 100 

 SGW GBM (Arantes & 
Gonzaga, 2011) 

99.9 100 100 

 SBW GBM (Arantes & 
Gonzaga, 2011) 

99.4 99.9 100 

 SEW GBM (Arantes & 
Gonzaga, 2011) 

95.6 98.5 100 

 SSW GBM (Arantes & 
Gonzaga, 2011) 

72.8 82.2 91.7 

 GBM Fusion GBM (Arantes & 
Gonzaga, 2011) 

99.9 100 100 

Table 7. Comparative table of the GBM model – angle 45o. 
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In table 8, the best results for the correct answer are presented, based on the CMS. The CMS 
ranks vary among 1, 5 and 10 for the combination of angles at 0o, 45o and 90o. Two combined 
sequences were used for each angle: right-left and left-right. For this combination, the best 
results were obtained for the families of Symlets and Bi-Orthogonal wavelets. 

 

Angle Model Wavelet Family 
Rank 

1 5 10 

0o 
45o 

90o 

 

SGW Bi-Orthogonal 1.3 78.4 89.1 99.4 
SBW Bi-Orthogonal 1.3 74.9 96.3 99.6 
SEW Symlets 71.0 86.3 94.9 
SSW Symlets 70.5 84.9 96.1 
GBM Fusion  90.7 98.6 99.9 

Table 8. CMS best rates for angles 0o, 45o and 90o. 

5. Conclusions 

To evaluate the Wavelet Transform performance for human gait recognition in the proposed 
framework, independent tests were carried out for each type of sequence (SGW, SBW, SEW 
and SSW) for each wavelet family. The results for each wavelet family were analyzed, taking 
into account the FAR and FRR. Each image of each frame was projected into a PCA sub-
space and compared with the EigenGait prototype of each class. For each experiment, the 
confusion matrices were generated and the FARs and FRRs were calculated for each class. 
The Feret protocol (Philips et al., 2000) with a leave-one-out cross-validation rule was used 
to evaluate the results. The fusion process, carried out with the best performance wavelet 
family, is compared with the original GBM (Arantes & Gonzaga, 2010,2011). 

For the SGW model, at an angle of 0°, the average hit rate is similar for each of the wavelet 
families analyzed. The best rate of correct classifications is for WT Bi-Orthogonal 1.3, and 
the difference in the hit rate over Haar WT is 5.3%. The Daubechies WT, with second-order, 
obtained a lower rate of correct classifications. The SGW model carries the most information; 
however, it is also the model that is the most sensitive to interference from the external 
environment. 

For the 45° and 90° angles, considering the SGW model, the Haar WT had the lowest rate of 
correct classifications in relation to other models. The Bi-Orthogonal 1.3 WT obtained 81.2% 
of corrected matches for the average angle of 45° and 83.7% for the angle of 90°. For these 
angles, the best choice is the Bi-Orthogonal family. This improvement in the hit rate can be 
attributed to many details that the family can capture with Bi-Orthogonal WT when 
compared with Haar WT. 

The SBW model carries global information about human movement, present in binary 
images. For the three views in this model, there was an increase in the hit rate of 
approximately 23%, in the best case. 

For the 45o angle, the Haar WT obtained a FRR higher than the rate of correct answers. 
When all the views are combined into a single base, the WT Bi-Orthogonal 1.3, also 
performs well. 
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The SEW model is obtained from the horizontal, vertical and diagonal coefficients generated 
from the WT implementation. This model carries fewer details compared with the SGW and 
SBW models. Thus, the greater the number of details that the WT can capture the better is 
the model performance. The match score is similar for Symlets and Daubechies families; this 
may be due to the fact that these families have the same length filter. 

The SSW model provides the global information of the human movement contained in the 
skeleton of the body. The SSW model carries an even smaller number of details in relation to 
the other models, but they are less susceptible to changes in the external environment. The 
best results for the average hit rate are for the Bi-Orthogonal Wavelets 1.3 and Symlets. 

The highest rates of correct classifications are chosen as the weights in the fusion process. 
Therefore, rates are chosen from the Bi-Orthogonal 1.3 family. This led to better 
performance in the system, which can be observed in the CMS curves. The amount of detail 
that each wavelet family captures is closely related to the system performance. 
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1. Introduction  

At present, breast cancer is one of the major threaten diseases for female(Xu & Tang, 1996). 
Microwave breast tumor detection will be the future development direction of clinical 
diagnostic, as a safe, mobile and cost-effective method, and the hotspot of breast cancer non-
invasive diagnosis for decades. Unlike traditional diagnostic method of soft X-ray 
mammography imaging, microwave near-field tomography is a safe method of imaging 
diagnosis of breast tumor which is very low damage when detect on the human body. From 
the perspective of breast tumors medical imaging diagnosis, it is required for the target 
location on the contour (line) information or hierarchical information. The imaging 
information of medical diagnosis of mammary tumor in early stage bases on the great 
different between the dielectric properties of the normal breast tissues and the malignant 
ones. Therefore, when the electromagnetic wave enters the malignant tumor tissues from the 
normal mammary tissues, it will interact with the media (for example, absorption, 
dispersion, emission, etc.), and then the electromagnetic wave transmission path is changed. 
The electric-field intensity and the magnetic field strength is enhanced in certain regions, 
while is weakened in other regions. Based on this characteristic, mammary gland tumors 
can be detected by surveying the electrical field which is produced by the reflection and the 
scattering generated by near-field microwave. This method can facilitate the early discovery 
of cancer, early identification of treatment programs and achieve early medical imaging 
diagnosis of breast cancer. The signals obtained by Breast Tumor Microwave Sensor System 
(BRATUMASS) are non-linear and non-steady. So the analysis of the detected signals is 
significantly important for detecting and diagnosing of the early-stage breast tumor. Delays 
of backscattering in cancerous tissue surfaces are different, for the dissimilar possible 
location of the cancerous tissue and the different distance from detecting point to cancerous 
tissue. The different delays can make the equivalent frequency emerge in anywhere of the 
effective frequency range of system. Moreover, backscattering occurs in other tissues 
surface. These aspects increase the frequency component and the difficulties of analysis. Fig. 
1 shows the typical signal obtained from one detecting point. 
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Fig. 1. Typical signal obtained from one detecting point. X-coordinate is the number of data, 
Y-coordinate is voltage, unit V. sampling interval is 0.002 s and sampling depth is 3000 

2. The principle of detection system 

Breast tumor microwave sensor system (BRATUMASS) consists of RF transceiver module, 
zero intermediate frequency (zero-IF) mixer. In the transmission, we use slot step frequency 
modulation method. In the receiver, we sample from zero IF output. In detection process, 
we arrayed the transceiver (R/T) antenna testing points around the test region and each 
sounding point of surface-wave (sagittal). There are 12 or 16 detection points of antenna 
devices, during the real detection process. The area enclosed by circular dashed line is the 
detected region. Figure 2 shows the block diagram of BRATUMASS. 

 

 
Fig. 2. Block diagram of BRATUMASS 

For the large difference of dielectric properties between breast tissue and malignant tumor 
tissue, scattering will be happened in the interface of breast tissue and malignant tumor 
tissue. Figure 3 shows the relationship of reflection and transmission at the two different 
mediums interface. Where Pi is incident power, Pr is reflected power, Pt is transmitted 
power. 

In two non-magnetic medium interface, the relationship between reflection coefficient Γi,j 
and dielectric properties ε1, ε2 is: 
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The ratio of incident power to reflected power is: 
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In each detecting, the location of the target and the transceiver are relatively fixed, so the 
frequency components of low-frequency signal output by zero-IF mixer are relatively fixed 
too. Extracted the power spectrum of zero-IF output low-frequency signal to decide the 
target corresponding reflection coefficient.(Fourier diffraction relationship) 

 
Fig. 3. Reflection and transmission of an microwave wave at the two different mediums 
interface. Pi = incident power, Pr = reflected power, Pt = transmitted power. 

The collection reflection coefficient ,i j  for the N layer media is: 
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Using our device parameters (transmitting frequency is 1.575 GHz and bandwidth is 200 
MHz ) to compute the parameter, we obtain dielectric properties , reflection coefficient and 
conductivity of the breast tissue as shown in table 1. 
 

 
Dielectric properties 

εr 
Reflection 

coefficient Γ 
Conductivity 
σ (S/m) 

skin 36  2.64 
normal breast tissue 10  0.24 

malignant tumor 
tissue 

50 0.49 2.8 

mammary duct 11~14 0.2018~0.49 0.45 
vascular  0.15~0.2018  

Table 1. Dielectric properties of typical breast tissues in 1.575GHz 
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The bandwidth of slot step frequency modulation emission signal is 200MHz, transmitting 
frequency 1.575GHz, scanning period 1ms. As shown in Figure 4(a), the real line stands for 
the transmitting signal and the dashed line for the theoretical receiving signal. The 
frequency of the scanning signal rises step by step. Figure 4(b) shows the zero-IF signal 
output from the mixer. IF contains the information for breast tumor location. The 
transmitting signal reaches the receiving antenna and mixer after being reflected by breast 
tumor, while the other part directly gets to the mixer through transmitting antenna coupling 
networks. The course difference of two parts, which can be deduced from zero-IF, the 
output of the mixer, is used to determine the distance between the antenna and the tumor. 

 
Fig. 4. Slot step frequency modulation signal.  
(a) Real line stands for the transmitting signal, dashed line for the theoretical receiving 
signal (frequency --time)  
(b) Zero-IF signal output (frequency --time) 

Consider wave equation of the scattering field us(r): 

  2 2 2( ) ( ) ( ) ( )sk u r k f r u r     (4)  

Where, u(r) is the wave function of incident wave, k is the wave number, and f(r) is the 
characteristic function of space scattering. The right of the equation is the source function of 
homogeneous medium in the spread of the scattering field us(r) with wave number k. this 
type equation solving can use Green’s function. Considering the two-dimensional situation, 
the source of the radiation field of free space is located in the r0 = (x0, y0), Green’s function is 
given by:  
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Where, H0 is the first zero-order Hankel function (that is the third type of Bessel function). 
By the principle of superposition, we can obtain the scattered field: 
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ik
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Where S is the arbitrary area of surrounded objects cross-section in (x,y) plane. Also has: 
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In this equation, u(r) includes us(r), so we can only obtain approximate solution. In the first-
order Born approximation, scattering is weak, and we can use the incident field to instead of 
the total field. Then we can get: 
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When the detector is located in y = l, the detector receiving scattering field is: 
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Its also can be written as follows:  
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Us(ω) is the Fourier transform of one-dimensional function us(x, l) for the variable x, then:  
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F(ω1, ω2) is the Fourier transform of the space characteristics function f(x, y). When ω1 and ω2 
satisfied the relationship: 

 2 2
2 1k k    , (13) 

we can obtain the one-dimensional Fourier transform Us(ω, ·) of scattering measured data 
after properly weighted. 
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3. Description and mathematical model 

We can obtain the sagittal distribution of the breast tissues dielectric properties from 
receiving signal. The sagittal distribution of the dielectric properties refers to the 
accumulated value of the dielectric properties along the arc circle whose center is the 
antenna. The sagittal of the arc circle varies from 0 to D, where D is the diameter of the 
target region. We have known the values of the dielectric properties along each arc circle. In 
the detection model, there are totally 12 or 16 antennas. For each antenna, the value of the 
dielectric properties along the arc circle can be calculated by the signal received from 
detection system. Now the problem is how to deduce the dielectric properties value of each 
point by the sagittal distribution. 

As shown in Figure 5, dash-dotted frame is target region. We assume that the microwave 
reflection function in target region is Γ(x, y) which is bounded. We assume that there are N 
targets, recorded as Mi ( i = 1, 2, …, n ) and Pj is the jth microwave detecting point. Where O 
is the coordinate center; Li is the arc with center Pj, and radius ri = PjMi. Si is proportional to 
the integral of Γ(x, y) along the curve Li, that is: 

  ( ) ( , )i i
Li

S r x y dl  . (14) 

Receiving signal is the sequence of S1, S2, … , Sn. BRATUMASS use the polar coordinate with 
Pj as the pole, PjO as the polar. The target region used the Cartesian coordinate system. In 
practical calculation process, we need coordinate transformation. 

 
Fig. 5. Detection points and reflection interfaces 
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By Fourier diffraction theorem in microwave near field conditions, wave front projection is 
the system Fourier transforms. So back signal analysis is transformed the separation of 
projection data on different detecting arc. The detected target is manifested in the different 
duration of microwave transmission. In BRATUMASS, different time difference registers as 
the different frequencies outputting zero-IF signal. Sampling signal blend the reflections of 
all organization interfaces. Namely, the frequency components of sampling signal represent 
projection of all different detection arcs, and the back-wave’s energy distribution relate to 
each reflection coefficient of detection arc. 

All frequency components of back wave are decomposed by using Hilbert-Huang transform 
(HHT). This method based on empirical mode decomposition (EMD) and Hilbert transform 
(HT) is more suitable for analyzing nonlinear and non-stationary data than Fourier and 
wavelet method which depend on the priori function (Huang, N. E., etc.1998). 

The high and low frequency components of zero-IF signal are output by HHT 
decomposition. Figure 6 is the EMD of each frequency component of one detection point 
outputted by zero-IF, Figure 7 is the corresponding FFT transformation. 

 
Fig. 6. The original signal and its IMF of the second detection point x(t) is the original signal, 
c1~c9 is the 9 IMFs, r10 is the surplus 

From the Figure 6, we can see obviously each frequency component of output zero-IF of 
each target layer. We take out segregative frequency component from every layer and 
reconstruct the lesions information, combining with amplitude feature of back signal. 

Microwave spreading in a homogeneous medium, power density attenuate in accordance 
with the law 1/R2. In application of BRATUMASS, detected target region is filled with 
uniform medium of dielectric properties ε0, and then add two reflection units of dielectric 
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properties ε1 and ε2 into the detected target region. The distances from the two units to the 
R/T antenna are r1 and r2, respectively. 

 
Fig. 7. The Fourier transform of the second detection point Fx is the Fourier transform of 
x(t); Fc1~Fc9 is the Fourier transform of the c1~c9; Fr10 is the Fourier transform of r10 

The reflection coefficient from the first unit is: 

 1 2
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 Similarly, the reflection coefficient from the second unit is: 
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When |r1| < |r2| and the incident power is P0, the incident power density of the first unit 
is: 

 0
1 2
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 , (17) 

and the incident power density of the second unit is: 
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The Detection Data of Mammary Carcinoma  
Processing Method Based on the Wavelet Transformation 

 

85 

The receiving power density from the first unit reflection is: 
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       (19) 

and the receiving power density from the second unit reflection is: 
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In general homogeneous delamination, the greater |r | is the farther spectrum midline 
leaves origin. 

When 1 2r r and are close, meantime, the dielectric properties of two units are different 

greatly (ε2 > ε1>ε), and unit is sorted according to the reflection power density, far distance 
unit is sorted at front and near distance unit at behind. That is spectrum centerline 
interleaving to appear. Whether use the malignant tumor tissue dielectric properties 55  
(ε2, |r2|), background dielectric properties 10 (ε) and breast tissue (lobule, breast ducts and 
blood vessels) dielectric properties 30 (ε1, |r1|) to calculate, then there have: 
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And: 4
2 1 11.5 1.1r r r  . Power spectrum appears overlap after sorted in terms of size of 

reflection power density, but the actual distances have 1.1 times relationship. Target 
dielectric properties, which 2r corresponds, is 55 (ε2), this is, the malignant tumor tissue 

boundary.  

The Figure 8 is a typical example of spectrum centerline overlap. From the Figure8, we can 
see that there are a lot of positions to satisfy spectrum centerline overlap. However, the 
location satisfied 4

2 1 11.5 1.1r r r   is reduced greatly, as shown in Figure9. So this method 

can improve detection efficiency. 

4. BRATUMASS system signal and data processing 

The detection system (BRATUMASS) is re-illustrated in Figure10. BRATUMASS system is a 
time and distance measurement system, which can determine the distance from breast 
tumor to antenna by obtaining the time delay between directive wave and scattered 
wave.(Wang & Yao, 2006) The position of the breast tumor can locate by the distance. 

Assume only one tissue interface in the effective detection space. The signal from 
transmitting antenna is: 

  1 cos 2 * * 2 * * ( )c c c t
v A f K H d       (22)  

Where, H(τ)=sawtooth(τ) is triangular pulse.  
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Fig. 8. The typical spectral chart according to the signal energy amplitude after the 
separation layer of the first patient fourth test signal echo. Abscissa is the signal ordinal 
number, the vertical axis is the size of the signal period, units are normalized, we can see 
from the chart a clear spectrum centerline overlap 

 
Fig. 9. In the energy spectrum, if the relative difference of energy between two-line is less 
than 20%, then the location probable is the distortion. Abscissa is the signal ordinal number, 
the vertical axis is the corresponding relative differences from the overlap line 
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Fig. 10. The diagram of detection system 

The received signal from antenna can divide into two parts: one is directive wave from the 
transmitting antenna; another is scattered wave which is reflected by breast tumor. 
Propagation distances and propagation times of directive wave and scattered wave are 
different, because the scattered wave has a time delay Δt relatived to directive wave. The 
system can estimate the distance from breast tumor to antenna by obtaining the time delay, 
then determine the position of the breast tumor by establishing the trajectory 
equation.(Zheng & Yao, 2005) 

BRATUMASS is constructed based on the above-mentioned principle. In the detecting 
environment of BRATUMASS, the characteristics and delay of single back wave signal is 
satisfied: 2( , ) 2 ( )i i iA         after calculation. (Tao, 2011) Where, ( , )i   is  
the amplitude spectrum of BRATUMASS signal, i is the scattering coefficient of target i,  
τi is the delay of back wave, μ is the FM slope and A is the amplitude of transmitting  
signal.  

It can be observed that a target which is existed in detection space for single sampling point 
corresponds to a spectral line in amplitude spectrum of BRATUMASS, whose frequency and 
amplitude are related to delay (location) and target characteristics, respectively. There have 
many back wave faces on the rough malignant tissue surface. Then the number of spectral 
lines in the region of malignant tissue is larger than them in the region of normal tissue. The 
spectral line represented characteristics of tissue can be determined by analysis the 
characteristics of back wave. 

As early as in 1996, Zhonghua Ma et. al. (Zhang & Xu, 1996) introduced the fractal theory 
to analyze the karyomorphism of breast cancer and then indicated that the fractal 
dimension quantificationally describe the degree of irregularity of tumor karyomorphism, 
which has certain significance in pathology identifying normal and malignant tissue. 
Overall, the malignancy level is higher, the cell differentiation is worse and the 
corresponding fractal dimension is larger. By literature,(Hou & Zhu,2001) we obtained 
that an object with fractal structure often has a fine structure and very irregular interface, 
the larger of fractal dimension, the more fine structure of the surface and the more 
irregular and rougher. 

In the actual detection, the back wave not only exists on the malignant tissue surface, but 
also on other tissues surface. And relatively speaking, the malignant tissue surface is 
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rougher than normal tissues surface, so the back wave surfaces of malignant tissue are more 
and relative concentration. This makes the time delays, obtained by total back wave signals, 
large, which are corresponding to more frequency components after mixing. It is very 
difficult to separate back waves of malignant tissue from total back waves. However, back 
waves can be separated by using the characteristics of roughly layered distribution of 
organism tissue structure. That is to say, different tissue layers are corresponding to certain 
frequency band in effective frequency domain after mixing. We firstly extract layered 
structure and then separate and distinguish malignant tissue. That can decrease difficulty of 
distinguish. 

5. Wavelet analysis of detection data 

Multiresolution analysis is one applications of wavelet analysis. Then, the signals shown in 
Figure 1 are layered extraction by using wavelet analysis. In wavelet decomposition, the 
maximum frequency element is seen as one, so the wavelet decomposition of each layers are 
band-pass or low-pass filters. As close as possible to separate useful information and give 
detail information for rebuilding nidus, we use db3 wavelet and 11 layers in practice. Figure 
11 shows separated results using the wavelet tool box of MATLAB. 
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Fig. 11. Separated results of signals of a detection point 
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Fig. 12. FFT of each layer 

The separated spectrums, which are the FFT of separated layer signals, are shown in Figure 
12. The abscissa is corresponding to the spectrum ordinal number in order to remain 
consistent with latter. 

From Figure 12, each layer separates out each frequency component in them own 
frequency band. Synthesized each layer separation results, spectral lines are ascendingly 
sequenced according its relative distances, which is the distances between the target  
and the transmit antenna. Then the information of tissue layers is demonstrated in Figure 
13. 

As Figure 13 shown, tissue layers are approximate uniformity and continuation in 30mm. 
There has a more than 2mm discontinuous tissue layer beyond 30mm, which is roughly fit 
with anatomical structure of breast. When a detection microwave enter into a breast, It 
firstly encounters a homogeneous fat layer about 1.5cm (3cm/2, microwave have forth and 
back wave), then it encounters other tissue layers after fat layer. 
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Fig. 13. Relative information of tissues layer  

6. Discrimination model of characteristics of tissues 

Discrimination model of same tissues: we assume that the distribution of same tissues is 
relatively gathered together as flocculent distribution in detection space. The results of 
detecting same tissues are basically same. So if the variance of data in detection space is 
relatively small (meet certain threshold), that space has only one tissue; conversely, that 
space has several different tissues. That is to say, it would be better of the differentiation of 
cell development in that space and more kinds of tissues. On the contrary, it would be fewer 
kinds of tissues. 

Assumption of malignant discrimination: the rate of back wave can be used to discriminate 
the characteristics of tissues. We discriminate malignant tissues by using the adjacent degree 
between the mean of the spectral lines relatively gathered area and the rate of back wave of 
malignant tissues. 

Consider the following mode function: 

 
2

d
2

( (x)-Ld(x))
y(x) exp(- )

2



  (23)  

Where, σ is the variance of data window, μd is the mean of data window, d is the width of 
data window, x is the coordinate of center position of data window, Ld(x) is the ideal rate of 
back wave of malignant tissues in that position, y(x) is the total evaluation index of data 
window, which is the possibility of the existing malignant tissues in that window area. 
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Figure 14 illustrates analysis results of sampling data on a case of patient by using this 
algorithm. The malignant tissue is located the position confirmed by other medical methods as 
shown in Figure 14. The limit of malignant tissue is approximate 4cm. As shown in the right 
figure, the malignant tissue is emerged in the distance left antenna from 1cm to 5cm in the 
fourth sampling point. To the eighth sampling point, the analysis results reveal that the 
malignant tissue is most probably emerged in the distance left antenna from 5cm to 9cm. 
Because the sampling antenna is positioned using manual, excursion of mammary glands 
often occur in sampling. Those factors will increase the probability of error, but the calculation 
results of the limit of malignant tissue are basic right. 

We also used the multi-resolution characteristics of wavelet to get the morphotype of 
malignant tissue under microwave range sounding signal. Figure 15 showed the processing 
results of same case of patient (figure 14) from first sample point to fourth sample point. 

 
Fig. 14. The position of malignant and the calculation results of malignant degrees in 
sampling point. 

 
Fig. 15. The morphotype of malignant tissue under microwave range sounding signal 
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7. Conclusion 

We can achieve the effective analysis to the reflected signals by interface of biological tissues 
using the multiresolution analysis characteristics of wavelet. At the same time, we can 
distinguish the malignant tissues and the normal tissues by using the relationship of 
frequency components which are separated and applying proper discrimination model of 
tissues. However, we don’t detailedly discuss the discriminate threshold in the 
discrimination model of tissues. In fact, this threshold, in the same tissue and in the same 
microwave condition, is different at largest microwave response. That threshold needs to be 
further research. 
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1. Introduction 

In sports, biological signals are often used to control and design the sports activity. One of 
the most common used signals is heart rate (HR). Heart rate variability (HRV) refers to 
natural fluctuations in the interval between normal heartbeats that occurs while individuals 
rest or exercise. HRV results from the dynamic interplay between the multiple physiologic 
mechanisms that regulate HR, and it mainly reflects an expression of the interplay between 
the sympathetic and parasympathetic nervous systems (Task Force, 1996). Two main 
oscillatory processes interact with the heart as feedback and forward mechanisms, via 
autonomic pathways: the modulation of the heart rate by breathing, known as respiratory 
sinus arrhythmia (RSA), and the short-term blood pressure control, known as baroreflex. 
These main rhythms usually appear in the high and low frequency ranges of HRV, 
respectively; however, the dynamic interactions in the cardiovascular system may change 
this typical spectrum. However, the intrinsic properties of the complex autonomic 
regulation of cardiovascular function are difficult to measure since, even at rest, emotions 
and mental loading may affect it.  

Usually, HRV is used as a non-invasive method to measure the cardiac autonomous input and 
it is analyzed from different viewpoints: time domains, frequency analysis and non-linear 
dynamics. According to the Task Force (1996), the power spectrum for time series, at rest, can 
be classified as follows: (i) power in the very low frequency range (VLF), 0.003–0.04 Hz, (ii) 
power in the low frequency range (LF), 0.04 – 0.15 Hz, and (iii) power in the high frequency 
range (HF), 0.15 – 0.4 Hz. The HF normally reflects respiratory-related activity and appears to 
be mediated by vagal tone. LF is linked to the baroreceptor reflex and can be mediated by the 
vagus and cardiac sympathetic nerves. (Houle and Billman,1999) suggested that the LF 
component results from an interaction of the sympathetic and parasympathetic nervous 
systems and, as such, doesn’t accurately reflect changes in the sympathetic activity. VLF zone 
is related, especially, by thermoregulation fluctuations and vasomotor tone (Task Force, 1996). 
With exercise, the very high frequency (VHF) should be taken into account (> 0.4 Hz). 

A difficulty in determining the value of these frequency bands during exercise is given by 
the lack of stationary in data series. When these time series are not stationary in frequency 
the problem is even more serious. The so-called “time-frequency analysis” provides the 
observer with a tool to detect changes both in time domain and in frequency domain, 
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simultaneously. Several models have been proposed: The Short-Time Fourier Transform 
(STFT), the Gabor Transform (Windowed Fourier Transform), the Wigner-Ville Distribution 
(WVD) and its refinements, and finally the Wavelet Transform (see Daubechies, 1992; Chui, 
1992; Cohen, 1992; Abry and Flandrin, 1996; Teich et al. 1996). In this paper, we used the 
Wavelet Transform as this method has proven a powerful tool suited for the analysis of the 
time–frequency localization and non-stationary behaviour of time series as for the previous 
treatment of the signal: detrending, smooth, filters, etc.  

The Wavelet Transform (WT) decomposes a series into time-scale or time-frequency 
domains, which allows identification of temporal changes of dominant modes of variability, 
while the Fourier transform solely gives the spectral contents of the whole series. In this 
chapter, we will see some applications of this method to nonstationary data series very 
different among them, but obtained from the same system (cardiorespiratory system). 
Therefore, in this chapter we show the usefulness of methods based on the Wavelet 
Transform (WT) from two completely different viewpoints: during a cycloergometer test to 
exhaustation (elite cyclists) and when a subject is at rest in a mindfulness meditation state 
(MM) (Zen meditation or Zazen).  

The Physical Education Department and the Physic Department of the University of Las 
Palmas (ULPGC) have been working jointly on this projects. All individuals tested to the 
present date were volunteers who signed their consent once informed on the aims of the 
experiments. The study was conducted according to the guidelines of the Helsinki 
Declaration adopted by Worldwide Medical Association on Research on Humans. 

2. Practical aplications 

2.1 Data analysis 

The time-scale or scalogram of a signal is the squared modulus of its Continuous Wavelet 
Transform (CWT): |W(a,b)|2, and is an average power spectrum for all the scales or 
frequencies, similar to a smoothed Fourier for each time. The scale parameter a and the 
localization parameter b assume continuous values, and the scalogram of a time series can 
be visually represented by an image or a field of isolines. In the present work, the Wavelet 
basic function as known as Morlet wavelet, was employed to analyse the temporal variation 
of the HRV. The Morlet wavelet is a modulated Gaussian function, which is well localised in 
time and frequency:  

  
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4 2
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tiw tt e e 



             (1) 

Where ω0 is the non-dimensional frequency which defines number of cycles of Morlet  
wavelet (Torrence and Compo, 1998). For large ω0  the frequency resolution improves, 
though at the expense of decreased time resolution. For this reason, we chose various values 
for the parameter and found that ω0 = 20, is well suited for our purposes. 

Integrating |WT(a,b)|2 over a specific scale or frequency band provides the time dependent 
power of the signal in that frequency band: 
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In the Discrete Wavelet Transform (DWT) scheme, the signal f of length N is decomposed 
into both approximation (cAj), and detail (cDj) coefficients by the use of two quadrature 
mirror filters (quadrature mirror filter bank). At each decomposition or reference level J, 
the approximation coefficients cAJ and detail coefficients cD1, cD2,...,cDJ are obtained, and 
we can reconstruct the approximation signal AJ(t) and the details signal Dj(t),  j=1…J. 
Therefore, the signal f(t) may be expressed as the sum of a smooth part plus details as 
follows: 

 
1

( ) ( ) ( )
J

J j
j

f t A t D t


   (3) 

A discrete wavelet transform (DWT), with a Daubechies (Db8) type base function was 
initially used to obtain the mean HR signal and to eliminate the trend of the signal over 
time. Further mathematical details on this procedure can be found in Percival and Walden 
(2000). 

First at all and in all cases analyzed, the measurement errors (artefacts and spurious data) 
and ectopic heart beats were manually checked and eliminated from the RR interval data. It 
has also been taken into account that the HRV time series produces an irregularly time-
sampled signal. To recover an evenly sampled signal, a linear interpolation was applied to 
each time series. 

3. Case 1 

HRV analysis during exercise: All individuals performed an incremental ramp  
test cycloergometer exercise on a Monark-816, including breathing gas analyses and  
HR measurements. They performed a gradual effort starting at 100 W, increasing 5 W 
every 12 sec., until exhaustion. RR interval data (the time-interval between each heart 
beat) were collected by using the heart rate monitor Polar S810i (Polar Electro Oy, 
Kempele, Finland).  

The HR interval time series is non-stationary during physical exercise, and therefore the 
time series include a low frequency baseline trend component. The lowest frequency 
components are useful for studies on long-term modulation, but they may affect the power 
spectra of the HRV signal used by us. Detrending is usually used to remove the effects of 
non-periodic low-frequency changes in the time series before doing further analysis, and in 
practice, linear or polynomial trend removal and high-pass filtering are the most commonly 
applied algorithms to do it. Nevertheless, here we propose the DWT method to remove 
extremely slowly oscillating components from HRV data, considering that it provides 
greater control of the content in low frequency to be removed, and it is important to 
understand the effect of detrending on the spectral properties of the time series. DWT was 
used to decompose the HRV signal into J wavelet scales, with Daubechies (Db8) wavelet 
filters (García-Manso et al., 2007). Then, the detrended signal is reconstructed using the 
wavelet coefficients at the first J-1 scales.  

In the Figure 1 we can observe that the values of HR (in milliseconds) increase as a response 
to the stress originated by an increase of the load. The Figure 1 also shows the results of 
applying the DWT to the signal. 
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Fig. 1. a) The incremental exercise signal of subject 1 (HR in milliseconds). Also, the trend 
according to the DWT is shown (Daubechies 8, J = 7). b) The detrended incremental exercise 
signal. 

Figure 2 shows the results of applying the CWT to the detrended signal. The method 
highlights three zones during the incremental test: the activation, transitional and crisis or 
alarm zones. It seems to represent three different functional mechanisms, which may be 
associated to characteristic metabolic processes (area of aerobic prevalence, transition 
aerobic-anaerobic and area of anaerobic prevalence). The Transitional Zone is characterized 
to be a phase of certain stabilization of HF and LF within the range of minimum values, 
which may be observed during the test (see Figure 2). Another relevant aspect of the 
transitional zone it is that the peaks of LF show a linear and positive increment as the load 
intensity increases. 

In a crisis or alarm zone, in most of the analysed cases, if the effort is maintained despite the 
high fatigue caused by the exercise, the signal tends to concentrate on the high or very 
high frequency bands, indicating clearly that the subjects exert themselves at their highest 
potential limits.  Some subjects give up executing their maximum effort, due to 
motivation reasons, local fatigue or low resistance to fatigue, instead of using their 
functional system to the utmost. For this reason, the use of traditional indicators as the 
stability of VO2 max, RC over 1.2 or others, may not suffice for the detection of the 
entering in the crisis zone, while Continuous Wavelet Transform (CWT) proves to be a 
highly sensitive and useful technique to explain in detail the heart behaviour during 
incremental exercise.  
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Fig. 2. Contour map of the wavelet coefficients of the heart rate variability shows the 
changes in the frequency components with time, obtained using a Morlet base function 
where ω0 = 20. The x-axis represents time in minutes, and the y-axis the frequency in Hz. 
Coefficients below a certain value have been eliminated in order to improve the readability 
of the spectrogram. The dotted lines show respiratory frequency values in Hz. 

One of the most interesting applications is identifying the anaerobic threshold (level of 
exertion where your body must switch from aerobic metabolism to anaerobic metabolism). 
Some studies used WT for this purpose (Cottin et al., 2006; Cottin et al., 2007; García-Manso 
et al., 2008) with the following methodology:  

- The evolution of frequency peaks (fp) of the HRV HF-VHF band. The aerobic and 
anaerobic thresholds were determined on the basis of the changes in the values of fp in 
the test. The aerobic threshold was taken as the first inflection point of the kinetics of 
the fp slope, and the anaerobic threshold as the second inflection. 

- The evolution of the product of the HF-VHF spectral energy value (PS·fp) by (fp). This 
variable decreased with load until reaching a minimum value; the first inflection point 
representing the aerobic threshold; it then remained stable until it started to show a 
moderate increase, the second inflection point representing the anaerobic threshold. 

4. Case 2 

HRV analysis during Zen meditation: Zen Buddhist meditation was chosen because this 
practice does not involve voluntary efforts to concentrate in a single object; it has a 
mindfulness approach, which means that it includes the reflexive observation of the whole 

Crisis  
Zone 

Transitional Zone Activation Zone 
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perceptual field and does not use any external method to reach a meditative state.  The 
absence of voluntary efforts and the inexistence of any rule determining how the breathing 
pattern should be, makes this “technique” especially suitable to investigate the intrinsic 
properties of the autonomic nervous system (Lehrer et al., 1999; Phongsuphap et al., 2008). 
Differently than simple rest or sleeping, during mindfulness meditation the mental contents 
are observed with detachment, creating a delicate state of consciousness that involves both 
sustained attention and deep relaxation. Lutz et al. (2008) call this state “open monitoring 
meditation” and explain that it “involves nonreactive monitoring of the content of experience 
from moment to moment, primarily as a mean to recognize the nature of emotional and 
cognitive patterns”.    

Sample selection and data collection:  A total of 19 subjects (7 females and 13 males, 
mean age 43.65 ± 7.60 years, mean meditation experience 9.81 ± 8.82 years), with a 
consistent practice (at least three times a week) of Zen meditation, participated in this 
study. Exclusion criteria included the presence of cardiovascular disease or any disease 
that affects the autonomic balance and the use of any medication that could influence the 
results. The RR interval data were collected by using Polar S810i, which seems to be an 
adequate instrument to minimize the possible disturbance that data collection may cause 
in a meditation process. In any specific case we took simultaneous measures of breathing 
and HRV, using the multi-function monitoring equipment I-330-C2+. The subjects were 
instructed to sit quietly for 10 minutes before the beginning of the meditation, already in 
the position they customarily take during Zazen practice. They sat upright in a cross-
legged position on a cushion (zafu), with the hands held together in front of the navel. The 
eyes are kept semi-open and the back upright to avoid drowsiness. After the baseline 
recording, a bell rings and the subjects start meditating, as they always do, for 40 minutes. 
After that, the bell rings again and an additional 5-minute recording was taken during 
quiet sitting. All data were collected in the meditation rooms of Luz Serena Temple 
(Valencia, Spain) and of the Dojo Zanmai San (Tenerife, Spain), which follow the same 
tradition and are systemically integrated.  

In this study we found evidences that the evolution in Zen meditation can be characterized 
for specific patterns of cardiac variability and we found a tendency towards a shift in RSA to 
the LF range (Peresutti et al., 2010). So, for long-term practitioners the power in the HF 
ranges significantly decreases and it seems that there is a tendency towards a frequency 
coupling as regards the years the subject have meditated. In long-term practitioners the 
attention is opened to the diverse experience content; in the case of instructors with over 10 
years of experience, the RSA frequency decreases and couples with LF oscillations, but there 
is no resonance. We found that even when the breathing frequency is higher than 0.15 Hz, 
the RSA and the LF oscillations may coincide, but do not produce a resonant effect. 

The Figure 3 represents the WCT of RR interval for a Zen instructor (ZI) with over 11 years of 
experience. The box (a) is the time series; (b) the scalogram and (d) is the power spectrum (FFT) 
of HRV signal. In box (c) shows the sum of wavelet coefficients (power) in the LF band for 
each time, obtained using equation (2). The LF band in the box (d) appears as a broad band.  
However, the wavelet analysis reveals that in reality is a narrow band that varies in time. We 
can see (horizontal arrow in Figure) how, at the beginning of the meditation, frequency drops 
to 0.065 Hz and the power increases significantly. This time interval, about 5 minutes, is 
responsible for the presence of a sharp peak in the Fourier Spectrum around 0.065 Hz.  
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Fig. 3. Wavelet analysis of HRV. It shows the temporal evolution of the low frequency band 
LF (0.04-0.15 Hz) for Zen instructor (ZI), during mindfulness meditation. (a) RR interval time 
series. (b) Scalogram. The higher coefficient values are shown in greyscale (contour lines) 
and lower values were excluded. Darker areas represent higher values. The solid line 
corresponds to the highest values coefficients (peaks). (c) Sum of wavelet coefficients 
(power) in the LF band for each time. (d) FFT of the time series, where the axes have been 
invested, coinciding the axis y with the frequency (LF band only) and the axis x with the 
power. The axis y of (b) and (d) are the same.  

In the case of more advanced meditators (Zen Masters with over 20 years of practice) 
breathing oscillates within the LF range, coupled with the other cardiovascular rhythms and 
producing resonance, although there may be variations in frequency, especially in the 
second half of meditation. 

The WCT-based analysis also allows us to analyze the simultaneous action, but 
independent, of HRV and breathing during meditation in two different subjects: Zen 
instructor and the Zen Master. The Figures 3 and 4 show the wavelet analysis of both HRV 
and respiratory data, for the Zen instructor and the Zen Master (ZM), respectively.  

It should be noted that in the first half of meditation there is less variation in the LF range. 
Nevertheless, in the second half there is much more variation of the LF probably due to the 
appearance of a breathing frequency higher than 0.15 Hz although the RSA and the LF 
oscillations still coincides, which means that, although the frequencies vary, their relation 
remains stable, or in other words, the ratio remains almost constant. In long-term practitioners, 
the attention is opened to the diverse experience content; for the ZI the RSA frequency 
decreases and couples with LF oscillations, but there is no resonance. The resonance 
phenomenon described here occurs when the breathing oscillates within the LF range, coupled 
with the other cardiovascular rhythms. We found that even when the breathing frequency is 
higher than 0.15 Hz, the RSA and the LF oscillations may coincide, but do not produce a 
resonant effect, note the presence of VLF oscillations (Figure 4). Further discussion on this 
point can be found in: Vaschillo et al. (2006), Cysarz et al. (2005), Peng et al. (1999). 
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Fig. 4. Wavelet analysis of HRV (top) and respiration (bottom) showing the temporal 
evolution of the frequencies for ZI during mindfulness meditation. The higher coefficient 
values (power) are shown in greyscale (contour lines) and lower values were excluded. The 
darker areas represent more power. 

 
Fig. 5. Wavelet analysis of HRV (top) and respiration (bottom) showing the temporal 
evolution of the frequencies for ZM during mindfulness meditation. The higher coefficient 
values (power) are shown in greyscale (contour lines) and lower values were excluded. The 
darker areas represent more power. 
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For the Zen Master (Figure 5), the same pattern as shown for ZI is observed, with two 
different phases in the meditation; however, for ZM, even in the second half, the breathing 
oscillates exclusively in the LF range and the resonant effect never disappears. We believe 
that this more irregular pattern in the second half of Zazen, typical among long-term 
practitioners, could be related to an even less controlled state, when attention stability is 
well established and a greater depth in the meditation can emerge. If we consider that there 
is a tendency towards a coupling between HRV characteristic frequencies regarding the 
years of meditation practice, and also the previous works and the present results from the 
Zen Master, it is possible that the appearance of a resonant effect between long-term 
practitioners characterizes the pure state of mindfulness.  

5. Conclusion 

From the analysis of the experimental data obtained, it may be stated that the wavelet 
analysis proves as a subtle and precise tool for the detailed study of the cardiac response to 
physical exercise or coupling of biological rhythms in the absence of physical movement 
and mental processes dominated. The application of this method allows, on one hand, a 
global analysis of the behaviour and, on the other, a detailed study of concrete phases or 
zones and precise responses occurring during exercise.  
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1. Introduction 

In the competitive business world today, the need and demand for a biometric physical 
security solution has never been higher. Common biometric techniques include fingerprints, 
hand or palm geometry, retina, iris, or facial characteristics. Behavioural character includes 
signature, voice (which also has a physical component), keystroke pattern, and gait. 
Nowadays, most of the security systems developed into the society are based on hand image 
analysis (Masood et al., 2008; Pavesic et al., 2004), especially in the texture of the hand palm 
since they provide people with higher security in relation to authentication systems (Zhang, 
2004 ; Yan & Long, 2008) and offer a good balance of performance characteristics; besides, 
they are relatively easy to use. Although other biometric techniques like fingerprint or hand 
and finger geometry let us achieve good results, a security and highly accurate biometric 
system can be built through the use of palm-print texture features. The user aligns the palm 
of his or her hand onto a metal surface with guidance pegs that read the hand attributes of 
that person. Then, the device records the users’ hand information and sends it to its 
database for identification and verification. In short, biometric identification involves 
determining who a person is and biometric verification determines if a person is who 
he/she says.  

Hand palm analysis offers many advantages similar to the other technologies such as ease of 
use, small data collection, resistant to attempt to fool a system and unlikely technology to 
emulate a fake hand. In this context, wavelet analysis plays an important role in biometric 
systems: the wavelet transform allows to extract the main hand users’ features and to 
differentiate people. There are however several challenges to beat.  

Besides high proprietary hardware costs and size, the aging of the people hands, the lack of 
technology accuracy and the biometrics inability to not recognize a fake hand pose a 
challenge. To overcome these drawbacks, Goh et al., 2006 presented a palm-print system 
made up of 75 individuals. It was based on wavelet transform and Gabor filter, with a 
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verification result of 96.7% and an Equal Error Rate (EER) close to 4%. Liu et al., 2007, 
showed a research about the use of wavelet transform in palm-print. Classifying with the 
ISODATA algorithm got a 95% of identification accuracy with 180 palm-print of 80 people. 
Masood et al., 2008, developed a palm-print system using wavelet transforms. 50 people 
took part in the session (10 samples per person), reaching a 97.12% of accuracy with the 
combination of different wavelet families. Other authors have proposed different techniques 
of palm-print analysis: Guo et al., 2009, described a BOCV system, (Binary Orientation Co-
Occurrence Vector) based on the linking of six Gabor features vectors. 7752 samples from 
193 people were taken. The error rate was 0.0189%. Zhang et al., 2007, presented a novel 
2D+3D palm-print biometric system made up to 108 individuals. The EER was 0.0022%. 
Badrinath & Gupta, 2009, proposed a prototype of robust biometric system for verification 
which uses features extracted using Speeded Up Robust Features (SURF) operator of human 
hand. The system was tested on IITK and PolyU database. It had FAR = 0.02%, FRR = 0.01% 
and an accuracy of 99.98% at original size. The system addressed the robustness in the 
context of scale, rotation and occlusion of palm-print. 

This work will address a depth study about the use of 2-D discrete wavelet transform (DWT) 
in order to get a simple and robust biometric identification/verification system using the 
texture of the hand palm. Firstly, the hand palm image processing with scale, rotation and 
translation invariance (ROI) is obtained. Then, we will discuss and analyze several wavelet 
biometric families providing its advantages and disadvantages, showing identification and 
verification results, and concluding with the biometrics of the future. The general block 
diagram of the system is shown in Figure 1. After obtaining the ROI and applying different 
filter levels, the recognition rate will be reached with Support Vector Machine (SVM) 
(Steinwart & Christmann, 2008), a supervised classifier used to authenticate people. 

 

 

 

 

 

Fig. 1. Functional block diagram of the system. After extracting the palmprint, it is processed 
with DWT algorithm in order to get a recognition rate by means of SVM classifier. 

This paper is set up as follows: section 2 reminds some basics of wavelet transform and 
main features of the mathematical algorithm. In section 3, the image processing, feature 
extraction and classification system are detailed. Section 4 shows the methodology proposed 
and section 5 the experiments performed. A brief comparison with methods developed by 
other authors is presented in section 6 and finally, the conclusion is given in section 7 
together with the future work. 

2. Mathematical basis of wavelet transform 

Similarity to Fourier analysis, continuous wavelet analysis splits a signal up into several 
waveforms which are scaled up/down by a factor “a” and displaced by a factor “b”: 

DWT 

IMAGE 
RESIZE SVM 

classifier 
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The result of applying wavelet analysis indicates the wavelet coefficients CWT (a,b), which 
are dependent on the scale and the position: 

 CWTሺܽ, ܾሻ ൌ W ൉ fሺܽ, ܾሻ ൌ൏ fሺtሻ, ߰௔,ୠ ൐ൌ ׬ fሺtሻ ൉ ߰∗ሺ
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ାஶ
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If they are multiplied by the scaled and displaced wavelets, the signals can be generated. In 
Figure 2 the factorization of a signal in different wavelet waveforms is shown. Small “a” 
values detect fast changes in the details, and high “a” values detect slow changes.  

 
 

 
 

Fig. 2. An example of different wavelet waveforms. 

But if we would have to calculate all the wavelet coefficients for all possible scale values, it 
would be costly. Therefore, in this paper the Discrete Wavelet Transform (DWT) is 
performed (Villegas & Pinto, 2006), sampling the CWT in values of scale and position which 
are a power of two ܽ ൌ 2୨, b ൌ k ൉ ܽ, j, k	Є	Z	 

,ሺ݆ܹܶܦ  ݇ሻ ൌ ׬ ݂ሺݐሻ ൉ ߰௞
௝ሺݐሻ݀ݐ

ାஶ
ିஶ  (3) 

where 	ψ୨
୩	ሺtሻ ൌ 2ି

ౠ
మ 	 ൉ 	ψ	ሺ2ି୨ ൉ t	– 	k	ሻ.  

In this work, the DWT is used to split a signal in several resolution levels (Gonzalez & 
Wood, 2008). The multi-resolution split can be performed projecting the signal in two 
orthogonal sub-spaces called approximations and details. An efficient way to implement the 
DWT is using a “bank of filters”. It was developed in 1989 by Mallat, whose algorithm is the 
diagram which is known in the signal processing community as “two channels sub-band 
encoder” (see Figure 3). The signal is split into two parts: low frequencies (approximations) 
and high frequencies (details) (Mallat, 1989). The low pass filter H(w) is related to the high 
pass filter G(w) by means of the equation: 

 gሾL െ 1 െ nሿ ൌ ሺെ1ሻ୬ ൉ hሾnሿ (4) 

where L is the number of  levels of the bank of filters. In section 4 we will explain the use of 
wavelet transform, but before that, in section 3 the process to extract the hand palm image 
and the classification system used to get a successful recognition rate will be presented.  

Wavelet 

Transform 
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Fig. 3. Bank of filters proposed by Mallat to implement the Discrete Wavelet Transform. 

3. Image pre-processing, features extraction and classification system 

Once hand images have been acquired, each one is converted from 256 gray levels to a 
binary image, applying a thresholding algorithm where the threshold is obtained 
empirically from the training samples of the database. Then, a closing operation is 
performed in order to delete background noise and to select the user hand.  

The goal of image pre-processing is to obtain a region of interest (ROI) with the main lines of 
the hand so as to extract the most important features of the user. In this way, the first step is 
to work out the tops and the valleys of the fingers, through the localization of the 4 fingers 
of the hand (through 8 initial points) with the exception of the thumb, tracing horizontal 
lines (see Fig. 4, Left). At this point, hand-contour is obtained subtracting the eroded from 

G(w) 

G(w) 

G(w) 

H(w) 

H(w) 

H(w) 



 
2-D Discrete Wavelet Transform for Hand Palm Texture Biometric Identification and Verification 107 

the dilated hand-image. Finding out the maximum of the contour between the 2 points of 
each finger the ends are obtained. Finding out the minimum between the 2 consecutive 
points of different fingers the valleys are calculated. Then, the ROI is obtained after lining 
up the valley of the little finger with the valley of the hearth-index finger (see Fig. 4, Right), 
in order to get an image with scale, rotation and translation invariance (in this work it will 
also be evaluated the system performance if the valleys are not aligned). The vertical size is 
fixed to 300 pixels and the horizontal size can vary some pixels depending on the fingers 
gap. Once the ROI is obtained, wavelet transform can be applied. 
 

 
Fig. 4. Left, valleys and tops are obtained through the initial points. Right, the ROI is 
extracted after lining up the hand with the valleys. 

A successive chain of low filters with cut-off pi/2 is used in order to separate the thin details 
from the thick details of the palm-print image. It lets to emphasize the difference between 
the diverse gray levels. Specifically, taking one user palmprint approximation Ak-1, we can 
obtain the k-th level decomposition applying a successive chain of filters, low pass (HL) or 
high pass (HH), resulting in the approximation (Ak), horizontal (Hk), vertical (Vk) and 
diagonal (Dk) detail images (Figure 5). In this work, we have split the original palmprint in 
approximation and diagonal images, studying the response of the first one due to its high 
recognition rate.  
 

 
Fig. 5. Left, the original palmprint. Middle, the diagram to split de palmprint in the four 
images. Right, the decomposition of the palmprint in 3rd wavelet level. 

Later, the size of the resulting palm-print image can be reduced to different sizes before 
introducing them to the classifier in order to optimize the system performance.  
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3.1 Support Vector Machine (SVM) 

A general supervised classifier divided into two fundamental blocks is used, with the 
training and test block, just as it is shown in the Figure 6. In that figure, the classification 
process is shown after obtaining and extracting the data. With the training parameters, a 
score feature which is used in the test step is modelled.   

 
Fig. 6. Block diagram of the supervised identification/verification system. Left, training 
block; right, test block. 

To evaluate the hand features, Support Vector Machines (SVM, Steinwart & Christmann, 
2008) are used when they work as identifier or verifier, where only known users appear in 
the test data (closed mode). At that moment, linear (Figure 7) or RBF kernel (Figure 8) can be 
used to verify/identify users, if the data are or not linearly separable.  

 

 
Fig. 7. Maximization of the hyperplane with linear kernel. 
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Fig. 8. Data transformation to higher space with RBF kernel. 

Analyzing Figures 7 and 8, it would be possible to say that SVM builds a hyperplane of 
separation in the entrance space in two possible modes: in the first, the input space is 
converted into higher dimension characteristics space, by means of a (nucleus or kernel) 
(non)- linear transformation; in the second, the optimum hyperplane of separation (MMH, 
Maximal Margin Hyperplane) is built. This hyperplane maximizes the distance of the 
vectors which belong to different classes. Thus, if S is a set of N vectors	ܑ࢞ € R୬ where 
i=1...N, each vector	ܑ࢞	belongs to one of the two identifying classes as 	ݕ୧ Є {-1, 1}. If the two 
classes are linearly separable, a unique optimum hyperplane exists and it is defined by: 

 b = 0 (5) + ࢞ ·࢝ 

where ࢝ denotes the normal vector to the hyperplane and b/‖࢝‖	 is the distance between 
the origin and the hyperplane. It provides a greater margin of separation among the classes, 
and it divides S leaving all the vectors of the same class in the same side of the hyperplane. 
This hyperplane can be obtained resolving the problem, 

 minimize                   ݃ሺ࢝ሻ ൌ 	 ଵ
ଶ
 ଶ‖࢝‖

   (6) 
 subject to                  	ݕ୧	ሺ࢝ ൉ ࢏࢞	 	൅ 	bሻ ൒ 1,				݅ ൌ 1,… , ܰ  

Therefore, it treats a problem of square programming whose solution is obtained applying 
the theorem of Karush-Kuhn-Tueker, which can be written as: 

࢝	  ൌ 	∑ ௜ߙ
ே
௜ୀଵ  (7) ࢏࢞௜ݕ

The associated vectors to the multiplicities of Lagrange (ߙ௜ሻ which are not null are called 
support vectors, and they are the unique vectors of S that are necessary to determine the 
optimum hyperplane. To extend the concept of SVM to non linear classifiers, it is carried out 
a transformation of the input space to other space of higher dimension, in which the data are 
linearly separable. Thus, each input vector is transformed into other vector 	ܢ	= Φ(ܢ) of 
greater dimension in the space of characteristics. Under certain conditions, given by the 
theorem of Mercer (Mercer et al., 1999), the scale product in the space of characteristics can 
be expressed by a certain nucleus K(࢟,࢞). In this case, the problem is reduced to resolve; 

Entrance space Output space 

Hyperplane 
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minimize                      ݃ሺ࢝ሻ ൌ 	 ଵ
ଶ
ଶ‖࢝‖ ൅ ܥ ∑ ௜ߦ

ே
௜ୀଵ  

  (8) 
 subject to                    	ݕ௜	ሺ࢝ ൉ 	઴ሺ࢏࢞ሻ 	൅ 	bሻ ൒ 1 െ ݅				,௜ߦ ൌ 1, … , ܰ  

where ߦ௜	are lack variables which measure the degree of misclassification of the datum ࢏࢞, 
and the vector	࢝	can be obtained again, as combination of  the transformed support vectors. 
Support Vector Machines (SVM) are based on a bi-class system, where only two classes are 
considered. In this work, we have worked on identification and verification system, and for 
this reason, a one-versus-all and one-versus-one strategy are built respectively. To express 
the similarity between biometric patterns, in our case palm-print modality, the Recognition 
Rate (RR) in identifier and the Equal Error Rate (EER) in verifier mode are used. The higher 
the RR, the better the identifier performance.  

In verifier mode, the EER of a system can be used to give a threshold independent 
performance measure (or TEER – Threshold of Equal Error Rate). The lower the EER, the 
better the verifier performance, since the total error rate which is the sum of the FAR (False 
Acceptance Rate) and the FRR (False Rejection Rate) at the point of the EER decreases. In 
theory, this work is fine if the EER of the system is calculated using an infinite and 
representative test set, but it is not possible under real world conditions. Therefore, to get 
comparable results it is necessary that the EERs, which are compared, are calculated on the 
same test data using the same test protocol. In our experiments, ERR and its TEER have 
been calculated. 

4. Experimental methodology 

The 1440 hand-images belonging to the 144 users of the database are acquired thanks to a 
150 dots per inch general scanner putting the users’ hand on its surface. Then, they are 
stored with 256 gray levels, 8 bits per pixel. The size of these images is set to 1403x1021 
pixels after scaling them by a factor of 20% to facilitate later computation (See Table 1).  

 
Properties of the hand images contained in the database 
Size 80% original size 
Resolution 150 dpi 
Colour 256 grey levels 
File size 1405 Kbytes 
Data matrix dimension 14031021 

Table 1. Image Specifications. 

Four experiments are performed with the database hand images.  

1. In the first experiment, the recognition rate (RR) for 50 users is shown, after applying 
from 1 to 4 filter levels for each wavelet family above straight hand palm image (ROI 
obtained without aligning the valleys).  

2. In the second experiment, the wavelet algorithm is evaluated above the sloping ROI 
(after aligning the valleys of the hand), under the same conditions in order to compare 
both methods.  
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3. In the third experiment, the recognition rate for straight and sloping ROI above the 144 
users of the database to observe the dependence they have on the system is presented. 

4. Finally, in the last experiment the best algorithm performance when the classifier works 
as verifier is shown. Besides, the False Acceptance Rate, the False Rejection Rate and the 
Equal Error Rate are detailed.     

In order to optimize the results of these experiments, the research covers from the data 
analysis to classifier selection, studying several hand image sizes, DWT family, filter levels, 
RBF gamma values and the system performance when it works as identifier and verifier. In 
Figure 9 the different parameters studied in order are shown.  

 
Fig. 9. The blocks and parameters studied to evaluate system accuracy. 

The first step consists of the kind of filter and the number of levels to apply over the images. 
In this paper three wavelet families have been compared: ‘haar’ or ‘db1’, ‘daubechies5’ and 
‘biortogonal5.5’ (see Figure 10).  

 
Fig. 10. Several Wavelet families: haar, daubechies, coiflet and symmlet. 



 
Wavelet Transforms and Their Recent Applications in Biology and Geoscience 112 

The number of filter levels is varied from 1 to 4, but when 1 or 4 filters are applied the 
recognition rate decreases considerably. To facilitate the image filtering, it has been used a 
successive chain of low filters with cut-off pi/2 in order to separate the thin details from the 
thick details of the palmprint image, as it has been explained in section 2.  

After the hand image is filtered, it can be rescaled to a particular size. However, best results 
are obtained after applying three consecutive low filters to the ROI, without reducing the 
hand-palm size (original size after the filters) as it will show in results section.  

At this point, the classifier works as identifier or verifier. When it works as identifier,  
the system recognizes the identity of the person whose distance to the hyperplane is 
largest. If the system works as verifier, it accepts the identity of the person when the 
distance to the hyperplane is greater than the optimum threshold calculated in training 
step (Adán et al., 2008). Finally, the gamma value of the classifier is changed to get the 
best recognition rate. 

5. Identification/verification results for biortogonal, daubechies and haar 
wavelet families 

As it was introduced in the previous section, we have collected 1440 samples from 144 users, 
10 samples per user (see Table I to know image specifications). Four images of each user are 
chosen randomly as training samples and the remaining six images are used to test the 
system. At this time, the extracted and filtered palmprint is introduced to the classifier in 
order to get the recognition rate. The results are shown in average (%) and typical deviation 
(std).  

Each test has been done 10 times using linear and RBF (radial basis functions) SVM kernel, 
finding the final result through a cross-validation strategy. The supervised classification has 
been carried out with the library SVM_light (Cortes & Vapnik, 1995). In all experiments, we 
have evaluated the system in closed mode (only known users appear in the test data), where 
50 or 144 users have been used as test and training data.  

In Figures 11, 12 and 13, the recognition rates (along x-axis) of wavelet haar, daubechies5 
and biortogonal5 families (experiment number 1) for different size palm image reductions 
(along y-axis) are shown. The number of filter levels is varied from 1 to 4 when the system 
works as identifier for 50 users (RBF classifier).  
 

 

Fig. 11. Recognition rate with Haar Wavelet filter. 
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Fig. 12. Recognition rate with Biortogonal Wavelet filter. 
 

 
Fig. 13. Recognition rate with Daubechies Wavelet filter. 

When the number of levels of the filter was 1 or 4, the recognition rate decreased drastically 
up to 85% approximately, with both linear and RBF kernels. In all cases, the best recognition 
rate is obtained when a 3rd filter level is applied without reducing the resulting images size. 
This happens because in the second and specifically in the third level, the information 
available to maximize the interclass relationship is highest. 

Analyzing the figures, the higher the palmprint size, the higher the recognition rate. This 
happens because important discriminative features are ruled out when the image is reduced 
to a small size. The size is not increased either, since it supposes a higher computational cost 
and the recognition rate keeps constant. Moreover, when the wavelet family is the 
Biortogonal5.5, the recognition rate is higher than with the other signal families. When the 
applied filter is daubechies5 or haar, the recognition rate progress is similar to 
biortogonal5.5 filter. 

Before testing the wavelet filter for the full database, it was applied the algorithm over the 
SLOPING ROI for 50 users (experiment number 2) in order to evaluate the influence of pre-
processing steps (aligning the valleys).  

As Table 2 shows, the results obtained for the three wavelet families are similar either linear 
or RBF kernel. For this reason, the three wavelet families must be evaluated for 144 people. 
In Table 3 the highest recognition rate with linear and RBF kernels for 144 users in identifier 
mode is shown (experiment number 3). In this case, the results demonstrate the difference 
when the ROI is aligned with its valleys (SLOPING ROI) or not (STRAIGHT ROI). 
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IDENTIFIER – 50 USERS 
Features Linear recognition rate RBF recognition rate 

Wavelet Haar 3 filters 99.33% ± 0.00 99.17% ± 0.06 
Wavelet db5 

3 filters 
99.66% ± 0.22 99.50% ± 0.06 

Wavelet bior5.5 
3 filters 

99.83% ± 0.06 99.67% ± 0.22 

Table 2. Wavelet identification results for 50 users using the sloping ROI. 

 

STRAIGHT ROI - IDENTIFIER SLOPING ROI - IDENTIFIER 

Features 
Linear 

recognition 
RBF recognition Linear recognition RBF recognition 

haar 
3 filter levels 

99.11% ± 0.59 99.00% ± 0.77 99.54% ± 0.01 99.73% ± 0.03 

db5 
3 filter levels 

98.44% ±1.59 98.55% ± 1.15 99.54% ± 0.01 99.31% ± 0.12 

bior5.5 
3 filter levels 

98.77% ± 0.26 98.88% ± 0.26 99.76% ± 0.01 99.65% ± 0.02 

Table 3. Wavelet identification results for 144 users using the straight and sloping ROI. 

According to tables 2 and 3, the recognition rate is similar regardless of database users’ 
number, unlike other texture algorithms such as derivative method or Gabor filter (Fuertes 
et al., 2010). The best recognition rate for 144 users (99.76% ± 0.01) is reached with linear 
kernel for biortogonal5.5 wavelet. This result is similar to 99.83% reached for 50 users. The 
third level of the low pass filter provides the suitable value of the texture to maximize the 
interclass relationship in order to get the large discriminative information. This is possible 
because it makes better use of the frequency-space resolution, and consequently the 
classifier is able to differentiate the users properly.  

In Table 4, the EER for the best method (biortogonal wavelet family) is shown. The 
experiment is performed after applying 3 filters when the system works as verifier 
(experiment number 4). For a threshold of -0.5400, the EER is 0.60%. This result agrees with 
others proposed in the literature, although a higher accuracy system must be built with the 
combination of other techniques.  

 
VERIFIER – 144 USERS 

Features Threshold Error average (percentage) EER 

Wavelet 3 filter levels 
(bior5.5) 

-0.6120 0.70% 

0.60% 

-0.5760 0.65% 
-0.5400 0.60% 
-0.5040 0.58% 
-0.4680 0.59% 
-0.5760 0.65% 
-0.5400 0.66% 
-0.5040 0.64% 
-0.4680 0.65% 

Table 4. Wavelet verification results for 144 users using the sloping ROI. 
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In Figure 14 it is also shown how the FAR (False Acceptance Rate) and the FRR (False 
Rejecting Rate) change depending on the threshold. 

 
Fig. 14. FAR, FRR and EER for 144 database users. 

As Figure 14 shows, the FAR and FRR curves decrease depending on threshold value. The 
point where both curves intersect other define the best accuracy of the verifier system. In 
next section we will discuss about these results and the system performance. It will be also 
introduced the future work and possible improvements in our work. 

6. Comparison with other methods and discussion 

In this section a brief comparison with wavelet experiments performed by other authors is 
detailed. Table 5 shows the recognition rate when the system works as identifier for several 
wavelet analysis which have been introduced in section 1. 

 

Authors Features Users 
Samples by 

user 
Recognition 

rate 

This work 
Wavelet bior5.5 

3 filter levels 
144 10 99.76% 

Xian-Qian et 
al., 2002 

Wavelet 3 filter levels Haar 200 5 99% 

Masood et 
al., 2008 

Wavelet, biortogonal, symlet 
y meyer 

50 10 97.12% 

Liu et al., 
2007 

Wavelet (ISODATA) 80 
180 

(altogether) 
95% 

Table 5. Identification results published by other authors about wavelet transform. 



 
Wavelet Transforms and Their Recent Applications in Biology and Geoscience 116 

A comparison with other texture-geometry techniques performed in the past by the authors 
of this work is also shown in Table 6 (Fuertes et al., 2010). In this case, a recognition rate of 
99.73% was obtained with the Gabor algorithm and a 99.46% with the derivative method.  In 
addition, a 99.90% was reached with the study of the hand geometry, especially with the 
finger widths. 
 

Methods (Fuertes et 
al. 2010) 

Linear recognition RBF recognition 

2D Gabor 99.73% ± 0.03 99.73% ± 0.03 

Derivative Method 99.46% ± 0.09 99.46% ± 0.13 

4 fingers(20 widths 
each finger) 

99.38% ± 0.02 99.90% ± 0.01 

Table 6. Identification results published by the authors of this work about other hand image 
techniques. 

The results obtained in this work agree with others proposed in the literature. The best 
texture method, the biortogonal (bior5.5) wavelet, reaches a value similar to the obtained 
with the haar or db5 wavelet families. In Table 6, the results of the best methods of geometry 
and other texture methods performed in the past also agree with wavelet analysis. A 
combination of all these methods would improve the system recognition.  

The conclusions arising from the experiments and its results will be explained in section 7, 
considering the future work and several improvements.  

7. Conclusions and future work 

In this paper, the performance of 2-D wavelet transform for hand palm biometric system has 
been presented with the intention of contributing to biometric field.  

The best result of the identification system is obtained when the biortogonal5.5 wavelet is 
performed, with a recognition rate of 99.76% for the sloping ROI. These algorithms were 
applied to 50 and 144 users, and the recognition rate was similar independently of the 
number of users. It lets the system be useful for different number of people. In addition, the 
hand palm texture extraction algorithm is intuitive, simple and quick, with a computational 
load similar to geometrical parameter extraction. 

It is crucial to emphasize the importance when the ROI is obtained. It has to be extracted 
after aligning the valleys of the hand: in this way, the area to study covers the main hand 
lines, minimizing the zones where the noise is higher. This issue has been proved with the 
experiments performed. 

If the system works as verifier, the EER is 0.60%. There are other algorithms with best 
performance, but the possibility to combine it with other techniques makes wavelet algorithm 
suitable for verify people. We propose the combination of the wavelet method, proposed in 
this work, with other palm-print algorithms as derivative or Gabor analysis or with other hand 
recognition algorithms applying several fusion levels (Ferrer et al., 2007, Morales et al., 2008). 

The proposed biometric feature is well adapted to the SVM classifier, which identify the 
feature degree of simplification necessary for the best performance. One drawback we have 
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to mention is the necessity of operating with clean hands. Painted or dirty hands would 
cause an identification mistake. In this case a combined geometric/palm biometric feature 
would be more advisable. 

Specifically for this research line, it will be interesting a deep study about the stability of the 
wavelet algorithm for many users. It is not the same to test a system with 100 or 1000 users 
in order to get a system regardless of number of users. If the number of users is long and 
unknown, wavelet analysis can be an excellent technique to recognize people.  

The future of hand scanning appears to be static. Public acceptance of biometrics is growing 
slowly, until issues about privacy and security bring up to an acceptable level by majority of 
people. From a cost standpoint, hand image analysis is more expensive than fingerprint 
technology and just as effective. If it is used in conjunction with other techniques, passwords, 
and smart card and tokens then, it could prove to be a viable method. “Recent surveys suggest 
people are feeling more comfortable using biometric security, which could result in a $3 billion 
spending increase in biometrics over the next years” (Security world news, 2010).   

One way to overcome this scepticism is to use new multimodal techniques (using more than 
one biometric system simultaneously to confirm identification), as vein impression or 3D 
facial recognition. Besides, a new method as tongue scanning identification is being tested at 
the Hong Kong Polytechnic University’s Biometrics Research Centre.  The tongue shapes of 
different people are different, and thus the tongue can be used to tell different subjects.  

Future experiments about the use of free-contact systems and the combination of palmprint 
analysis with emergent techniques will be performed in order to contribute to scientific 
spreading.  
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1. Introduction 

For many years people have speculated that electroencephalographic activity or other 
electrophysiological measures of brain function might provide a new non-muscular channel 
for sending messages and commands to the external world – a brain–computer interface (BCI). 
BCI is a rapidly growing field of research combining neurophysiological insights, statistical 
signal analysis, and machine learning (Blankertz et al., 2007). The goal of BCI research is to 
build a communication channel from the brain to computers bypassing peripheral nerves and 
muscle activity. Among different techniques for the noninvasive measurement of the human 
brain, the electroencephalography (EEG) is commercially affordable and has excellent 
temporal resolution which enables real-time interaction through BCI. 

Most popular and many scientific speculations about BCIs start from the ‘mind-reading’ or 
‘wire-tapping’ analogy, the assumption that the goal is simply to listen in on brain activity 
as reflected in electrophysiological signals and thereby determine a person’s wishes. This 
analogy ignores the essential and central fact of BCI development and operation. A BCI 
changes electrophysiological signals from mere reflections of central nervous system (CNS) 
activity into the intended products of that activity: messages and commands that act on the 
world. It changes a signal such as an EEG rhythm or a neuronal firing rate from a reflection 
of brain function into the end product of that function: an output that, like output in 
conventional neuromuscular channels, accomplishes the person’s intent. A BCI replaces 
nerves and muscles and the movements they produce with electrophysiological signals and 
the hardware and software that translate those signals into actions. 

As a replacement for the brain’s normal neuromuscular output channels, a BCI also depends 
on feedback and on adaptation of brain activity based on that feedback. Thus, a BCI system 
must provide feedback and must interact in a productive fashion with the adaptations the 
brain makes in response to that feedback. This means that BCI operation depends on the 
interaction of two adaptive controllers: the user’s brain, which produces the signals measured 
by the BCI; and the BCI itself, which translates these signals into specific commands. 
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Successful BCI operation requires that the user develop and maintain a new skill, a skill that 
consists not of proper muscle control but rather of proper control of specific 
electrophysiological signals; and it also requires that the BCI translate that control into 
output that accomplishes the user’s intent. This requirement can be expected to remain even 
when the skill does not require initial training.  

Present-day BCIs determine the intent of the user from a variety of different 
electrophysiological signals. These signals include slow cortical potentials, P300 potentials, 
and mu or beta rhythms recorded from the scalp, and cortical neuronal activity recorded by 
implanted electrodes. They are translated in real-time into commands that operate a 
computer display or other device. Successful operation requires that the user encode 
commands in these signals and that the BCI derive the commands from the signals. Thus, 
the user and the BCI system need to adapt to each other both initially and continually so as 
to ensure stable performance. Current BCIs have maximum information transfer rates up to 
10–25 bits/min. This limited capacity can be valuable for people whose severe disabilities 
prevent them from using conventional augmentative communication methods.  

At the same time, many possible applications of BCI technology, such as neuroprosthesis 
control, may require higher information transfer rates. Future progress will depend on: 
recognition that BCI research and development is an interdisciplinary problem, involving 
neurobiology, psychology, engineering, mathematics, and computer science; identification 
of those signals, whether evoked potentials, spontaneous rhythms, or neuronal firing rates, 
that users are best able to control independent of activity in conventional motor output 
pathways; development of training methods for helping users to gain and maintain that 
control; delineation of the best algorithms for translating these signals into device 
commands; attention to the identification and elimination of artifacts such as 
electromyographic and electro-oculographic activity; adoption of precise and objective 
procedures for evaluating BCI performance; recognition of the need for long-term as well as 
short-term assessment of BCI performance; identification of appropriate BCI applications 
and appropriate matching of applications and users; and attention to factors that affect user 
acceptance of augmentative technology, including ease of use, and provision of those 
communication and control capacities that are most important to the user. 

Three major problems in this novel technology are identifies the brain signal features best 
suited for communication and artifacts that can occur during the signal acquisition.  

Artifacts are undesired signals that can introduce significant changes in brain signals and 
ultimately affect the neurological phenomenon. Artifacts are attributed either to non-
physiological sources (such as 50/60 Hz power-line noise, changes in electrode impedances, 
etc.) or physiological sources, such as potentials introduced by eye or body movements. 
Different methods for artifact removal are proposed in the literature. One of the most 
successful methods is Independent component analysis (ICA) (N. Xu et al., 2004). This 
method based on a common successful assumption in EEG research is that signals are 
generated by a linear mixing of independent sources in the brain and other external 
components and used for artifact removing of EEG signals (Hyvärinen et al., 2000). In this 
chapter, we use two artifacts removal methods: ICA and liner filtering. 

The performance of a BCI, like that of other communication systems, depends on its signal-
to-noise ratio. The goal is to recognize and execute the user’s intent, and the signals are 
those aspects of the recorded electrophysiological activity that correlate with and thereby 
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reveal that intent. The user’s task is to maximize this correlation; and the system’s first task 
is to measure the signal features accurately, i.e. to maximize the signal-to-noise ratio.  

Feature extraction methods can greatly affect signal-to-noise ratio. Good methods enhance 
the signal and reduce central nervous system and non-CNS noise. This is most important 
and difficult when the noise is similar to the signal. For features extraction from the raw 
EEG data many methods such as time domain, frequency domain, and time–frequency 
domain are used. Since the EEG is non-stationary in general, it is most appropriate to use 
time–frequency domain methods like wavelet transform (WT) as a mean for feature 
extraction (Asadi Ghanbari et al., 2009). In this chapter, we used WT for feature extraction. 
The WT provides a more flexible way of time–frequency representation of a signal by 
allowing the use of variable sized windows. 

Feature selection is one of the major tasks in classification problems. The main purpose of 
feature selection is to select a number of features used in the classification and at the same time 
to maintain acceptable classification accuracy. Various algorithms have been used for feature 
selection in the past decades. One of the best methods that can be used for features selection is 
GA (Te-Sheng et al., 2006). The GA plays the role of selector to select a subset of features that 
can best describe the classification. In this chapter, we employed this idea and used neural 
network classifier to compare the feature selection classification performance. The GA is a 
powerful feature selection tool, especially when the dimensions of the original feature set are 
large (Te-Sheng et al., 2006). Reducing the dimensions of the feature space not only reduces the 
computational complexity, but also increases estimated performance of the classifiers. 

In this chapter, we show how we can convert EEG activity into cursor movement by a BCI 
using an appropriate feature extraction scheme. The proposed automated method for the 
classification of EEG activity is based on signal preprocessing, feature extraction and 
classification. The power spectrum, variance and mean of the Daubechies mother wavelet 
transform and Hilbert transform used for feature extraction. Finally, we implemented a 
feed-forward multi-layer perceptron (MLP) with a single hidden layer with five neurons, a 
probabilistic neural network (PNN).and support vector machine (SVM) classifier with 
Gaussian RBF kernel. 

1.1 Definition and features of a BCI 

1.1.1 Dependent and independent BCIs 

A BCI is a communication system in which messages or commands that an individual sends 
to the external world do not pass through the brain’s normal output pathways of peripheral 
nerves and muscles. For example, in an EEG-based BCI the messages are encoded in EEG 
activity. A BCI provides its user with an alternative method for acting on the world. BCIs 
fall into two classes: dependent and independent. 

A dependent BCI does not use the brain’s normal output pathways to carry the message, but 
activity in these pathways is needed to generate the brain activity (e.g. EEG) that does carry 
it. For example, one dependent BCI presents the user with a matrix of letters that flash one 
at a time, and the user selects a specific letter by looking directly at it so that the visual 
evoked potential (VEP) recorded from the scalp over visual cortex when that letter flashes is 
much larger that the VEPs produced when other letters flash (Sutter , 1992). In this case, the 
brain’s output channel is EEG, but the generation of the EEG signal depends on gaze 
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direction, and therefore on extraocular muscles and the cranial nerves that activate them. A 
dependent BCI is essentially an alternative method for detecting messages carried in the 
brain’s normal output pathways: in the present example, gaze direction is detected by 
monitoring EEG rather than by monitoring eye position directly. While a dependent BCI 
does not give the brain a new communication channel that is independent of conventional 
channels, it can still be useful (Sutter , 1992). 

In contrast, an independent BCI does not depend in any way on the brain’s normal output 
pathways. The message is not carried by peripheral nerves and muscles, and, furthermore, 
activity in these pathways is not needed to generate the brain activity (e.g. EEG) that does 
carry the message. For example, one independent BCI presents the user with a matrix of 
letters that flash one at a time, and the user selects a specific letter by producing a P300 
evoked potential when that letter flashes (Donchin et al., 2000). In this case, the brain’s 
output channel is EEG, and the generation of the EEG signal depends mainly on the user’s 
intent, not on the precise orientation of the eyes (Polich., 2000). The normal output pathways 
of peripheral nerves and muscles do not have an essential role in the operation of an 
independent BCI. Because independent BCIs provide the brain with wholly new output 
pathways, they are of greater theoretical interest than dependent BCIs. Furthermore, for 
people with the most severe neuromuscular disabilities, who may lack all normal output 
channels (including extraocular muscle control), independent BCIs are likely to be more 
useful. 

1.1.2 BCI use is a skill 

Most popular and many scientific speculations about BCIs start from the ‘mind-reading’ or 
‘wire-tapping’ analogy, the assumption that the goal is simply to listen in on brain activity 
as reflected in electrophysiological signals and thereby determine a person’s wishes. This 
analogy ignores the essential and central fact of BCI development and operation. A BCI 
changes electrophysiological signals from mere reflections of central nervous system (CNS) 
activity into the intended products of that activity: messages and commands that act on the 
world. It changes a signal such as an EEG rhythm or a neuronal firing rate from a reflection 
of brain function into the end product of that function: an output that, like output in 
conventional neuromuscular channels, accomplishes the person’s intent. A BCI replaces 
nerves and muscles and the movements they produce with electrophysiological signals and 
the hardware and software that translate those signals into actions. 

The brain’s normal neuromuscular output channels depend for their successful operation on 
feedback. Both standard outputs such as speaking or walking and more specialized outputs 
such as singing or dancing require for their initial acquisition and subsequent maintenance 
continual adjustments based on oversight of intermediate and final outcomes (Ghez et al., 
2000). When feedback is absent from the start, motor skills do not develop properly; and 
when feedback is lost later on, skills deteriorate. 

As a replacement for the brain’s normal neuromuscular output channels, a BCI also depends 
on feedback and on adaptation of brain activity based on that feedback. Thus, a BCI system 
must provide feedback and must interact in a productive fashion with the adaptations the 
brain makes in response to that feedback. This means that BCI operation depends on the 
interaction of two adaptive controllers: the user’s brain, which produces the signals measured 
by the BCI; and the BCI itself, which translates these signals into specific commands. 
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Successful BCI operation requires that the user develop and maintain a new skill, a skill that 
consists not of proper muscle control but rather of proper control of specific 
electrophysiological signals; and it also requires that the BCI translate that control into 
output that accomplishes the user’s intent. This requirement can be expected to remain even 
when the skill does not require initial training. In the independent BCI described above, the 
P300 generated in response to the desired letter occurs without training. Nevertheless, once 
this P300 is engaged as a communication channel, it is likely to undergo adaptive 
modification (Coles et al., 1995), and the recognition and productive engagement of this 
adaptation will be important for continued successful BCI operation. 

That the brain’s adaptive capacities extend to control of various electrophysiological signal 
features was initially suggested by studies exploring therapeutic applications of the EEG. They 
reported conditioning of the visual alpha rhythm, slow potentials, the mu rhythm, and other 
EEG features (Neidermeyer., 1999). These studies usually sought to produce an increase in the 
amplitude of a specific EEG feature. Because they had therapeutic goals, such as reduction in 
seizure frequency, they did not try to demonstrate rapid bidirectional control, that is, the 
ability to increase and decrease a specific feature quickly and accurately, which is important 
for communication. Nevertheless, they suggested that bidirectional control is possible, and 
thus justified and encouraged efforts to develop EEG-based communication. In addition, 
studies in monkeys showed that the firing rates of individual cortical neurons could be 
operantly conditioned, and thus suggested that cortical neuronal activity provides another 
option for non-muscular communication and control (Schmidt., 1980). 

At the same time, these studies did not indicate to what extent the control that people or 
animals develop over these electrophysiological phenomena depends on activity in 
conventional neuromuscular output channels (Dewan., 1967). While studies indicated that 
conditioning of hippocampal activity did not require mediation by motor responses (Black., 
1971), the issue was not resolved for other EEG features or for cortical neuronal activity.  

1.1.3 The parts of a BCI 

Like any communication or control system, a BCI has input (e.g. electrophysiological 
activity from the user), output (i.e. device commands), components that translate input into 
output, and a protocol that determines the onset, offset, and timing of operation. Fig. 1 
shows these elements and their principal interactions. 

1.1.3.1 Signal acquisition 

In the BCIs discussed here, the input is EEG recorded from the scalp or the surface of the 
brain or neuronal activity recorded within the brain. Thus, in addition to the fundamental 
distinction between dependent and independent BCIs electrophysiological BCIs can be 
categorized by whether they use non-invasive (e.g. EEG) or invasive (e.g. intracortical) 
methodology. They can also be categorized by whether they use evoked or spontaneous 
inputs. Evoked inputs (e.g. EEG produced by flashing letters) result from stereotyped 
sensory stimulation provided by the BCI. Spontaneous inputs (e.g. EEG rhythms over 
sensorimotor cortex) do not depend for their generation on such stimulation. There is, 
presumably, no reason why a BCI could not combine non-invasive and invasive methods or 
evoked and spontaneous inputs. In the signal-acquisition part of BCI operation, the chosen 
input is acquired by the recording electrodes, amplified, and digitized. 
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1.1.3.2 Feature extraction 

The digitized signals are then subjected to one or more of a variety of feature extraction 
procedures, such as spatial filtering, voltage amplitude measurements, spectral analyses, or 
single-neuron separation. This analysis extracts the signal features that (hopefully) encode 
the user’s messages or commands. BCIs can use signal features that are in the time domain 
(e.g. evoked potential amplitudes or neuronal firing rates) or the frequency domain (e.g. mu 
or beta-rhythm amplitudes) (McFarland et al , 2000). A BCI could conceivably use both 
timedomain and frequency-domain signal features, and might thereby improve 
performance) (Schalk  et al , 2000). 

In general, the signal features used in present-day BCIs reflect identifiable brain events like the 
firing of a specific cortical neuron or the synchronized and rhythmic synaptic activation in 
sensorimotor cortex that produces a mu rhythm. Knowledge of these events can help guide 
BCI development. The location, size, and function of the cortical area generating a rhythm or 
an evoked potential can indicate how it should be recorded, how users might best learn to 
control its amplitude, and how to recognize and eliminate the effects of non-CNS artifacts. It is 
also possible for a BCI to use signal features, like sets of autoregressive parameters, that 
correlate with the user’s intent but do not necessarily reflect specific brain events. In such 
cases, it is particularly important (and may be more difficult) to ensure that the chosen features 
are not contaminated by EMG, electrooculography (EOG), or other non-CNS artifacts. 

1.1.3.3 The translation algorithm 

The first part of signal processing simply extracts specific signal features. The next stage, the 
translation algorithm, translates these signal features into device commands orders that 
carry out the user’s intent. This algorithm might use linear methods (e.g. classical statistical 
analyses (Jain et al, 2000) or nonlinear methods (e.g. neural networks). Whatever its nature, 
each algorithm changes independent variables (i.e. signal features) into dependent variables 
(i.e. device control commands). 

Effective algorithms adapt to each user on 3 levels. First, when a new user first accesses the 
BCI the algorithm adapts to that user’s signal features. If the signal feature is mu-rhythm 
amplitude, the algorithm adjusts to the user’s range of mu-rhythm amplitudes; if the feature 
is P300 amplitude, it adjusts to the user’s characteristic P300 amplitude; and if the feature is 
the firing rate of a single cortical neuron, it adjusts to the neuron’s characteristic range of 
firing rates. A BCI that possesses only this first level of adaptation, i.e. that adjusts to the 
user initially and never again, will continue to be effective only if the user’s performance is 
very stable. However, EEG and other electrophysiological signals typically display short- 
and long-term variations linked to time of day, hormonal levels, immediate environment, 
recent events, fatigue, illness, and other factors. Thus, effective BCIs need a second level of 
adaptation: periodic online adjustments to reduce the impact of such spontaneous 
variations. A good translation algorithm will adjust to these variations so as to match as 
closely as possible the user’s current range of signal feature values to the available range of 
device command values. 

While they are clearly important, neither of these first two levels of adaptation addresses the 
central fact of effective BCI operation: its dependence on the effective interaction of two 
adaptive controllers, the BCI and the user’s brain. The third level of adaptation accommodates 
and engages the adaptive capacities of the brain. As discussed in Previous Sections, when an 
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electrophysiological signal feature that is normally merely a reflection of brain function 
becomes the end product of that function, that is, when it becomes an output that carries the 
user’s intent to the outside world, it engages the adaptive capacities of the brain. Like activity 
in the brain’s conventional neuromuscular communication and control channels, BCI signal 
features will be affected by the device commands they are translated into: the results of BCI 
operation will affect future BCI input. In the most desirable (and hopefully typical) case, the 
brain will modify signal features so as to improve BCI operation. If, for example, the feature is 
mu-rhythm amplitude, the correlation between that amplitude and the user’s intent will 
hopefully increase over time. An algorithm that incorporates the third level of adaptation 
could respond to this increase by rewarding the user with faster communication. It would 
thereby recognize and encourage the user’s development of greater skill in this new form of 
communication. On the other hand, excessive or inappropriate adaptation could impair 
performance or discourage further skill development. Proper design of this third level of 
adaptation is likely to prove crucial for BCI development. Because this level involves the 
interaction of two adaptive controllers, the user’s brain and the BCI system, its design is 
among the most difficult problems confronting BCI research. 

1.1.3.4 The output device 

For most current BCIs, the output device is a computer screen and the output is the selection 
of targets, letters, or icons presented on it (Wolpaw et al, 1991). Selection is indicated in 
various ways (e.g. the letter flashes). Some BCIs also provide additional, interim output, 
such as cursor movement toward the item prior to its selection (Pfurtscheller et al, 2000). In 
addition to being the intended product of BCI operation, this output is the feedback that the 
brain uses to maintain and improve the accuracy and speed of communication. Initial 
studies are also exploring BCI control of a neuroprosthesis or orthesis that provides hand 
closure to people with cervical spinal cord injuries (Lauer et al, 2000). In this prospective BCI 
application, the output device is the user’s own hand. 

1.1.3.5 The operating protocol 

Each BCI has a protocol that guides its operation. This protocol defines how the system is 
turned on and off, whether communication is continuous or discontinuous, whether 
message transmission is triggered by the system (e.g. by the stimulus that evokes a P300) or 
by the user, the sequence and speed of interactions between user and system, and what 
feedback is provided to the user. 

Most protocols used in BCI research are not completely suitable for BCI applications that 
serve the needs of people with disabilities. Most laboratory BCIs do not give the user on/off 
control: the investigator turns the system on and off. Because they need to measure 
communication speed and accuracy, laboratory BCIs usually tell their users what messages 
or commands to send. In real life the user picks the message. Such differences in protocol 
can complicate the transition from research to application. 

2. Our BCI system: Brain computer interface with wavelets genetic algorithms 

2.1 Materials and methods 

In this research, EEG signal used as the basic data for classification. The EEG data is from an 
open EEG database of University of Tuebingen. Two types of the EEG database are 
employed as (BCI Competition, 2003). 
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2.1.1 Dataset I  

The datasets were taken from a healthy subject. The subject was asked to move a cursor up 
and down on a computer screen, while his cortical potentials were taken. During the 
recording, the subject received visual feedback of his slow cortical potentials (Cz-Mastoids). 
Each trial lasted 6s. During every trial, the task was visually presented by a highlighted goal 
at either the top or bottom of the screen to indicate negativity or positivity from second 0.5 
until the end of the trial. The visual feedback was presented from second 2 to second 5.5. 
Only this 3.5 second interval of every trial is provided for training and testing. The sampling 
rate of 256 Hz and the recording length of 3.5s results in 896 samples per channel for every 
trial. This dataset contain 266 trials that 70% of this dataset is considered as train dataset and 
the rest are considered as test. 

2.1.2 Dataset II  

The datasets were taken from an artificially respirated ALS patient. The subject was asked to 
move a cursor up and down on a computer screen, while his cortical potentials were taken. 
During the recording, the subject received auditory and visual feedback of his slow cortical 
potentials (Cz-Mastoids). Each trial lasted 8s. During every trial, the task was visually and 
auditorily presented by a highlighted goal at the top or bottom of the screen from second 0.5 
until second 7.5 of every trial. In addition, the task ("up" or "down") was vocalised at second 
0.5. The visual feedback was presented from second 2 to second 6.5. Only this 4.5 second 
interval of every trial is provided for training and testing. The sampling rate of 256 Hz and 
the recording length of 4.5s results in 1152 samples per channel for every trial. This dataset 
contain 200 trials that 70% of this dataset is considered as train dataset and the rest are 
considered as test. 

2.1.3 Proposed methods 

The block diagram of the proposed method for EEG signal classification is depicted in Fig.1. 
The method is divided into five steps: (1) EEG acquisition and sampling, (2) EEG 
preprocessing, (3) calculation of feature vector, (4) feature selection, (5) classification 
(Goncharova et al, 2003; Hyvärinen & Oja, 2000; McFarland et al, 2005). 

 

 
Fig. 1.  Block diagram of the proposed method for EEG signal classification. 
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3. Artifacts in BCI systems 

Artifacts are undesirable potentials that contaminate brain signals, and are mostly of non-
cerebral origin. Unfortunately, they can modify the shape of a neurological phenomenon 
used to drive a BCI system. Thus, even cerebral potentials may sometimes be considered as 
artifacts. For example, in an MRP-based BCI system, a visual evoked potential (VEP) is 
considered as an artifact. Visual alpha rhythms can also appear as artifacts in a Mu-based 
BCI system (Goncharova et al, 2003). One problem with such artifacts is that they could 
mistakenly result in controlling the device (McFarland et al, 2005). Therefore, there is a need 
to avoid, reject or remove artifacts from recordings of brain signals. 

Artifacts originate from non-physiological as well as physiological sources. Non-
physiological artifacts originate from outside the human body (such as 50/60 Hz power-line 
noise or changes in electrode impedances), and are usually avoided by proper filtering, 
shielding, etc. 

Physiological artifacts arise from a variety of bodily activities. Electrocardiography (ECG) 
artifacts are caused by heart beats and may introduce a rhythmic activity into the EEG 
signal. Respiration can also cause artifacts by introducing a rhythmic activity that is 
synchronized with the body’s respiratory movements. Skin responses such as sweating may 
alter the impedance of electrodes and cause artifacts in the EEG signals. 

Physiological artifacts such as ocular (EOG) and muscle (EMG) artifacts are much more 
challenging to handle than non-physiological ones. Moreover, controlling them during 
signal acquisition is not easy. There are different ways of handling these types of artifacts in 
BCI systems. In next Section, we examine the methods for handling Physiological artifacts in 
BCI systems. 

3.1 Methods of handling artifacts 

In this section, we briefly address methods of handling artifacts. Our focus throughout this 
section will be on Artifact removal in BCI systems. 

3.1.1 Artifact avoidance 

The first step in handling artifacts is to avoid their occurrence by issuing proper instructions 
to users. For example, users are instructed to avoid blinking or moving their body during 
the experiments. Instructing users to avoid generating artifacts during data collection has 
the advantage of being the least computationally demanding among the artifact handling 
methods, since it is assumed that no artifact is present in the signal (or that the presence of 
artifacts is minimal). However, it has several drawbacks. First, since many physiological 
signals, such as the heart beats, are involuntary, artifacts will always be present in brain 
signals. Even in the case of EOG and EMG activities, it is not easy to control eye and body 
movements during data recording. Second, the occurrence of ocular and muscle activity 
during an online operation of any BCI system is unavoidable. Third, the collection of a 
sufficient amount of data without artifacts may be difficult, especially in cases where a 
subject has a neurological disability. Finally, avoiding artifacts may introduce an additional 
cognitive task for the subject. For example, it has been shown that refraining from eye 
blinking results in changes in the amplitude of some evoked. 
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3.1.2 Artifact rejection 

Artifact rejection refers to the process of rejecting the trials affected by artifacts. It is perhaps 
the simplest way of dealing with brain signals contaminated with artifacts. It has some 
important advantages over the artifact avoidance approach. For example, it would be easier 
for users to participate in the experiments and perform the required tasks, especially those 
individuals with motor disabilities. Also, the ‘‘secondary’’ cognitive task, resulting from a 
subject trying to avoid generating a particular artifact, will not be present in the EEG signal. 
Artifact rejection is usually done by visually inspecting the EEG or the artifact signals, or by 
using an automatic detection method. 

3.1.3 Artifact removal 

Artifact removal is the process of identifying and removing artifacts from brain signals. An 
artifact-removal method should be able to remove the artifacts as well as keeping the related 
neurological phenomenon intact. In this paper we use artifact removal methods that contain 
ICA and liner filtering. 

3.1.3.1 Linear filtering 

Linear filtering is useful for removing artifacts located in certain frequency bands that do 
not overlap with those of the neurological phenomena of interest (Barlow, 1984). For 
example, low-pass filtering can be used to remove EMG artifacts and high-pass filtering can 
be used to remove EOG artifacts. Linear filtering was commonly used in early clinical 
studies to remove artifacts in EEG signals (Zhou, 2005). 

The advantage of using filtering is its simplicity. Also the information from the EOG signal 
is not needed to remove the artifacts. This method, however, fails when the neurological 
phenomenon of interest and the EMG or EOG artifacts overlap or lie in the same frequency 
band (de Beer et al, 1995). A look at the frequency range of neurological phenomena used in 
BCI systems unfortunately shows that this is usually the case. As a result, a simple filtering 
approach cannot remove EMG or EOG artifacts without removing a portion of the 
neurological phenomenon. More specifically, since EOG artifacts generally consist of low 
frequency components, using a high-pass filter will remove most of the artifacts. Such 
methods are successful to some extent in BCI systems that use features extracted from high-
frequency components of the EEG (e.g., Mu and Beta rhythms). However, for BCI systems 
that depend on low frequency neurological phenomena (such as MRPs), this methods are 
not as desirable, since these neurological phenomena may lie in the same frequency range as 
that of the EOG artifacts. 

In the case of removing EMG artifacts from EEG signals, filtering specific frequency bands of 
the EEG can be used to reduce the EMG activity. Since artifacts generated by EMG activity 
generally consist of high-frequency components, using a low-pass filter may remove most of 
these artifacts. Again, such methods may be successful to some extent for BCI systems that rely 
on low-frequency components (e.g., MRPs), but they cannot be effective for BCI systems that 
use a neurological phenomenon with high-frequency content (such as Beta rhythms). 

3.1.3.2 Blind source separation (BSS) 

BSS techniques separate the EEG signals into components that ‘‘build’’ them. They identify 
the components that are attributed to artifacts and reconstruct the EEG signal without these 
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components (Choi  et al, 2005). Among the BSS methods, Independent Component Analysis 
(ICA) is more widely used. ICA is a method that blindly separates mixtures of independent 
source signals, forcing the components to be independent. It has been widely applied to 
remove ocular artifacts from EEG signals (Jung et al, 2001). Preliminary studies have shown 
that ICA increases the strength of motor-related signal components in the Mu rhythms, and 
is thus useful for removing artifacts in BCI systems (Makeig et al, 2000). 

One advantage of using BSS methods such as ICA is that they do not rely on the availability 
of reference artifacts for separating the artifacts from the EOG signals (Zhou, 2005). One 
disadvantage of ICA, along with other BSS techniques, is that they usually need prior visual 
inspection to identify artifact components (Jung et al, 2001). However, some automatic 
methods have been proposed (Joyce et al, 2004). 

3.1.3.3 Independent component analysis 

ICA was originally developed for blind source separation whose goal is to recover mutually 
independent but unknown source signals from their linear mixtures without knowing the 
mixing coefficients. 

ICA is a computational technique for revealing hidden factors that underlie sets of 
measurements or signals. ICA assumes a statistical model whereby the observed 
multivariate data, typically given as a large database of samples, are assumed to be linear or 
nonlinear mixtures of some unknown latent variables. The mixing coefficients are also 
unknown. The latent variables are nongaussian and mutually independent and they are 
called the independent components of the observed data. By ICA, these independent 
components, also called sources or factors, can be found. Thus ICA can be seen as an 
extension to Principal Component Analysis and Factor Analysis. ICA is a much richer 
technique, however, capable of finding the sources when these classical methods fail 
completely.  

In this chapter, we use a basic form of the FastICA algorithm is as follows (Hyvärinen & Oja, 
2000): 
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Where  2exp 2g u u  , x observed data and w is a weight matrix that does ICA. Note that 
convergence means that the old and new values of w point in the same direction, i.e. their 
dot-product are (almost) equal to 1. 

4. Feature extraction 

For features extraction from the raw EEG data many methods such as time domain, 
frequency domain, and time–frequency domain are used. In this article we used Hilbert and 
Wavelet Transform for feature extraction. 
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4.1 Wavelet transforms 

4.1.1 Wavelets 

Wavelets are a recently developed signal processing tool enabling the analysis on several 
timescales of the local properties of complex signals that can present non-stationary zones. 
They lead to a huge number of applications in various fields, such as, for example, 
geophysics, astrophysics, telecommunications, imagery and video coding. They are the 
foundation for new techniques of signal analysis and synthesis and find beautiful 
applications to general problems such as compression and denoising. 

The propagation of wavelets in the scientific community, academic as well as industrial, is 
surprising. First of all, it is linked to their capacity to constitute a tool adapted to a very 
broad spectrum of theoretical as well as practical questions. Let us try to make an analogy: 
the emergence of wavelets could become as important as that of Fourier analysis. A second 
element has to be noted: wavelets have benefited from an undoubtedly unprecedented trend 
in the history of applied mathematics. Indeed, very soon after the grounds of the 
mathematical theory had been laid in the middle of the 1980s (Meyer, 1990), the fast 
algorithm and the connection with signal processing (Mallat, 1989) appeared at the same 
time as Daubechies orthogonal wavelets (Daubechies, 1988). This body of knowledge, 
diffused through the Internet and relayed by the dynamism of the research community 
enabled a fast development in numerous applied mathematics domains, but also in vast 
fields of application. 

Thus, in less than 20 years, wavelets have essentially been imposed as a fruitful 
mathematical theory and a tool for signal and image processing. They now therefore form 
part of the curriculum of many pure and applied mathematics courses, in universities as 
well as in engineering schools. 

4.1.2 Wavelet transforms 

For features extraction from the raw EEG data many methods such as time domain, 
frequency domain, and time–frequency domain are used. Since the EEG is non-stationary in 
general, it is most appropriate to use time–frequency domain methods like wavelet 
transform (WT) as a mean for feature extraction (Nazari et al, 2009). The WT provides a 
more flexible way of time–frequency representation of a signal by allowing the use of 
variable sized windows. In WT long time windows are used to get a finer low-frequency 
resolution and short time windows are used to get high-frequency information. Thus, WT 
gives precise frequency information at low frequencies and precise time information at high 
frequencies. This makes the WT suitable for the analysis of irregular data patterns, such as 
impulses occurring at various time instances. The EEG recordings were decomposed into 
various frequency bands through fourth-level wavelet packet decomposition (WPD). The 
decomposition filters are usually constructed from the Daubechies or other sharp mother 
wavelets, when the data has discontinuities. In this research, based on the analysis of the 
data, Daubechies mother wavelet was used in the decomposition. The power spectrum, 
variance and mean of the signal (each channel) are extracted as features. So the feature set 
for each subject in each trial consisted of 3*number of channels. As a result, the feature 
matrix was 266*18 and 200*21 for subject A and B respectively. Finally the feature matrix is 
normalized. 
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4.2 Hilbert transforms 

Hilbert transforms are essential in understanding many modern modulation methods. These 
transforms effectively phase shift a function by 90 degrees independent of frequency. Of 
course practical implementations have limitations (Huang et al, 1998). For example, the 
phase shifting of a low frequency implies a long delay, which in turn implies a 
computational process that maintains a long history of the signal. Hilbert transforms are 
useful in creating signals with one sided Fourier transforms. Also the concepts of analytic 
functions and analytic signals will be shown to be related through Hilbert transforms. 

The Hilbert transform is a convenient tool to use in dealing with band-pass signals (Huang, 
2005). The Hilbert transform of a signal ( )x t will be denoted by ˆ( )x t and is obtained by 
passing ( )x t through a filter with the transfer function: 
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This is illustrated in “Fig. 2”. The Hilbert transform filter is an ideal 90  phase shifter. In the 
frequency domain: 
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It can be shown that the inverse Fourier transform of ( )H   is 
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and its Hilbert transform are related by the convolution integral: 
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Where * represents convolution. 

 
Fig. 2. System for Forming Hilbert Transforms. 

5. Feature selection 

Feature selection is one of the major tasks in classification problems. The main purpose of 
feature selection is to select a number of features used in the classification and at the same 
time to maintain acceptable classification accuracy. Besides deciding which types of features 
to use, the weighting of features also plays an important role in classification. Emphasizing 
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features that have better discriminative power will usually boost classification. Feature 
selection can be seen as a special case of feature weighting, in which features that are 
eliminated are assigned zero weight. Feature selection reduces the dimensionality of the 
feature space, which leads to a reduction in computational complexity. Furthermore, in 
some cases, classification can be more accurate in the reduced space. Various algorithms 
have been used for feature selection in the past decades. One of the best methods that can be 
used for features selection is Genetic Algorithms (Sheng, 2006). 

5.1 Genetic algorithms 

Genetic Algorithms are adaptive heuristic search algorithm premised on the evolutionary 
ideas of natural selection and genetic (Andries, 2007). The basic concept of Gas is designed 
to simulate processes in natural system necessary for evolution. The main operator of GA to 
search in pool of possible solutions is Crossover, Mutation and selection. 

The genetic search process is iterative: evaluating, selection and recombining string in the 
population during each one of iterations (generation) until reaching some termination 
condition. Evaluation of each string is based on a fitness function that is problem-
dependent. It determines which of the candidate solutions are better. This corresponds to 
the environmental determination of survivability in national selection. Selection of a string, 
which represents a point in the search space, depends on the string’s fitness relative to those 
of other strings in the population, those points that have relatively low fitness.  

Mutation, as in natural systems, is a very low probability operator and just flips bit. The aim 
of mutation is to introduce new genetic material into an existing individual; that is, to add 
diversity to the genetic characteristics of the population. Mutation is used in support of 
crossover to ensure that the full range of allele is accessible for each gene. 

Crossover in contrast is applied with high probability. It is a randomized yet structured 
operator that allows information exchange between points. Its goal is to preserve the fittest 
individual without introducing any new value. 

The proposed approach to the use of Gas for Feature selection involves encoding a set of d, 
Feature s as a binary string of d elements, in which a 0 in the string indicates that the 
corresponding Feature is to be omitted, and a 1 that it is to be included. This coding scheme 
represents the presence or absence of a particular Feature from the Feature space (see Fig. 3). 
The length of chromosome equal to Feature space dimensions. 

 
Fig. 3. Schema of the proposed GA-based feature selection approach 
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6. Translation algorithm 

6.1 Neural Networks 

An artificial neural network (ANN) is an interconnected group of artificial neurons 
simulating the thinking process of human brain. One can consider an ANN as a “magical” 
black box trained to achieve expected intelligent process, against the input and output 
information stream. ANN are useful in application areas such as pattern recognition, 
classification etc.  

6.1.1 Multilayered Perceptron Neural Networks 

The decision making process of the ANN is holistic, based on the features of input patterns, 
and is suitable for classification of biomedical data. Typically, multilayer feed forward 
neural networks can be trained as non-linear classifiers using the generalized back-
propagation (BP) algorithm. 

Our network has one hidden layer with five neurons and output layer with one neuron. 
Generalized BP algorithm with momentum used as training procedure. Momentum is a 
standard training technique which is used to speed up convergence and maintain 
generalization performance (Hagan, 1995). For hidden and output layers, we used bipolar 
and unipolar sigmoid functions respectively as decision function on the other hand we 
normalized weights and inputs. With these methods we achieved a NN classifier that is the 
most suitable classifier for the task at hand. We determined the most effective set as well as 
the optimum vector length for high accuracy classification. This NN classifier was trained 
and tested by using the feature sets described above. 

By means of minimizing error optimized the number of neurons in hidden layer to five with 
tansig functions and sigmoid function for output layer. 

6.1.2 Probabilistic Neural Network 

The probabilistic approach to neural networks has been developed in the framework of 
statistical pattern recognition. Probabilistic neural network (PNN) is derived from radial 
basis function (RBF) network which is an ANN using RBF. RBF is a bell shape function that 
scales the variable nonlinearly. PNN is adopted for it has many advantages (Kim & Chang, 
2007). Its training speed is many times faster than a BP network. PNN can approach a Bayes 
optimal result under certain easily met conditions. Additionally, it is robust to noise 
examples. We choose it also for its simple structure and training manner. The most 
important advantage of PNN is that training is easy and instantaneous. Weights are not 
“trained” but assigned. Existing weights will never be alternated but only new vectors are 
inserted into weight matrices when training. So it can be used in real-time. Since the training 
and running procedure can be implemented by matrix manipulation, the speed of PNN is 
very fast. 

6.2 Support Vector Machine 

The SVM is a relatively new classification technique developed by Vapnik (Avidan, 2004) 
which has shown to perform strongly in a number of real-world problems, including BCI. 
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The invention of SVM was driven by underlying statistical learning theory, i.e., following 
the principle of structural risk minimization that is rooted in VC dimension theory, which 
makes its derivation even more profound. The SVMs have been a topic of extensive research 
with wide applications in machine learning and engineering. The output of a binary SVM 
classifier can be computed by the following expression: 
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problem, b is the bias, and  ,i jk x x  is called kernel function in SVM. The most commonly 
used kernel function is the Gaussian RBF as: 
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The SVM for the linearly separable case find optimal separating hyper plane, as shown in 
“Fig. 4” (Chandaka et al, 2008). 

 
Fig. 4. SVM classification with a hyperplane that maximizes the separating margin between 
the two classes (indicated by data points marked by “X”s and “O”s). Support vectors are 
elements of the training set that lie on the boundary hyperplanes of the two classes. 

7. Simulation results 

In this paper, we proposed a scheme to combine liner filtering, Genetic Algorithm and 
neural network classifiers for EEG signal classification. Liner filtering and independent 
component analysis is used to artifact removal from EEG signals. The GA select essential 
EEG features then selected features serve as input feature vector for the following classifiers. 
Two neural networks, including probabilistic neural network (PNN), Multilayered 



 
Brain Computer Interface with Wavelets and Genetic Algorithms 

 

135 

Perceptron (MLP) and support vector machine (SVM) were employed in the study and their 
effects were compared. In neural network structure, the output layer unit has sigmoid 
function, which makes network capable of nonlinearly mapping and capturing dynamics of 
signals. In SVM classifier different values for σ which is a very essential parameter in 
designing a SVM classifier with Gaussian RBF kernel examined and the best one selected.  

To classify cursor movements two types of the EEG database are used, 70% of each dataset 
used for training and the rest for test classifiers. Both neural network classifiers and SVM 
demonstrated high classification accuracies with relatively small number of features. 
Between the three classifiers, SVM shows slightly better performance than MLP and PNN in 
terms of classification accuracy and robustness to different number of features. The results 
prove that the proposed scheme a promising model for the discrimination of clinical EEG 
signals. The performance of a classifier is not just measured as the accuracy achieved by the 
network, but aspects such as computational complexity and convergence characteristics are 
just as important. To reduce complexity, the GA used to select essential EEG features. This 
approach to BCI helps to reduce the computational complexity of the Classification process, 
and helps to improve transfer rate in real-time BCI systems. 

Generally, the classification accuracy over files, which were included in training, is higher than 
the accuracy for the testing set. Tables I and II indicate the results of classification accuracy 
during training and test stages for both datasets. In comparison with the neural network 
classifier, SVM has a better training and test accuracy rate of neural network classifier, because 
of the nature of SVM classifier, this classifier is more general than neural network and this 
specification is very important in the use of classifiers. The most important advantage of PNN 
is that training is easy and instantaneous in comparison with SVM and MLP classifiers. 

 
 

Features Wavelet transform Hilbert transform 
classifier Training Test Training Test 

MLP 99.56% 86.75% 99.76% 88.75% 
PNN 99.98% 88.75% 99.97% 89.75% 
SVM 99.95% 90.25% 99.98% 92.25% 

Table 1. Results of the dataset type I 
 

Features Wavelet transform Hilbert transform 
classifier Training Test Training Test 

MLP 99.46% 87.75% 99.56% 88.25% 
PNN 99.95% 88.55% 99.97% 88.75% 
SVM 99.92% 90.05% 99.95% 91.25% 

Table 2. Results of the Dataset type II 

8. Conclusion 

Wavelets are a recently developed signal processing tool enabling the analysis on several 
timescales of the local properties of complex signals that can present non-stationary zones. 
They lead to a huge number of applications in various fields, such as, geophysics, 
astrophysics, telecommunications, imagery and video coding. They are the foundation for 
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new techniques of signal analysis and synthesis and find beautiful applications to general 
problems such as compression and denoising. In order to extract the most suitable features 
from the raw EEG data different methods in time or frequency domain can be used. Since 
the EEG is non-stationary in general, it is most appropriate to use time–frequency domain 
methods like wavelet transform (WT) as a mean for feature extraction. The simulation 
results confirm this fact. The Genetic algorithm is applied in order to choose the best 
features from the feature space. GA is an evolutionary algorithm which its optimality has 
been proved in other fields, the computation complexity is low and it is an appropriate 
method in real time problems.  
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1. Introduction 

This chapter presents an oesophageal speech enhancement algorithm. Such an exceptionally 
special type of voice is due to the laryngectomy undergone by those persons with larynx 
cancer. An oesophageal voice has extremely low intelligibility. The parameter values 
characterising the voice go beyond normal levels. This chapter proposes a method to 
improve its quality, which consists in improving Shimmer parameter using Wavelet 
transform and stabilizing the transfer function poles of the vocal tract model so as to 
improve a signal’s formants. With this aim, the joint use of two techniques has been applied: 
on the one hand, Digital Wavelet Transform technique to normalise Shimmer and, on the 
other hand, an algorithm that transforms the modulus and phase of vocal tract’s poles 
technique. The final speech improvement has been measured with the help of 
Multidemensional Voice Program (MDVP) (Deliyski, 1993) tools and the Shimmer and 
Harmonic to Noise Ratio (HNR) parameters. 

Communication ability of human beings can be extremely influenced by voice disorders. 
When any problem in the larynx or changes in the voice pitch appear, it could be important 
to go to the specialist’s office to examine the vocal folds movements. 

Specialists use computational tools in the objective diagnosis of vocal folds pathologies by 
means of a set of acoustic parameters among others. There are some patients with severe 
degradations of speech, as they are the oesophageal voice of laryngectomees.  

Patients who have undergone a laryngectomy as a result of larynx cancer have exceptionally 
low intelligibility. This is due to the removal of their vocal folds, which forces them to use 
the air flowing through the oesophagus: this is known as oesophageal speech. The 
characterization parameters for these kinds of oesophageal voices go beyond normal ranges, 
due to the low quality of the sound itself and its intelligibility. 

The cancer of the vocal folds needs to pay special attention in its diagnosis, treatment, 
rehabilitation and monitoring mainly because it can cause death. Once the cancer has been 
detected, the otolaryngology (ORL) arranges the vocal folds removal. This implies that 
patients in such situation will not be able to produce laryngeal voice and hence, they lose 
the speaking ability. The second most common type of cancer is larynx cancer with a rate of 
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95%. Every year approximately 136,000 new cases of larynx cancer are diagnosed in the 
world, with an average survival rate of 5 years in 68% of the cases. 

After the operation and during the rehabilitation, the patient will begin the learning stage of 
oesophageal speech: the voice produced due to the modulation of the air by means of the 
oesophagus. This will allow the patient to use oesophageal speech which has a degraded 
quality but it makes possible to maintain a fluid oral communication.  

Low intelligibility is the main problem in both oral and telephone communications with 
other people. In addition, the noise of this kind of speech signal is especially high. This fact 
has an extremely negative effect on the objective voice parameters, such as pitch, jitter, 
shimmer and HNR (Harmonic to Noise Ratio). Thus, it is necessary to process voice signal 
in order to increase intelligibility. The voice enhancement will be measured by those 
objective parameters. Therefore, the main aim of this work is to recover the normal range of 
those parameters, to facilitate the laryngectomized collective communication. 

Thus, it is necessary to process voice signals in order to increase intelligibility. The voice 
enhancement will be measured by the objective parameters. Therefore, the main aim of this 
work is to recover the normal range of the parameters, to facilitate the laryngectomized 
people communication. 

The general objective of this work is to develop an algorithm to enhance and the voice for 
people who have voice disorders. 

2. Methods and system design 

2.1 Acoustic parameters 

The voice enhancement will be measured by the objective parameters. Therefore, the main 
aim of this work is to recover the normal range of the parameters, to facilitate the 
laryngectomized collective communication. 

The pitch (Baken & Orlikoff, 2000) is the property of a sound or musical tone measured by 
its perceived frequency. Due to de pseudo-periodic nature of the voiced speech, there are 
variations in the instantaneous frequency fi so the pitch can be defined as 

 1( )

N

i
i

f
Pitch Hz

N



 (1) 

being N the number of extracted pitch periods. 

Fundamental frequency estimation has consistently been a difficult topic in audio signal 
processing because is so difficult to define the time instants which define the voice cycles 
used to obtain their related instantaneous frequency, fi. 

Furthermore, in acoustical parameterization it is of capital importance to calculate those 
instants because they are basic features used in this kind of characterization. 

Jitter (Baken & Orlikoff, 2000) is a parameter that represents the variation of the 
fundamental frequency: 
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sf.- smoothing factor (typically odd) 

m.- ½*(sf-1) 

% (6) 

Table 1. Jitter definition formulae 

In the other hand, specialists also use the reference of shimmer (Baken & Orlikoff, 2000) 
which is the parameter that represents the amplitude perturbation of the voice signal. The 
voice produced in vocal folds is supposed to have the ability to maintain its amplitude 
almost constant, thus an increased value of shimmer may imply a symptom of a voice 
disorder. 

The possible mathematical definitions of shimmer are the following: 
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Name Notation Definition Units id 
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sf – smoothing factor (typically odd) 

m.- ½*(sf-1) 

% (9) 

Table 2. Shimmer definition formulae 

Several authors have reported decent results using voice cycle detection (Chen & Kao, 2001) 
(Hagmüller & Kubina, 2006) and there are many techniques widely detailed in literature: 
time domain estimators (e.g. Zero Crossing Rate (Kedem, 1986)), fundamental frequency 
estimators (Dorken & Nawab, 1994) (Piszczalski & Galler, 1979), Autocorrelation methods 
(Yin Estimator, (Cheveigné & Kawahara, 2002)), Phase Space representation (Gibiat, 1988), 
Cepstrum (Flanagan, 1965) and Statistical Methods (Sano & Jenkins, 1989) (Doval & Rodet, 
Estimation of fundamental frequency of musical sound signals, 1991) (Doval & Rodet, 1993). 
Some of them define directly the voice cycles (Chen & Kao, 2001) while others are used to 
calculate a numerical approximation (Cheveigné & Kawahara, 2002) to the fundamental 
frequency value. In these ones, a further step is necessary in order to identify clearly which 
instants define the voice cycles. 

The HNR is a general evaluation of noise present in the analyzed signal. It is defined as (10), 
rp(0) and rap(0) being the respective energies of the periodic and aperiodic components: 

 (0)
(0)

p

ap

r
HNR

r
  (10) 

The measures have been made with the help of MDVP from Kay Electronics important 
software that gives good estimations of a signal’s parameters. However, this software is not 
specialized in pathological speech. To fix this problem, the voiced period marks are needed 
to calculate the pitch and then the HNR have been manually introduced, one by one, on 
each signal. 
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The MDVP calculates the HNR as the average ratio of the harmonic spectral energy in the 
frequency range 70-4500 Hz and the enharmonic spectral energy in the frequency range 
1500-4500 Hz (Deliyski, 1993) (Yumoto & Gould, 1982). 

2.2 Wavelets  

It is well known from Fourier theory that a signal can be expressed as the sum of a, possibly 
infinite, series of sines and cosines. This sum is also referred to as a Fourier expansion. The 
big disadvantage of a Fourier expansion however is that it has only frequency resolution 
and no time resolution. This means that although we might be able to determine all the 
frequencies present in a signal, we do not know when they are present. To overcome this 
problem in the past decades several solutions have been developed which are more or less 
able to represent a signal in the time and frequency domain at the same time. 

The idea behind these time-frequency joint representations is to cut the signal of interest into 
several parts and then analyze the parts separately. It is clear that analyzing a signal this 
way will give more information about the when and where of different frequency 
components, but it leads to a fundamental problem as well: how to cut the signal? Suppose 
that we want to know exactly all the frequency components present at a certain moment in 
time. We cut out only this very short time window using a Dirac pulse1, transform it to the 
frequency domain and … something is very wrong. 

The problem here is that cutting the signal corresponds to a convolution between the signal 
and the cutting window. Since convolution in the time domain is identical to multiplication 
in the frequency domain and since the Fourier transform of a Dirac pulse contains all 
possible frequencies the frequency components of the signal will be smeared out all over the 
frequency axis. In fact this situation is the opposite of the standard Fourier transform since 
we now have time resolution but no frequency resolution whatsoever. 

The underlying principle of the phenomena just described is Heisenberg’s uncertainty 
principle, which, in signal processing terms, states that it is impossible to know the exact 
frequency and the exact time of occurrence of this frequency in a signal. In other words, a 
signal can simply not be represented as a point in the time-frequency space. The uncertainty 
principle shows that it is very important how one cuts the signal. 

The wavelet transform or wavelet analysis is probably the most recent solution to overcome the 
shortcomings of the Fourier transform. In wavelet analysis the use of a fully scalable 
modulated window solves the signal-cutting problem. The window is shifted along the 
signal and for every position the spectrum is calculated. Then this process is repeated many 
times with a slightly shorter (or longer) window for every new cycle. In the end the result 
will be a collection of time-frequency representations of the signal, all with different 
resolutions. Because of this collection of representations we can speak of a multiresolution 
analysis. In the case of wavelets we normally do not speak about time-frequency 
representations but about time-scale representations, scale being in a way the opposite of 
frequency, because the term frequency is reserved for the Fourier transform. 

2.2.1 The Continuous Wavelet Transform (CWT) 

The wavelet analysis described in the introduction is known as the continuous wavelet 
transform or CWT. More formally it is written as: 
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 γሺs, τሻ ൌ ׬ fሺtሻΨୱ,த∗ ሺtሻdt  (11) 

where * denotes complex conjugation. This equation shows how a function ƒ(t) is 
decomposed into a set of basis functions Ψୱ,த∗ ሺtሻ, called the wavelets. The variables s and - 
are the new dimensions, scale and translation, after the wavelet transform. For completeness 
sake equation (11) gives the inverse wavelet transform. I will not expand on this since we 
are not going to use it: 

 fሺtሻ ൌ ∬γሺs, τሻΨୱ,த∗ ሺtሻdτds  (12) 

The wavelets are generated from a single basic wavelet Ψ (t), the so-called mother wavelet, by 
scaling and translation: 

 Ψୱ,த∗ ሺtሻ ൌ
ଵ

√ୱ
Ψ ቀ

୲ିத

ୱ
ቁ (13) 

In (13) s is the scale factor, τ is the translation factor and the factor s-1/2 is for energy 
normalization across the different scales (Lió, 2003) (Ortolan, Mori, Pereira, Cabral, Pereira, 
& Cliquet, 2003). 

It is important to note that in (11), (12) and (13) the wavelet basis functions are not specified. 
This is a difference between the wavelet transform and the Fourier transform, or other 
transforms. The theory of wavelet transforms deals with the general properties of the 
wavelets and wavelet transforms only. It defines a framework within one can design 
wavelets to taste and wishes. 

2.2.2 Discrete wavelet 

Now that we know what the wavelet transform is, we would like to make it practical. 
However, the wavelet transform as described so far still has three properties that make it 
difficult to use directly in the form of (11). The first is the redundancy of the CWT. In (11) 
the wavelet transform is calculated by continuously shifting a continuously scalable 
function over a signal and calculating the correlation between the two. It will be clear that 
these scaled functions will be nowhere near an orthogonal basis5 and the obtained wavelet 
coefficients will therefore be highly redundant. For most practical applications we would 
like to remove this redundancy. 

Even without the redundancy of the CWT we still have an infinite number of wavelets in the 
wavelet transform and we would like to see this number reduced to a more manageable 
count. This is the second problem we have. The third problem is that for most functions the 
wavelet transforms have no analytical solutions and they can be calculated only numerically 
or by an optical analog computer. Fast algorithms are needed to be able to exploit the power 
of the wavelet transform and it is in fact the existence of these fast algorithms that have put 
wavelet transforms where they are today. 

As mentioned before the CWT maps a one-dimensional signal to a two-dimensional time-
scale joint representation that is highly redundant. The time-bandwidth product of the CWT 
is the square of that of the signal and for most applications, which seek a signal description 
with as few components as possible, this is not efficient. To overcome this problem discrete 
wavelets have been introduced. Discrete wavelets are not continuously scalable and 
translatable but can only be scaled and translated in discrete steps. This is achieved by 
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modifying the wavelet representation (13) to create (Tohidypour, Seyyedsalehi, & Behbood, 
2010) (Daubechies, 1992). 

 Ψ୨,୩ሺtሻ ൌ
ଵ

ටୱబ
ౠ
Ψ ൬

୲ି୩தబୱబ
ౠ

ୱబ
ౠ ൰  (14) 

Although it is called a discrete wavelet, it normally is a (piecewise) continuous function. In 
(14) j and k are integers and s0 > 1 is a fixed dilation step. The translation factor τ଴ depends 
on the dilation step. The effect of discretizing the wavelet is that the time-scale space is now 
sampled at discrete intervals. We usually choose s0 = 2 so that the sampling of the frequency 
axis corresponds to dyadic sampling. This is a very natural choice for computers, the human 
ear and music for instance. For the translation factor we usually choose τ଴ = 1 so that we 
also have dyadic sampling of the time axis. 

 
Fig. 1. Localization of the discrete wavelets in the time-scale space on a dyadic grid. 

When discrete wavelets are used to transform a continuous signal the result will be a series 
of wavelet coefficients, and it is referred to as the wavelet series decomposition. An important 
issue in such a decomposition scheme is of course the question of reconstruction. It is all 
very well to sample the time-scale joint representation on a dyadic grid, but if it will not be 
possible to reconstruct the signal it will not be of great use. As it turns out, it is indeed 
possible to reconstruct a signal from its wavelet series decomposition. In (Daubechies, 1992) 
it is proven that the necessary and sufficient condition for stable reconstruction is that the 
energy of the wavelet coefficients must lie between two positive bounds, i.e. 

 A‖f‖ଶ ൑ ∑ ห〈f, Ψ୨,୩〉ห
ଶ
൑ B୨,୩ ‖f‖ଶ  (15) 

where ‖f‖ଶ is the energy of ƒ(t), A > 0, B < ∞ and A, B are independent of ƒ(t). When 

equation (A‖f‖ଶ ൑ ∑ ห〈f, Ψ୨,୩〉ห
ଶ
൑ B୨,୩ ‖f‖ଶ  (15) is satisfied, the family of basis functions 



 
Wavelet Transforms and Their Recent Applications in Biology and Geoscience 146 

Ψ୨,୩ሺtሻ with ݆, ݇ ∈ Ժ is referred to as a frame with frame bounds A and B. When A = B the 
frame is tight and the discrete wavelets behave exactly like an orthonormal basis. When A ≠ 
B exact reconstruction is still possible at the expense of a dual frame. In a dual frame discrete 
wavelet transform the decomposition wavelet is different from the reconstruction wavelet. 

We will now immediately forget the frames and continue with the removal of all 
redundancy from the wavelet transform. The last step we have to take is making the discrete 
wavelets orthonormal. This can be done only with discrete wavelets. The discrete wavelets 
can be made orthogonal to their own dilations and translations by special choices of the 
mother wavelet, which means: 

∗ߖሻݐ௝,௞ሺߖ׬ 
௠,௡ሺݐሻ ݐ݀ ൌ ቄ				1					݂݅	݆ ൌ ݉	ܽ݊݀	݇ ൌ ݊

݁ݏ݅ݓݎ݄݁ݐ݋																		0
 (16) 

An arbitrary signal can be reconstructed by summing the orthogonal wavelet basis 
functions, weighted by the wavelet transform coefficients (Sheng, 1996): 

 fሺtሻ ൌ ∑ γሺj, kሻΨ୨,୩ሺtሻ୨,୩   (17) 

Equation (17)  shows the inverse wavelet transform for discrete wavelets, which we had not 
yet seen. 

Orthogonality is not essential in the representation of signals. The wavelets need not be 
orthogonal and in some applications the redundancy can help to reduce the sensitivity to 
noise (Sheng, 1996) or improve the shift invariance of the transform (Burrus, Goinath, & Guo, 
1998). This is a disadvantage of discrete wavelets: the resulting wavelet transform is no 
longer shift invariant, which means that the wavelet transforms of a signal and of a time-
shifted version of the same signal are not simply shifted versions of each other. 

2.2.3 A band-pass filter 

With the redundancy removed, we still have two hurdles to take before we have the wavelet 
transform in a practical form. We continue by trying to reduce the number of wavelets 
needed in the wavelet transform and save the problem of the difficult analytical solutions 
for the end. 

Even with discrete wavelets we still need an infinite number of scalings and translations to 
calculate the wavelet transform. The easiest way to tackle this problem is simply not to use 
an infinite number of discrete wavelets. Of course this poses the question of the quality of 
the transform. Is it possible to reduce the number of wavelets to analyze a signal and still 
have a useful result? 

The translations of the wavelets are of course limited by the duration of the signal under 
investigation so that we have an upper boundary for the wavelets. This leaves us with the 
question of dilation: how many scales do we need to analyze our signal? How do we get a 
lower bound? It turns out that we can answer this question by looking at the wavelet 
transform in a different way. 

If we look wavelets proprieties we see that the wavelet has a band-pass like spectrum. From 
Fourier theory we know that compression in time is equivalent to stretching the spectrum 
and shifting it upwards: 



 
Improvement of Shimmer Parameter of Oesophageal Voices Using Wavelet Transform 147 

 Fሼfሺatሻሽ ൌ
ଵ

ୟ
F ቀ

ன

ୟ
ቁ  (18) 

This means that a time compression of the wavelet by a factor of 2 will stretch the frequency 
spectrum of the wavelet by a factor of 2 and also shift all frequency components up by a 
factor of 2. Using this insight we can cover the finite spectrum of our signal with the spectra 
of dilated wavelets in the same way as that we covered our signal in the time domain with 
translated wavelets. To get a good coverage of the signal spectrum the stretched wavelet 
spectra should touch each other, as if they were standing hand in hand (see Fig. 2). This can 
be arranged by correctly designing the wavelets. 

 
Fig. 2. Touching wavelet spectra resulting from scaling of the mother wavelet in the time 
domain  

Summarizing, if one wavelet can be seen as a band-pass filter, then a series of dilated 
wavelets can be seen as a band-pass filter bank. If we look at the ratio between the centre 
frequency of a wavelet spectrum and the width of this spectrum we will see that it is the 
same for all wavelets. This ratio is normally referred to as the fidelity factor Q of a filter and 
in the case of wavelets one speaks therefore of a constant-Q filter bank. 

2.2.4 The scaling function 

The careful reader will now ask him- or herself the question how to cover the spectrum all 
the way down to zero? Because every time you stretch the wavelet in the time domain with 
a factor of 2, its bandwidth is halved. In other words, with every wavelet stretch you cover 
only half of the remaining spectrum, which means that you will need an infinite number of 
wavelets to get the job done. 

The solution to this problem is simply not to try to cover the spectrum all the way down to 
zero with wavelet spectra, but to use a cork to plug the hole when it is small enough. This 
cork then is a low-pass spectrum and it belongs to the so-called scaling function. The scaling 
function was introduced by Mallat (Mallat, 1989). Because of the low-pass nature of the 
scaling function spectrum it is sometimes referred to as the averaging filter. 

If we look at the scaling function as being just a signal with a low-pass spectrum, then we 
can decompose it in wavelet components and express it like (17): 

 φሺtሻ ൌ ∑ γሺj, kሻΨ୨,୩ሺtሻ୨,୩  (19) 

Since we selected the scaling function φ(t) in such a way that its spectrum neatly fitted in the 
space left open by the wavelets, the expression (φሺtሻ ൌ ∑ γሺj, kሻΨ୨,୩ሺtሻ୨,୩  (19) uses an infinite 
number of wavelets up to a certain scale j (see Fig. 3). This means that if we analyze a signal 
using the combination of scaling function and wavelets, the scaling function by itself takes 
care of the spectrum otherwise covered by all the wavelets up to scale j, while the rest is 
done by the wavelets. In this way we have limited the number of wavelets from an infinite 
number to a finite number. 
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Fig. 3. How an infinite set of wavelets is replaced by one scaling function. 

By introducing the scaling function we have circumvented the problem of the infinite 
number of wavelets and set a lower bound for the wavelets. Of course when we use a 
scaling function instead of wavelets we lose information. That is to say, from a signal 
representation view we do not lose any information, since it will still be possible to 
reconstruct the original signal, but from a wavelet-analysis point of view we discard 
possible valuable scale information. The width of the scaling function spectrum is therefore 
an important parameter in the wavelet transform design. The shorter its spectrum the more 
wavelet coefficients you will have and the more scale information. But, as always, there will 
be practical limitations on the number of wavelet coefficients you can handle. As we will see 
later on, in the discrete wavelet transform this problem is more or less automatically solved. 

Summarizing once more, if one wavelet can be seen as a band-pass filter and a scaling 
function is a low-pass filter, then a series of dilated wavelets together with a scaling function 
can be seen as a filter bank. 

2.2.5 Subband coding 

Two of the three problems mentioned in section 4 have now been resolved, but we still do 
not know how to calculate the wavelet transform. Therefore we will continue our journey 
through multiresolution land. 

If we regard the wavelet transform as a filter bank, then we can consider wavelet 
transforming a signal as passing the signal through this filter bank. The outputs of the 
different filter stages are the wavelet- and scaling function transform coefficients. Analyzing 
a signal by passing it through a filter bank is not a new idea and has been around for many 
years under the name subband coding. It is used for instance in computer vision applications. 

The filter bank needed in subband coding can be built in several ways. One way is to build 
many band-pass filters to split the spectrum into frequency bands. The advantage is that the 
width of every band can be chosen freely, in such a way that the spectrum of the signal to 
analyze is covered in the places where it might be interesting. The disadvantage is that we 
will have to design every filter separately and this can be a time consuming process. 
Another way is to split the signal spectrum in two (equal) parts, a low-pass and a high-pass 
part. The high-pass part contains the smallest details we are interested in and we could stop 
here. We now have two bands. However, the low-pass part still contains some details and 
therefore we can split it again. And again, until we are satisfied with the number of bands 
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we have created. In this way we have created an iterated filter bank. Usually the number of 
bands is limited by for instance the amount of data or computation power available. The 
process of splitting the spectrum is graphically displayed in figure 4. The advantage of this 
scheme is that we have to design only two filters; the disadvantage is that the signal 
spectrum coverage is fixed. 

 

 
Fig. 4. Splitting the signal spectrum with an iterated filter bank. 

Looking at figure 4 we see that what we are left with after the repeated spectrum splitting is 
a series of band-pass bands with doubling bandwidth and one low-pass band. (Although in 
theory the first split gave us a high-pass band and a low-pass band, in reality the high-pass 
band is a band-pass band due to the limited bandwidth of the signal.) In other words, we 
can perform the same subband analysis by feeding the signal into a bank of band-pass filters 
of which each filter has a bandwidth twice as wide as his left neighbour (the frequency axis 
runs to the right here) and a low-pass filter. At the beginning of this section we stated that 
this is the same as applying a wavelet transform to the signal. The wavelets give us the 
band-pass bands with doubling bandwidth and the scaling function provides us with the 
low-pass band. From this we can conclude that a wavelet transform is the same thing as a 
subband coding scheme using a constant-Q filter bank (Mallat, 1989). In general we will 
refer to this kind of analysis as a multiresolution analysis. 

Summarizing, if we implement the wavelet transform as an iterated filter bank, we do not 
have to specify the wavelets explicitly! This sure is a remarkable result. 
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2.2.6 The Discrete Wavelet Transform (DWT) 

In many practical applications and especially in the application described in this report the 
signal of interest is sampled. In order to use the results we have achieved so far with a 
discrete signal we have to make our wavelet transform discrete too. Remember that our 
discrete wavelets are not time-discrete, only the translation- and the scale step are discrete. 
Simply implementing the wavelet filter bank as a digital filter bank intuitively seems to do 
the job. But intuitively is not good enough, we have to be sure. 

In (19)  we stated that the scaling function could be expressed in wavelets from minus 
infinity up to a certain scale j. If we add a wavelet spectrum to the scaling function spectrum 
we will get a new scaling function, with a spectrum twice as wide as the first. The effect of 
this addition is that we can express the first scaling function in terms of the second, because 
all the information we need to do this is contained in the second scaling function. We can 
express this formally in the so-called multiresolution formulation (Burrus, Goinath, & Guo, 
1998) or two-scale relation (Sheng, 1996): 

 φ൫2୨t൯ ൌ ∑ h୨ାଵ୩ ሺkሻφ൫2୨ାଵt െ k൯ (20) 

The two-scale relation states that the scaling function at a certain scale can be expressed in 
terms of translated scaling functions at the next smaller scale. Do not get confused here: 
smaller scale means more detail. 

The first scaling function replaced a set of wavelets and therefore we can also express the 
wavelets in this set in terms of translated scaling functions at the next scale. More 
specifically we can write for the wavelet at level j: 

 Ψ൫2୨t൯ ൌ ∑ g୨ାଵ୩ ሺkሻφ൫2୨ାଵt െ k൯ (21) 

which is the two-scale relation between the scaling function and the wavelet. 

Since our signal ƒ(t) could be expressed in terms of dilated and translated wavelets up to a 
scale j-1, this leads to the result that ƒ(t) can also be expressed in terms of dilated and 
translated scaling functions at a scale j: 

 fሺtሻ ൌ ∑ λ୨୩ ሺkሻφ൫2୨t െ k൯ (22) 

To be consistent in our notation we should in this case speak of discrete scaling functions 
since only discrete dilations and translations are allowed. If in this equation we step up a 
scale to j-1, we have to add wavelets in order to keep the same level of detail. We can then 
express the signal ƒ(t) as 

 fሺtሻ ൌ ∑ λ୨ିଵ୩ ሺkሻφ൫2୨ିଵt െ k൯ ൅ ∑ γ୨ିଵ୩ ሺkሻΨ൫2୨ିଵt െ k൯  (23) 

If the scaling function ߮௝,௞ሺݐሻ and the wavelets Ψ௝,௞ሺݐሻ are orthonormal or a tight frame, then 
the coefficients λj-1(k) and γj-1(k) are found by taking the inner products 

If we now replace ߮௝,௞ሺݐሻ and Ψ௝,௞ሺݐሻ in the inner products by suitably scaled and translated 
versions of (20) and (21) and manipulate a bit, keeping in mind that the inner product can 
also be written as an integration, we arrive at the important result (Burrus, Goinath, & Guo, 
1998): 
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 λ୨ିଵሺkሻ ൌ ∑ hሺm െ 2kሻ୫ λ୨ሺmሻ  (24) 

 γ୨ିଵሺkሻ ൌ ∑ gሺm െ 2kሻ୫ γ୨ሺmሻ  (25) 

These two equations state that the wavelet- and  scaling function coefficients on a certain 
scale can be found by calculating a weighted sum of the scaling function coefficients from 
the previous scale. Now recall from the section on the scaling function that the scaling 
function coefficients came from a low-pass filter and recall from the section on subband 
coding how we iterated a filter bank by repeatedly splitting the low-pass spectrum into a 
low-pass and a high-pass part. The filter bank iteration started with the signal spectrum, so 
if we imagine that the signal spectrum is the output of a low-pass filter at the previous 
(imaginary) scale, then we can regard our sampled signal as the scaling function coefficients 
from the previous (imaginary) scale. In other words, our sampled signal ƒ(k) is simply equal 
to λ(k) at the largest scale! 

As we know from signal processing theory a discrete weighted sum like the ones in (24) and 
(25) is the same as a digital filter and since we know that the coefficients λj(k) come from the 
low-pass part of the splitted signal spectrum, the weighting factors h(k) in (λj െ 1ሺkሻ ൌ
∑ hሺm െ 2kሻ୫ λ୨ሺmሻ (24)) must form a low-pass filter. And since we know that the 
coefficients γj(k) come from the high-pass part of the splitted signal spectrum, the weighting 
factors g(k) in (24) must form a high-pass filter. This means that (24) and (25) together form 
one stage of an iterated digital filter bank and from now on we will refer to the coefficients 
h(k) as the scaling filter and the coefficients g(k) as the wavelet filter. 

By now we have made certain that implementing the wavelet transform as an iterated 
digital filter bank is possible and from now on we can speak of the discrete wavelet 
transform or DWT. Our intuition turned out to be correct. Because of this we are rewarded 
with a useful bonus property of (24) and (25), the subsampling property. If we take one last 
look at these two equations we see that the scaling and wavelet filters have a step-size of 2 in 
the variable k. The effect of this is that only every other λj(k) is used in the convolution, with 
the result that the output data rate is equal to the input data rate. Although this is not a new 
idea, it has always been exploited in subband coding  schemes, it is kind of nice to see it pop 
up here as part of the deal. 

 
Fig. 5. Implementation of (23) and (24) as one stage of an iterated filter bank. 

The subsampling property also solves our problem, which had come up at the end of the 
section on the scaling function, of how to choose the width of the scaling function spectrum. 
Because, every time we iterate the filter bank the number of samples for the next stage is 
halved so that in the end we are left with just one sample (in the extreme case). It will be 
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clear that this is where the iteration definitely has to stop and this determines the width of 
the spectrum of the scaling function. Normally the iteration will stop at the point where the 
number of samples has become smaller than the length of the scaling filter or the wavelet 
filter, whichever is the longest, so the length of the longest filter determines the width of the 
spectrum of the scaling function. 

2.3 Wavelets algorithm 

The general goal of this investigation, and so of all the previous researches (García, Vicente, 
Ruiz, Angulo, & Aramendi, 2002) is the improvement of the oesophageal voices’ quality 
(García, Vicente, Ruiz, Alonso, & Loyo, 2005). Certainly the specific aim of this research is 
the spectral and temporal correction of the shimmer and parameter of these voices by the 
Wavelet Transform. 

One of the most important techniques applied in the spectral analysis is the Fourier 
Transform (STFT), which will allow recognizing the spectral components of speech signal, 
so it makes possible to distinguish pathological voices and process them. That transform has 
a resolution problem which is explained by Heisenberg Uncertainty Principle. The Wavelet 
Transform (WT) was developed to overcome some resolutions related problems of the STFT. 
It is possible to analyze any signal by using an alternative approach called the 
Multiresolution Analysis (MRA). MRA, as implied by its name, analyzes the signal at 
different frequencies with different resolutions. MRA is designed to give good time 
resolution and poor frequency resolution at high frequencies and good frequency resolution 
and poor time resolution at low frequencies. 

As the signals used are digital, it is more useful to use Discrete Wavelet Transform (DWT) 
(Mallat, 1999). The DWT analyzes the signal at different frequency bands with different 
resolutions by decomposing the signal into a coarse approximation and detail information. 
The decomposition of the signal into different frequency bands is simply obtained by 
successive high pass and low pass filtering of the time domain signal. The original signal 
x[n] is first passed through a half band high pass filter g[n] and a low pass filter h[n]. This 
constitutes one level of decomposition and can mathematically be expressed as follows 
(Kadambe & Bourdreaux-Bartels, 1991): 

      2high
n

y k x n g k n    (26) 

      2low
n

y k x n h k n    (27) 

Before applying the DWT, the signal is processed. That is, a resample of the original signal, 
x[n], at a sampling frequency of 12800 Hz. This is so done, as when applying the 
transformed DWT, the detail signals remain between the frequency bands that are suitable 
for pitch detection (Kadambe & Bourdreaux-Bartels, A Comparison of a Wavelet Functions 
for Pitch Detection of Speech Signals, 1991) (Kadambe & Bourdreaux-Bartels, 1992) (Wing-
kei, Kwong-sak, & Kin-hong, 1995) (Nadeu, Pascual, & Herdondo, 1991). More specifically, 
the oesophageal voices have a pitch nearing 60 Hz. On doing the above-mentioned resample 
and the following transformed DWT, one of the details is found in the frequency band level 
of 50 Hz – 100 Hz. This means that the original pitch signal's information is located within 
this detail. Low-frequency noise present in oesophageal voices are found in the 0 Hz – 50 Hz 
level. We should eliminate this noise before modifying the pitch's peak amplitude. 
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In short, so as to control the high rates of the shimmer parameter in oesophageal voices, the 
following steps should be taken: carry out a resample of the original signal at Fs = 12800 Hz; 
after this the transformed DWT should be done, for which we have used “bior 6.8” as the 
mother wavelet. Trials with other mother wavelets were done and the results are quite 
similar to as regards shimmer measurements. Once the DWT transform has been done, the 
low-frequency noise in the 0 Hz – 50 Hz frequency band is eliminated. After this pre-
processing, the amplitude of the maximums in the 50 Hz – 100 Hz frequency band are 
modified, as this is where the information on oesophageal voices is to be found. 

Fig. 6 shows the frequency band tree when DWT is applied. 

 
Fig. 6. Frequency band diagram 

2.4 Poles stabilization algorithm 

The stabilizations of poles, the second algorithm is responsible for analyzing and modifying 
the poles of the system modelized by the vocal tract. It works with an oesophageal voice 
signal from which the excitation has been separated from the tract, and it calculates the 
evolution of modulus and phase of each formant of the vowel modifying such poles. 
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Fig. 7. Pole Stabilization Block Diagram 

The stabilization of the first three formants is applied in those values of the vowel which is 
being enhanced by means of the modification of the first three poles, following these steps: 
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1. Calculation of the mean value of modulus and phase of each pole through the vocal 
signal. 

2. Calculation of the maximum deviations relative to the mean modulus and phase of the 
first three poles. 

3. Whether the deviations exceed a certain threshold is analyzed, if so the modulus 
correction is applied: 
a. ModulusModif=modulus+((1-modulus)*ConstMod); 
b. and the phase correction: 

 AngModif=Angle-(ContPhase*(Angle+MeanPhase)); 
 being the correction implanted by means of “ConstMod” and “ConstPhase” 
 parameters which can be adjusted for each voice. 
4. Reconstruction of the filter that modelizes the vocal tract with the new poles of the 

system corrected and stabilized. 

3. Results 

On the one hand, in the DWT algorithm, the inputs of the developed algorithm are the 
samples of the oesophageal voice, which shimmer parameter have been previously 
evaluated. In the 100% of the studied cases obtained value for these parameters is out of the 
range of the normality. So it could be improved in order to increase the quality of the voice 
between the normality ranges specified by the scientific community. After the application of 
the algorithm based on the analysis and processing by Wavelet, the speech signal has been 
reconstructed. When measuring the shimmer in this reconstructed signal, the obtained 
results are the following: 

 
 

 

Oesophageal Phoneme Shimmer Real (%) Transformed Shimmer (%) 

a1 18,43 10,27 

a2 17,27 10,82 

a3 16,05 9,98 

a4 19,62 12,79 

a5 16,76 8,43 

a6 18,58 12,99 

a7 12,53 10,11 

a8 16,98 9,99 

a9 20,31 12,83 

a10 18,22 10,61 

Table 3. Table of shimmer values 
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Fig. 8. Shimmer of different voices 

 

Phoneme Original HNR (dB) Stabilization HNR (dB) HNR (dB) increase 

a1 -5.001 -1.701 3.300 

a2 0.549 1.656 1.107 

a3 -3.684 -2.219 1.465 

a4 -4.901 -0.668 4.462 

a5 -6.375 -2.631 3.744 

a6 -6.803 -3.159 3.644 

a7 -6.389 -4.451 1.938 

a8 -8.724 -5.615 3.109 

a9 -3.737 -0.040 3.697 

a10 0.930 1.846 0.916 

Average   2.941 

Table 4. HNR measures with the /a/ phonemes. 
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As is shown in the table 3 the shimmer has improved in 9 of 10 cases. In four out of the ten 
voices researched a great goal has been reached. They are not only improved in terms of 
quality, moreover their values are situated nearest of the limits of normality stipulated in 
Fig. 8. On the other hand, in the pole’s stabilization algorithm, in all cases an increase in 
harmonics to noise ratio has been achieved. For example, the value of “a1” signal is 5.001dB 
before processing and 1.701dB afterwards. The increase in improved oesophageal signal, in 
this case, has been 3.3dB. The fourth column in table 1 shows the enhancement of HNR (dB) 
before and after processing. It can be appreciated that the improvement in HNR (dB) ranges 
from 0.916dB, for “a10” signal, to 4.462dB, for “a4”. Taking into account all the database, the 
average HNR improvement (dB) is 2.941dB. 

As can be seen in Fig. 9 the increase of the HNR occurs in all voices of the database. 

 

 
Fig. 9. HNR before and after algorithm 

4. Conclusion 

It can be concluded that the aimed objectives have been achieved because of the fact that the 
algorithms are very suitable. 

The usage of the Wavelet Transform for the analysis and processing of oesophageal voices is 
successful in the improvement of the shimmer, which is the aim of the paper. In a extensive 
analysis its appreciable that it is also good for the improvement of other parameters such as 
the harmonics to noise ratio. Being a single wavelet detail, optimisation of the 
computational calculation when processing a simpler signal favours the application of the 
proposed algorithm to prototypes that process oesophageal signals in real time, in order to 
improve their quality. On the other hand, the close relationship between characterisation 
parameters, such as shimmer or jitter and the values of the signal situated in frequency 
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intervals below 100Hz reinforces the suitability of working with bands inferior to the 
Wavelet Transform, which distinguish spectral components and enable the focusing on 
particular components. 

Therefore, DWT and both pole stabilization improvement are suitable techniques in the 
speech enhancement context. 
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1. Introduction

The Fermi Gamma-ray Space Telescope, which was launched by NASA in June 2008, is a
powerful space observatory which studies the high-energy gamma-ray sky Atwood (2009).
Fermi’s main instrument, the Large Area Telescope (LAT), detects photons in an energy range
between 20 MeV to greater than 300 GeV. The LAT is much more sensitive than its predecessor,
the EGRET telescope on the Compton Gamma Ray Observatory, and is expected to find
several thousand gamma-ray point sources, which is an order of magnitude more than its
predecessor EGRET Hartman et al. (1999).

Even with its relatively large acceptance (∼2 m2 sr), the number of photons detected by the
LAT outside the Galactic plane and away from intense sources is relatively low and the sky
overall has a diffuse glow from cosmic-ray interactions with interstellar gas and low-energy
photons that makes a background against which point sources need to be detected. In
addition, the per-photon angular resolution of the LAT is relatively poor and strongly energy
dependent, ranging from more than 10◦ at 20 MeV to ∼0.1◦ above 100 GeV. Consequently,
the spherical photon count images obtained by Fermi are degraded by the fluctuations on
the number of detected photons. This kind of noise is strongly signal dependent : on
the brightest parts of the image like the galactic plane or the brightest sources, we have
a lot of photons per pixel, so the photon noise is low. Outside the galactic plane, the
number of photons per pixel is low, which means that the photon noise is high. Such a
signal-dependent noise can’t be accurately modeled by a Gaussian distribution. The basic
photon-imaging model assumes that the number of detected photons at each pixel location is
Poisson distributed.

More specifically, the image is considered as a realization of an inhomogeneous Poisson
process. This statistical noise makes the source detection more difficult, consequently it is
highly desirable to have an efficient denoising method for spherical Poisson data.
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Several techniques have been proposed in the literature to estimate Poisson intensity in
2D. A major class of methods adopt a multiscale bayesian framework specifically tailored
for Poisson data Nowak & Kolaczyk (2000), independently initiated by Timmerman &
Nowak (1999) and Kolaczyk (1999). Lefkimmiaits et al. (2009) proposed an improved
bayesian framework for analyzing Poisson processes, based on a multiscale representation
of the Poisson process in which the ratios of the underlying Poisson intensities in adjacent
scales are modeled as mixtures of conjugate parametric distributions. Another approach
includes preprocessing the count data by a variance stabilizing transform (VST) such as
the Anscombe Anscombe (1948) and the Fisz Fisz (1955) transforms, applied respectively
in the spatial Donoho (1993) or in the wavelet domain Fryźlewicz & Nason (2004). The
transform reforms the data so that the noise approximately becomes Gaussian with a constant
variance. Standard techniques for independant identically distributed Gaussian noise are
then used for denoising. Zhang et al. (2008) proposed a powerful method called Multi-Scale
Variance Stabilizing Tranform (MS-VST). It consists in combining a VST with a multiscale
transform (wavelets, ridgelets or curvelets), yielding asymptotically normally distributed
coefficients with known variances. The interest of using a multiscale method is to exploit
the sparsity properties of the data : the data is transformed into a domain in which it is
sparse, and, as the noise is not sparse in any transform domain, it is easy to separate it
from the signal. When the noise is Gaussian of known variance, it is easy to remove it
with a high thresholding in the wavelet domain. The choice of the multiscale transform
depends on the morphology of the data. Wavelets represent more efficiently regular structures
and isotropic singularities, whereas ridgelets are designed to represent global lines in an
image, and curvelets represent efficiently curvilinear contours. Significant coefficients are
then detected with binary hypothesis testing, and the final estimate is reconstructed with an
iterative scheme. In Starck et al. (2009), it was shown that sources can be detected in 3D LAT
data (2D+time or 2D+energy) using a specific 3D extension of the MS-VST.

To denoise Fermi maps, we need a method for Poisson intensity estimation on spherical
data. It is possible to decompose the spherical data into several 2D projections, denoise
each projection and reconstitute the denoised spherical data, but the projection induces some
caveats like visual artifacts on the borders or deformation of the sources.

In the scope of the Fermi mission, two of the main scientific objectives are in a sense
complementary:

• Detection of point sources to build the catalog of gamma ray sources,
• Study of the Milky Way diffuse background.

The first objective implies the extraction of the Galactic diffuse background. Consequently, we
want a method to suppress Poisson noise while extracting a model of the diffuse background.
The second objective implies the suppression of the point sources: we want to apply a binary
mask on the data (equal to 0 on point sources, and to 1 everywhere else) and to denoise the
data while interpolating the missing part. Both objectives are linked: a better knowledge
of the Milky Way diffuse background enables us to improve our background model, which
leads to a better source detection, while the detected sources are masked to study the diffuse
background.

The aim of this chapter is to present a multi-scale representation for spherical data
with Poisson noise called Multi-Scale Variance Stabilizing Transform on the Sphere
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(MS-VSTS) J.Schmitt et al. (2010), combining the MS-VST Zhang et al. (2008) with various
multi-scale transforms on the sphere (wavelets and curvelets) Abrial et al. (2007); Abrial
et al. (2008); Starck et al. (2006). Section 1.2 presents some multi-scale transforms on the
sphere. Section 1.3 introduces a new multi-scale representation for data with Poisson noise
called MS-VSTS. Section 1.4 applies this representation to Poisson noise removal on Fermi
data. Section 1.5 presents applications to missing data interpolation and source extraction.
Section 1.6 extends the method to multichannel data.

All experiments were performed on HEALPix maps with nside = 128 Górski et al. (2005),
which corresponds to a good pixelisation choice for the GLAST/FERMI resolution.

2. Wavelets and curvelets on the sphere

New multi-scale transforms on the sphere were developed by Starck et al. (2006). These
transforms can be inverted and are easy to compute with the HEALPix pixellisation, and
were used for denoising, deconvolution, morphological component analysis and inpainting
applications Abrial et al. (2007). In this chapter, here we use the Isotropic Undecimated
Wavelet Transform (IUWT) and the Curvelet Transform.

2.1 The HEALPix pixellisation for spherical data

Different kinds of pixellization scheme exist for data on the sphere. For Fermi data, we
use the HEALPix representation (Hierarchical Equal Area isoLatitude Pixellization of a
sphere) Górski et al. (2005), a curvilinear hierarchical partition of the sphere into quadrilateral
pixels of exactly equal area but with varying shape. The base resolution divides the sphere
into 12 quadrilateral faces of equal area placed on three rings around the poles and equator.
Each face is subsequently divided into nside2 pixels following a quadrilateral multiscale tree
structure. (Fig. 1) The pixel centers are located on iso-latitude rings, and pixels from the same
ring are equispaced in azimuth. This is critical for computational speed of all operations
involving the evaluation of spherical harmonic transforms, including standard numerical
analysis operations such as convolution, power spectrum estimation, etc. HEALPix is a
standard pixelization scheme in astronomy.

2.2 Isotropic Undecimated Wavelet Transform on the sphere

The Isotropic Undecimated Wavelet Transform on the sphere (IUWT) is a wavelet transform
on the sphere based on the spherical harmonics transform and with a very simple
reconstruction algorithm. At scale j, we denote aj(θ, ϕ) the scale coefficients, and dj(θ, ϕ)
the wavelet coefficients, with θ denoting the longitude and ϕ the latitude. Given a scale
coefficient aj, the smooth coefficient aj+1 is obtained by a convolution with a low pass filter hj :
aj+1 = aj ∗ hj. The wavelet coefficients are defined by the difference between two consecutive
resolutions : dj+1 = aj − aj+1. A straightforward reconstruction is then given by:

a0(θ, ϕ) = aJ(θ, ϕ) +
J

∑
j=1

dj(θ, ϕ) (1)

Since this transform is redundant, the procedure for reconstructing an image from its
coefficients is not unique and this can be profitably used to impose additional constraints
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Fig. 1. The HEALPix sampling grid for four different resolutions.

on the synthesis functions (e.g. smoothness, positivity). A reconstruction algorithm based on
a variety of filter banks is described in Starck et al. (2006). Figure 2 shows the result of the
IUWT on WMAP data (Cosmic Microwave Background).

2.3 Curvelet transform on the sphere

The curvelet transform enables the directional analysis of an image in different scales. The
data undergo an Isotropic Undecimated Wavelet Transform on the sphere. Each scale j is
then decomposed into smoothly overlapping blocks of side-length Bj in such a way that
the overlap between two vertically adjacent blocks is a rectangular array of size Bj × Bj/2,
using the HEALPix pixellisation. Finally, the ridgelet transform Candes & Donoho (1999) is
applied on each individual block. The method is best for the detection of anisotropic structures
and smooth curves and edges of different lengths. The principle of the curvelet transform is
schematized on Figure 3. More details can be found in Starck et al. (2006).

2.4 Application to Gaussian denoising on the sphere

Multiscale transforms on the sphere have been used successfully for Gaussian denoising via
non-linear filtering or thresholding methods. Hard thresholding, for instance, consists of
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Fig. 2. WMAP data and its wavelet transform on the sphere using five resolution levels (4
wavelet scales and the coarse scale). The sum of these five maps reproduces exactly the
original data (top left). Top: original data and the first wavelet scale. Middle: the second and
third wavelet scales. Bottom: the fourth wavelet scale and the last smoothed array.

setting all insignificant coefficients (i.e. coefficients with an absolute value below a given
threshold) to zero. In practice, we need to estimate the noise standard deviation σj in each
band j and a coefficient wj is significant if |wj| > κσj , where κ is a parameter typically chosen
between 3 and 5. Denoting Y the noisy data and HTλ the thresholding operator, the filtered
data X are obtained by:

X = ΦHTλ(Φ
TY), (2)

where ΦT is the multiscale transform (IUWT or curvelet) and Φ is the multiscale
reconstruction. λ is a vector which has the size of the number of bands in the used multiscale
transform. The thresholding operation thresholds all coefficients in band j with the threshold
λj = κσj .
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Fig. 3. Principle of curvelets transform on the sphere.

3. Multi-scale transforms on the sphere and Poisson noise

3.1 Principle of the Multi-Scale Variance Stabilizing Transform on the Sphere (MS-VSTS)

In this section, we propose a multi-scale representation designed for data with Poisson
noise. The idea is to combine the spherical multi-scale transforms with a variance stabilizing
transform (VST), in order to have a multi-scale representation of the data where the noise
on multi-scale coefficients behaves like Gaussian noise of known variance. With this
representation, it is easy to denoise the data using standard Gaussian denoising methods.

VST of a Poisson process

Given Poisson data Y := (Yi)i, each sample Yi ∼ P(λi) has a variance Var[Yi] = λi. Thus, the
variance of Y is signal-dependant. The aim of a VST T is to stabilize the data such that each
coefficient of T(Y) has an (asymptotically) constant variance, say 1, irrespective of the value
of λi. In addition, for the VST used in this study, T(Y) is asymptotically normally distributed.
Thus, the VST-transformed data are asymptotically stationary and Gaussian.

The Anscombe Anscombe (1948) transform is a widely used VST which has a simple
square-root form

T(Y) := 2
√

Y + 3/8. (3)
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We can show that T(Y) is asymptotically normal as the intensity increases.

T(Y)− 2
√

λ
D

GGGGGGGGA

λ → +∞
N (0, 1) (4)

It can be shown that the Anscombe VST requires a high underlying intensity to well stabilize
the data (typically for λ � 10) Zhang et al. (2008).

VST of a filtered Poisson process

Let Zj := ∑i h[i]Yj−i be the filtered process obtained by convolving (Yi)i with a discrete filter
h. We will use Z to denote any of the Zj’s. Let us define τk := ∑i(h[i])

k for k = 1, 2, · · · . In
addition, we adopt a local homogeneity assumption stating that λj−i = λ for all i within the
support of h.

We define the square-root transform T as follows:

T(Z) := b · sign(Z + c)|Z + c|1/2, (5)

where b is a normalizing factor. It is proven in Zhang et al. (2008) that T is a VST for a
filtered Poisson process (with a nonzero-mean filter) in that T(Y) is asymptotically normally
distributed with a stabilized variance as λ becomes large.

The Multi-Scale Variance Stabilizing Transform on the Sphere (MS-VSTS) consists in
combining the square-root VST with a spherical multi-scale transform (wavelets, curvelets...).

3.2 Wavelets and Poisson noise

This subsection describes the MS-VSTS + IUWT, which is a combination of a square-root VST
with the IUWT. The recursive scheme is:

IUWT
{

aj = hj−1 ∗ aj−1
dj = aj−1 − aj

=⇒MS-VSTS

+ IUWT

{
aj = hj−1 ∗ aj−1
dj = Tj−1(aj−1)− Tj(aj)

.

(6)

In (6), the filtering on aj−1 can be rewritten as a filtering on a0 := Y, i.e., aj = h(j) ∗ a0, where
h(j) = hj−1 ∗ · · · ∗ h1 ∗ h0 for j � 1 and h(0) = δ, where δ is the Dirac pulse (δ = 1 on a single
pixel and 0 everywhere else). Tj is the VST operator at scale j:

Tj(aj) = b(j)sign(aj + c(j))
√
|aj + c(j)|. (7)

Let us define τ
(j)
k := ∑i(h

(j)[i])k. In Zhang et al. (2008), it has been shown that, to have an
optimal convergence rate for the VST, the constant c(j) associated to h(j) should be set to:

c(j) :=
7τ

(j)
2

8τ
(j)
1

− τ
(j)
3

2τ
(j)
2

. (8)
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The MS-VSTS+IUWT procedure is directly invertible as we have:

a0(θ, ϕ) = T−1
0

[
TJ(aJ) +

J

∑
j=1

dj

]
(θ, ϕ). (9)

Setting b(j) := sign(τ(j)
1 )/

√
|τ(j)

1 |, if λ is constant within the support of the filter. h(j), then we
have Zhang et al. (2008):

dj(θ, ϕ)
D

GGGGGGGGA

λ → +∞
N

(
0,

τ
(j−1)
2

4τ
(j−1)2

1

+

τ
(j)
2

4τ
(j)2

1

− 〈h(j−1), h(j)〉
2τ

(j−1)
1 τ

(j)
1

)
,

(10)

where 〈., .〉 denotes inner product.

This means that the detail coefficients issued from locally homogeneous parts of the signal
follow asymptotically a central normal distribution with an intensity-independant variance
which relies solely on the filter h and the current scale for a given filter h. Let us define σ2

(j) the
stabilized variance at scale j for a locally homogeneous part of the signal:

σ2
(j) =

τ
(j−1)
2

4τ
(j−1)2

1

+
τ
(j)
2

4τ
(j)2

1

− 〈h(j−1), h(j)〉
2τ

(j−1)
1 τ

(j)
1

. (11)

To compute the σ(j), b(j),c(j),τ(j)
k , we only have to know the filters h(j). We compute these

filters thanks to the formula aj = h(j) ∗ a0, by applying the IUWT to a Dirac pulse a0 = δ.
Then, the h(j) are the scaling coefficients of the IUWT. The σ(j) have been precomputed for a
6-scaled IUWT (Table 1).

Wavelet scale j Value of σj
1 0.484704
2 0.0552595
3 0.0236458
4 0.0114056
5 0.00567026

Table 1. Precomputed values of the variances σj of the wavelet coefficients.

We have simulated Poisson images of different constant intensities λ, computed the IUWT
with MS-VSTS on each image and observed the variation of the normalized value of σ(j)
((œ(j))simulated/(σ(j))theoretical) as a function of λ for each scale j (Fig. 4). We see that the
wavelet coefficients are stabilized when λ � 0.1 except for the first wavelet scale, which
is largely noise. In Fig. 5, we compare the result of MS-VSTS with Anscombe + wavelet
shrinkage, on sources of varying intensities. We see that MS-VSTS works well on sources of
very low intensities, whereas Anscombe does not work when the intensity is too low.
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Fig. 4. Normalized value ((œ(j))simulated/(σ(j))theoretical) of the stabilized variances at each
scale j as a function of λ.

3.3 Curvelets and Poisson noise

As the first step of the algorithm is an IUWT, we can stabilize each resolution level as in
Equation 6. We then apply the local ridgelet transform on each stabilized wavelet band.

It is not as straightforward as with the IUWT to derive the asymptotic noise variance in the
stabilized curvelet domain. In our experiments, we derived them using simulated Poisson
data of stationary intensity level λ. After having checked that the standard deviation in
the curvelet bands becomes stabilized as the intensity level increases (which means that the
stabilization is working properly), we stored the standard deviation σj,l for each wavelet scale
j and each ridgelet band l (Table 2).
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Fig. 5. Comparison of MS-VSTS with Anscombe + wavelet shrinkage on a single face of the
first scale of the HEALPix pixelization (angular extent: π/3sr). Top Left : Sources of varying
intensity. Top Right : Sources of varying intensity with Poisson noise. Bottom Left : Poisson
sources of varying intensity reconstructed with Anscombe + wavelet shrinkage. Bottom Right
: Poisson sources of varying intensity reconstructed with MS-VSTS.

j l = 1 l = 2 l = 3 l = 4
1 1.74550 0.348175
2 0.230621 0.248233 0.196981
3 0.0548140 0.0989918 0.219056
4 0.0212912 0.0417454 0.0875663 0.20375
5 0.00989616 0.0158273 0.0352021 0.163248

Table 2. Asymptotic values of the variances σj,k of the curvelet coefficients.
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4. Application to Poisson denoising on the sphere

4.1 MS-VSTS + IUWT

Under the hypothesis of homogeneous Poisson intensity, the stabilized wavelet coefficients dj
behave like centered Gaussian variables of standard deviation σ(j). We can detect significant
coefficients with binary hypothesis testing as in Gaussian denoising.

Under the null hypothesis H0 of homogeneous Poisson intensity, the distribution of the
stabilized wavelet coefficient dj[k] at scale j and location index k can be written as:

p(dj[k]) =
1√

2πσj
exp(−dj[k]

2/2σ2
j ). (12)

The rejection of the hypothesis H0 depends on the double-sided p-value:

pj[k] = 2
1√

2πσj

∫ +∞

|dj[k]|
exp(−x2/2σ2

j )dx. (13)

Consequently, to accept or reject H0, we compare each |dj[k]| with a critical threshold κσj ,
κ = 3, 4 or 5 corresponding respectively to significance levels. This amounts to deciding that:

• if |dj[k]| � κσj , dj[k] is significant.
• if |dj[k]| < κσj , dj[k] is not significant.

Then we have to invert the MS-VSTS scheme to reconstruct the estimate. However, although
the direct inversion is possible (Eq. (??)), it can not guarantee a positive intensity estimate,
while the Poisson intensity is always nonnegative. A positivity projection can be applied, but
important structures could be lost in the estimate. To tackle this problem, we reformulate the
reconstruction as a convex optimisation problem and solve it iteratively with an algorithm
based on Hybrid Steepest Descent (HSD) Yamada (2001).

We define the multiresolution support M, which is determined by the set of detected
significant coefficients after hypothesis testing:

M := {(j, k)|if dj[k] is declared significant}. (14)

We formulate the reconstruction problem as a convex constrained minimization problem:

Arg min
X

‖ΦTX‖1, s.t.{
X � 0,

∀(j, k) ∈ M, (ΦTX)j[k] = (ΦTY)j[k],

(15)

where Φ denotes the IUWT synthesis operator.

This problem is solved with the following iterative scheme: the image is initialised by X(0) =
0, and the iteration scheme is, for n = 0 to Nmax − 1:

X̃ = P+[X(n) + ΦPMΦT(Y − X(n))] (16)

X(n+1) = ΦSTλn [Φ
TX̃] (17)
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where P+ denotes the projection on the positive orthant, PM denotes the projection on the
multiresolution support M:

PMdj[k] =
{

dj[k] if (j, k) ∈ M,
0 otherwise

. (18)

and STλn
the soft-thresholding with threshold λn:

STλn [d] =
{

sign(d)(|d| − λn) if |d| � λn,
0 otherwise

. (19)

We chose a decreasing threshold λn = Nmax−n
Nmax−1 , n = 1, 2, · · · , Nmax.

The final estimate of the Poisson intensity is: Λ̂ = X(Nmax). Algorithm 1 summarizes the main
steps of the MS-VSTS + IUWT denoising algorithm.

Algorithm 1 MS-VSTS + IUWT Denoising

Require: data a0 := Y, number of iterations Nmax, threshold κ
Detection

1: for j = 1 to J do
2: Compute aj and dj using (6).
3: Hard threshold |dj[k]| with threshold κσj and update M.
4: end for

Estimation
5: Initialize X(0) = 0, λ0 = 1.
6: for n = 0 to Nmax − 1 do
7: X̃ = P+[X(n) + ΦPMΦT(Y − X(n))].
8: X(n+1) = ΦSTλn

[ΦTX̃].

9: λn+1 = Nmax−(n+1)
Nmax−1 .

10: end for
11: Get the estimate Λ̂ = X(Nmax).

4.2 Multi-resolution support adaptation

When two sources are too close, the less intense source may not be detected because of the
negative wavelet coefficients of the brightest source. To avoid such a drawback, we may
update the multi-resolution support at each iteration. The idea is to withdraw the detected
sources and to make a detection on the remaining residual, so as to detect the sources which
may have been missed at the first detection.

At each iteration n, we compute the MS-VSTS of X(n). We denote d(n)j [k] the stabilised

coefficients of X(n). We make a hard thresholding on (dj[k]− d(n)j [k]) with the same thresholds
as in the detection step. Significant coefficients are added to the multiresolution support M.

The main steps of the algorithm are summarized in Algorithm 2. In practice, we use
Algorithm 2 instead of Algorithm 1 in our experiments.
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Algorithm 2 MS-VSTS + IUWT Denoising + Multiresolution Support Adaptation

Require: data a0 := Y, number of iterations Nmax, threshold κ
Detection

1: for j = 1 to J do
2: Compute aj and dj using (6).
3: Hard threshold |dj[k]| with threshold κσj and update M.
4: end for

Estimation
5: Initialize X(0) = 0, λ0 = 1.
6: for n = 0 to Nmax − 1 do
7: X̃ = P+[X(n) + ΦPMΦT(Y − X(n))].
8: X(n+1) = ΦSTλn [Φ

TX̃].

9: Compute the MS-VSTS on X(n) to get the stabilised coeffcients d(n)j .

10: Hard threshold |dj[k]− d(n)j [k]| and update M.

11: λn+1 = Nmax−(n+1)
Nmax−1 .

12: end for
13: Get the estimate Λ̂ = X(Nmax).

4.3 MS-VSTS + curvelets

Insignificant coefficients are zeroed by using the same hypothesis testing framework as in the
wavelet scale. At each wavelet scale j and ridgelet band k, we make a hard thresholding on
curvelet coefficients with threshold κσj,k , κ = 3, 4 or 5. Finally, a direct reconstruction can be
performed by first inverting the local ridgelet transforms and then inverting the MS-VST +
IUWT (Equation (9)). An iterative reconstruction may also be performed.

Algorithm 3 summarizes the main steps of the MS-VSTS + Curvelets denoising algorithm.

Algorithm 3 MS-VSTS + Curvelets Denoising

1: Apply the MS-VST + IUWT with J scales to get the stabilized wavelet subbands dj.
2: Set B1 = Bmin.
3: for j = 1 to J do
4: Partition the subband dj with blocks of side-length Bj and apply the digital ridgelet

transform to each block to obtain the stabilized curvelet coefficients.
5: if j modulo 2 = 1 then
6: Bj+1 = 2Bj
7: else
8: Bj+1 = Bj
9: end if

10: HTs on the stabilized curvelet coefficients.
11: end for
12: Invert the ridgelet transform in each block before inverting the MS-VST + IUWT.

4.4 Experiments

The method was tested on simulated Fermi data. The simulated data are the sum of a
Milky Way diffuse background model and 1000 gamma ray point sources. We based our
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Galactic diffuse emission model intensity on the model gll_iem_v02 obtained at the Fermi
Science Support Center Myers (2009) . This model results from a fit of the LAT photons
with various gas templates as well as inverse Compton in several energy bands. We used
a realistic point-spread function for the sources, based on Monte Carlo simulations of the LAT
and accelerator tests, that scale with energy approximately as 0.8(E/1GeV)−0.8 degrees (68%
containment angle). The positions of the 205 brightest sources were taken from the Fermi
3-month source list Abdo et al. (2009). The positions of the 795 remaining sources follow
the LAT 1-year Point Source Catalog Myers (2010) source distribution: each simulated source
was randomly sorted in a box in Galactic coordinates of Δl=5o and Δb=1o around a LAT 1-year
catalog source. We simulated each source assuming a power-law dependence with its spectral
index given by the 3-month source list and the first year catalog. We used an exposure of
3.1010s.cm2 corresponding approximatively to one year of Fermi all-sky survey around 1 GeV.
The simulated counts map shown in this section correspond to photons energy from 150 MeV
to 20 GeV.

Fig. 6 compares the result of denoising with MS-VST + IUWT (Algorithm 1), MS-VST +
curvelets (Algorithm 3) and Anscombe VST + wavelet shrinkage on a simulated Fermi map.
Fig. 7 shows the results on one single face of the first scale of the HEALPix pixelization(angular
extent: π/3sr). As expected from theory, the Anscombe method produces poor results
to denoise Fermi data, because the underlying intensity is too weak. Both wavelet and
curvelet denoising on the sphere perform much better. For this application, wavelets are
slightly better than curvelets (SNRwavelets = 65.8dB, SNRcurvelets = 37.3dB, SNR(dB) =
20 log(σsignal/σnoise)). As this image contains many point sources, this result is expected.
Indeed wavelets are better than curvelets to represent isotropic objects.

5. Application to inpainting and source extraction

5.1 Milky way diffuse background study: denoising and inpainting

In order to extract from the Fermi photon maps the Galactic diffuse emission, we want to
remove the point sources from the Fermi image. As our HSD algorithm is very close to the
MCA (Morphological Component Analysis) algorithm Starck et al. (2004), an idea is to mask
the most intense sources and to modify our algorithm in order to interpolate through the gaps
exactly as in the MCA-Inpainting algorithm Abrial et al. (2007). This modified algorithm can
be called MS-VSTS-Inpainting algorithm. What we want to do is to remove the information
due to point sources from the maps, in order to keep only the information due to the
galactic background. The MS-VSTS-Inpainting algorithm interpolates the missing data
to reconstruct a map of the galactic background, which can now be fitted by a theoretical
model. The interpolation uses the sparsity of the data in the wavelet domain : the gaps are
filled so that the result is the sparsiest possible in the wavelet domain.

The problem can be reformulated as a convex constrained minimization problem:

Arg min
X

‖ΦTX‖1, s.t.{
X � 0,

∀(j, k) ∈ M, (ΦTΠX)j[k] = (ΦTY)j[k],

(20)
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Fig. 6. Top Left: Fermi simulated map without noise. Top Right: Fermi simulated map with
Poisson noise. Middle Left: Fermi simulated map denoised with Anscombe VST + wavelet
shrinkage. Middle Right: Fermi simulated map denoised with MS-VSTS + curvelets
(Algorithm 3). Bottom Left: Fermi simulated map denoised with MS-VSTS + IUWT
(Algorithm 1) with threshold 5σj. Bottom Right: Fermi simulated map denoised with
MS-VSTS + IUWT (Algorithm 1) with threshold 3σj. Pictures are in logarithmic scale.

where Π is a binary mask (1 on valid data and 0 on invalid data).

The iterative scheme can be adapted to cope with a binary mask, which gives:

X̃ = P+[X(n) + ΦPMΦTΠ(Y − X(n))], (21)

X(n+1) = ΦSTλn
[ΦX̃]. (22)

The thresholding strategy has to be adapted. Indeed, for the inpainting task we need to have
a very large initial threshold in order to have a very smooth image in the beginning and to
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Fig. 7. View of a single HEALPix face (angular extent: π/3sr) from the results of Figure 6. Top
Left: Fermi simulated map without noise. Top Right: Fermi simulated map with Poisson
noise. Middle Left: Fermi simulated map denoised with Anscombe VST + wavelet shrinkage.
Middle Right: Fermi simulated map denoised with MS-VSTS + curvelets (Algorithm 3).
Bottom Left: Fermi simulated map denoised with MS-VSTS + IUWT (Algorithm 1) with
threshold 5σj . Bottom Right: Fermi simulated map denoised with MS-VSTS + IUWT
(Algorithm 1) with threshold 3σj. Pictures are in logarithmic scale.
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Fig. 8. MS-VSTS - Inpainting. Left: Fermi simulated map with Poisson noise and the most
luminous sources masked. Right: Fermi simulated map denoised and inpainted with
wavelets (Algorithm 4). Pictures are in logarithmic scale.

refine the details progressively. We chose an exponentially decreasing threshold:

λn = λmax(2
( Nmax−n

Nmax−1 ) − 1), n = 1, 2, · · · , Nmax, (23)

where λmax = max(ΦTX).

Algorithm 4 MS-VST + IUWT Denoising + Inpainting

Require: data a0 := Y, mask Π, number of iterations Nmax, threshold κ.
Detection

1: for j = 1 to J do
2: Compute aj and dj using (6).
3: Hard threshold |dj[k]| with threshold κσj and update M.
4: end for

Estimation
5: Initialize X(0) = 0, λ0 = λmax.
6: for n = 0 to Nmax − 1 do
7: X̃ = P+[X(n) + ΦPMΦTΠ(Y − X(n))].
8: X(n+1) = ΦST

λn
[ΦTX̃].

9: λn+1 = λmax(2
( Nmax−(n+1)

Nmax−1 ) − 1)
10: end for
11: Get the estimate Λ̂ = X(Nmax).

Experiment

We applied this method on simulated Fermi data where we masked the 500 most luminous
sources. (with the highest photon per pixel flux) The other sources are not intense enough
to be differencied from the background.

The results are on Figure 8. The MS-VST + IUWT + Inpainting method (Algorithm 4)
interpolates the missing data very well. Indeed, the missing part can not be seen anymore
in the inpainted map, which shows that the diffuse emission component has been correctly
reconstructed.
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5.2 Source detection: denoising and background modeling

5.2.1 Method

In the case of Fermi data, the diffuse gamma-ray emission from the Milky Way, due to
interaction between cosmic rays and interstellar gas and radiation, makes a relatively intense
background. We have to extract this background in order to detect point sources. This diffuse
interstellar emission can be modelled by a linear combination of gas templates and inverse
compton map. We can use such a background model and incorporate a background removal
in our denoising algorithm.

We denote Y the data, B the background we want to remove, and d(b)j [k] the MS-VSTS
coefficients of B at scale j and position k. We determine the multi-resolution support by

comparing |dj[k]− d(b)j [k]| with κσj .

We formulate the reconstruction problem as a convex constrained minimization problem:

Arg min
X

‖ΦTX‖1, s.t.{
X � 0,

∀(j, k) ∈ M, (ΦTX)j[k] = (ΦT(Y − B))j[k],

(24)

Then, the reconstruction algorithm scheme becomes:

X̃ = P+[X(n) + ΦPMΦT(Y − B − X(n))], (25)

X(n+1) = ΦSTλn
[ΦTX̃]. (26)

The algorithm is illustrated by the theoretical study in Figure 9. We denoise Poisson data
while separating a single source, which is a Gaussian of standard deviation equal to 0.01,
from a background, which is a sum of two Gaussians of standard deviation equal to 0.1 and
0.01 respectively.

Algorithm 5 MS-VSTS + IUWT Denoising + Background extraction

Require: data a0 := Y, background B, number of iterations Nmax, threshold κ.
Detection

1: for j = 1 to J do
2: Compute aj and dj using (6).

3: Hard threshold (dj[k]− d(b)j [k]) with threshold κσj and update M.
4: end for

Estimation
5: Initialize X(0) = 0, λ0 = 1.
6: for n = 0 to Nmax − 1 do
7: X̃ = P+[X(n) + ΦPMΦT(Y − B − X(n))].
8: X(n+1) = ΦSTλn

[ΦTX̃].

9: λn+1 = Nmax−(n+1)
Nmax−1 .

10: end for
11: Get the estimate Λ̂ = X(Nmax).
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Fig. 9. Theoretical testing for MS-VSTS + IUWT denoising + background removal algorithm
(Algorithm 5). View on a single HEALPix face. Top Left: Simulated background : sum of two
Gaussians of standard deviation equal to 0.1 and 0.01 respectively. Top Right: Simulated
source: Gaussian of standard deviation equal to 0.01. Bottom Left: Simulated poisson data.
Bottom Right: Image denoised with MS-VSTS + IUWT and background removal.

Like Algorithm 1, Algorithm 5 can be adapted to make multiresolution support adaptation.

5.2.2 Experiment

We applied Algorithms 5 on simulated Fermi data. To test the efficiency of our method,
we detect the sources with the SExtractor routine Bertin & Arnouts (1996), and compare the
detected sources with the input source list to get the number of true and false detections.
Results are shown on Figures 10 and 11. The SExtractor method was applied on the first
wavelet scale of the reconstructed map, with a detection threshold equal to 1. It has been
chosen to optimise the number of true detections. SExtractor makes 593 true detections and
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Fig. 10. Top Left: Simulated background model. Top Right: Simulated Gamma Ray sources.
Middle Left: Simulated Fermi data with Poisson noise. Middle Right: Reconstructed Gamma
Ray Sources with MS-VSTS + IUWT + background removal (Algorithm 5) with threshold 5σj .
Bottom: Reconstructed Gamma Ray Sources with MS-VSTS + IUWT + background removal
(Algorithm 5) with threshold 3σj. Pictures are in logarithmic scale.

71 false detections on the Fermi simulated map restored with Algorithm 2 among the 1000
sources of the simulation. On noisy data, many fluctuations due to Poisson noise are detected
as sources by SExtractor, which leads to a big number of false detections (more than 2000 in
the case of Fermi data).

Sensitivity to model errors

As it is difficult to model the background precisely, it is important to study the sensitivity of
the method to model errors. We add a stationary Gaussian noise to the background model, we
compute the MS-VSTS + IUWT with threshold 3σj on the simulated Fermi Poisson data with
extraction of the noisy background, and we study the percent of true and false detections with
respect to the total number of sources of the simulation and the signal-noise ratio (SNR(dB) =
20 log(σsignal/σnoise)) versus the standard deviation of the Gaussian perturbation. Table 3
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Fig. 11. View of a single HEALPix face (angular extent: π/3sr) from the results of
Figure 10.Top Left: Simulated background model. Top Right: Simulated Gamma Ray sources.
Middle Left: Simulated Fermi data with Poisson noise. Middle Right: Reconstructed Gamma
Ray Sources with MS-VSTS + IUWT + background removal (Algorithm 5) with threshold 5σj .
Bottom: Reconstructed Gamma Ray Sources with MS-VSTS + IUWT + background removal
(Algorithm 5) with threshold 3σj. Pictures are in logarithmic scale.
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Model error std dev % of true detect % of false detect SNR (dB)
0 59.3% 7.1% 23.8

10 57.0% 11.0% 23.2
20 53.2% 18.9% 22.6
30 49.1% 43.5% 21.7
40 42.3% 44.3% 21.0
50 34.9% 39.0% 20.3
60 30.3% 37.5% 19.5
70 25.0% 34.6% 18.9
80 23.0% 28.5% 18.7
90 23.6% 27.1% 18.3

Table 3. Percent of true and false detection and signal-noise ratio versus the standard
deviation of the Gaussian noise on the background model.

shows that, when the standard deviation of the noise on the background model becomes of
the same range as the mean of the Poisson intensity distribution (λmean = 68.764), the number
of false detections increases, the number of true detections decreases and the signal noise ratio
decreases. While the perturbation is not too strong (standard deviation < 10), the effect of the
model error remains low.

6. Extension to multichannel data

6.1 Gaussian noise

6.1.1 2D-1D Wavelet Transform on the sphere

We propose a denoising method for 2D - 1D data on the sphere, where the two first dimensions
are spatial (longitude and latitude) and the third dimension is either the time or the energy.
We need to analyze the data with a non-isotropic wavelet, where the time or energy scale is
not connected to the spatial scale. An ideal wavelet function would be defined by:

ψ(θ, ϕ, t) = ψ(θ,ϕ)(θ, ϕ)ψ(t)(t) (27)

where ψ(θ,ϕ) is the spatial wavelet and ψ(t) is the temporal (or energy) wavelet. In the
following, we will consider only isotropic and dyadic spatial scales, and we denote j1 the
spatial resolution index (i.e. scale 2j1 ), j2 the time (or energy) resolution index. We thus

define the scaled spatial and temporal (or energy) wavelets ψ
(θ,ϕ)
j1

(θ, ϕ) = 1
2j1

ψ(θ,ϕ)( θ
2j1

, ϕ

2j1
)

and ψ
(t)
j1

= 1
2j2

ψ(t)( t
2j1

).

Hence, we derive the wavelet coefficients wj1,j2 [kθ , kϕ, kt] from a given data set D (kθ and kϕ

are spatial index and kz a time (or energy) index. In continuous coordinates, this amounts to
the formula

wj1,j2 [kθ , kϕ, kt] =
1

2j1

1√
2j2

∫ ∫ ∫ +∞

−∞
D(θ, ϕ, t)

×ψ(θ,ϕ)(
θ − kθ

2j1
,

ϕ − kϕ

2j1
ψ(t)(

t − kt

2j2
)dxdydz = D ∗ ψ̄

(θ,ϕ)
j1

∗ ψ̄
(t)
j2
(θ, ϕ, t)

(28)
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where ∗ is the convolution and ψ̄(t) = ψ(−t).

6.1.2 Fast undecimated 2D-1D decomposition/reconstruction

In order to have a fast algorithm for discrete data, we use wavelet functions associated to filter
banks. Hence, our wavelet decomposition consists in applying first a IUWT on the sphere for
each frame kz. Using the spherical IUWT, we have the reconstruction formula:

D[kθ , kϕ, kt] = aJ1 [kθ, kϕ] +
J1

∑
j1=1

wj1 [kθ , kϕ, kt], ∀kt (29)

where J1 is the number of spatial scales. To have simpler notations, we replace the two spatial
indexes by a single index kr which corresponds to the pixel index:

D[kr, kt ] = aJ1 [kr] +
J1

∑
j1=1

wj1 [kr, kt],∀kt (30)

Then, for each spatial location kr and for each 2D wavelet scale j1, we apply a 1D wavelet
transform along t on the spatial wavelet coefficients wj1 [kr, kt] such that

wj1 [kr, kt] = wj1,J2 [kr, kt] +
J2

∑
j2=1

wj1,j2 [kr, kt], ∀(kr , kt) (31)

where j2 is the number of scales along t.The same processing is also applied on the coarse
spatial scale aJ1 [kr, kt] and we have

aJ1 [kr, kt] = aJ1,J2 [kr, kt] +
J2

∑
j2=1

wJ1,j2 [kr, kt], ∀(kr, kt) (32)

Hence, we have a 2D-1D spherical undecimated wavelet representation of the input data D:

D[kr, kt] = aJ1,J2 [kr, kt] +
J1

∑
j1=1

wj1,J2 [kr, kt] +
J2

∑
j2=1

wJ1,j2 [kr, kt] +
J1

∑
j1=1

J2

∑
j2=1

wj1,j2 [kr, kt] (33)

From this expression, we distinguish four kinds of coefficients:

• Detail-Detail coefficients (j1 � J1 and j2 � J2):

wj1,j2 [kr, kt] = (δ − h̄1D) � (h̄
(j2−1)
1D � aj1−1[kr, ·]− h(j2−1)

1D � aj1 [kr, ·]) (34)

• Approximation-Detail coefficients (j1 = J1 and j2 � J2):

wJ1,j2 [kr, kt] = h(j2−1)
1D � aJ1 [kr, ·]− h(j2)1D � aJ1 [kr, ·] (35)
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• Detail-Approximation coefficients (j1 � J1 and j2 = J2):

wj1,J2 [kr, kt] = h(J2)
1D � aj1−1[kr, ·]− h(J2)

1D � aj1 [kr, ·] (36)

• Approximation-Approximation coefficients (j1 = J1 and j2 = J2):

aJ1,J2 [kr, kt] = h(J2)
1D � aJ1 [kr, ·] (37)

6.1.3 Multichannel Gaussian denoising

As the spherical 2D-1D undecimated wavelet transform just described is fully linear, a
Gaussian noise remains Gaussian after transformation. Therefore, all thresholding strategies
which have been developed for wavelet Gaussian denoising are still valid with the spherical
2D-1D wavelet transform. Denoting TH the thresholding operator, the denoised cube in the
case of additive white Gaussian noise is obtained by:

D̃[kr, kt] = aJ1,J2 [kr, kt ] +
J1

∑
j1=1

TH(wj1,J2 [kr, kt])

+
J2

∑
j2=1

TH(wJ1,j2 [kr, kt]) +
J1

∑
j1=1

J2

∑
j2=1

TH(wj1,j2 [kr, kt]) (38)

A typical choice of TH is the hard thresholding operator, i.e.

TH(x) =
{

0 i f |x| < τ
x i f |x| � τ

(39)

The threshold τ is generally chosen between 3 and 5 times the noise standard deviation.

6.2 Poisson Noise

6.2.1 Multi-scale variance stabilzing transform

To perform a Poisson denoising, we have to plug the MS-VST into the spherical 2D-1D
undecimated wavelet transform. Again, we distinguish four kinds of coefficients that take
the following forms:

• Detail-Detail coefficients (j1 � J1 and j2 � J2):

wj1,j2 [kr, kt] = (δ − h̄1D) � (Tj1−1,j2−1[h̄
(j2−1)
1D � aj1−1[kr, ·]]− Tj1,j2−1[h

(j2−1)
1D � aj1 [kr, ·]]) (40)

• Approximation-Detail coefficients (j1 = J1 and j2 � J2):

wJ1,j2 [kr, kt ] = TJ1,j2−1[h
(j2−1)
1D � aJ1 [kr, ·]]− TJ1,j2 [h

(j2)
1D � aJ1 [kr, ·]] (41)

• Detail-Approximation coefficients (j1 � J1 and j2 = J2):

wj1,J2 [kr, kt ] = Tj1−1,J2 [h
(J2)
1D � aj1−1[kr, ·]]− Tj1,J2 [h

(J2)
1D � aj1 [kr, ·]] (42)
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• Approximation-Approximation coefficients (j1 = J1 and j2 = J2):

aJ1,J2 [kr, kt] = h(J2)
1D � aJ1 [kr, ·] (43)

Hence, all 2D-1D wavelet coefficients wj1,j2 are now stabilized, and the noise on all these
wavelet coefficients is Gaussian with known scale-dependent variance that depends solely
on h. Denoising is however not straightforward because there is no explicit reconstruction
formula available because of the form of the stabilization equations above. Formally, the
stabilizing operators Tj1,j2 and the convolution operators along the spatial and temporal
dimensions do not commute, even though the filter bank satisfies the exact reconstruction
formula. To circumvent this difficulty, we propose to solve this reconstruction problem by
using an iterative reconstruction scheme.

6.2.2 Detection-reconstruction

As the noise on the stabilized coefficients is Gaussian, and without loss of generality, we let its
standard deviation equal to 1, we consider that a wavelet coefficient wj1,j2 [kr, kt] is significant,
i.e., not due to noise, if its absolute value is larger than a critical threshold τ, where τ is
typically between 3 and 5.

The multiresolution support will be obtained by detecting at each scale the significant
coefficients. The multiresolution support for j1 � J1 and j2 � J2 is defined as:

Mj1,j2 [kr, kt] =

{
1 if wj1,j2 [kr, kt]is significant
0 otherwise

(44)

We denote W the spherical 2D-1D undecimated wavelet transform described above, and R
the inverse wavelet transform. We want our solution X to preserve the significant structures of
the original data by reproducing exactly the same coefficients as the wavelet coefficients of the
input data Y, but only at scales and positions where significant signal has been detected. At
other scales and positions, we want the smoothest solution with the lowest budget in terms
of wavelet coefficients.Furthermore, as Poisson intensity functions are positive by nature, a
positivity constraint is imposed on the solution. It is clear that there are many solutions
satisfying the positivity and multiresolution support consistency requirements, e.g. Y itself.
Thus, our reconstruction problem based solely on these constraints is an ill-posed inverse
problem that must be regularized. Typically, the solution in which we are interested must be
sparse by involving the lowest budget of wavelet coefficients. Therefore our reconstruction is
formulated as a constrained sparsity-promoting minimization problem that can be written as
follows

min
X

‖WX‖1 subject to
{MWX = MWY

X � 0
(45)

where ‖ · ‖ is the L1-norm playing the role of regularization and is well known to promote
sparsityDonoho (2004). This problem can be solved efficently using the hybrid steepest
descent algorithm Yamada (2001)Zhang et al. (2008), and requires about 10 iterations in
practice. Transposed into our context, its main steps can be summarized as follows:
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Require: Input noisy data Y, a low-pass filter h, multiresolution support M from the
detection step, number of iterations Nmax

1: Initialize X(0) = MWY = MwY,
2: for n = 1 to Nmax do
3: d̃ = MwY + (1 −M)WX(n−1),
4: X(n) = P+(RSTβn

[d̃]),
5: Update the step βn = (Nmax − n)/(Nmax − 1)
6: end for

where P+ is the projector onto the positive orthant, i.e. P+(x) = max(x, 0), STβn is the
soft-thresholding operator with threshold βn , i.e. STβn [x] = x − βnsign(x) if |x| � βn, and
0 otherwise.

The final spherical MSVST 2D-1D wavelet denoising algorithm is the following:

Require: Input noisy data Y, a low-pass filter h, threshold level τ
1: Spherical 2D-1D MSVST: Apply the spherical 2D-1D-MSVST to the data using (40)-(43).
2: Detection: Detect the significant wavelet coefficients that are above τ, and compute the

multiresolution support M.
3: Reconstruction: Reconstruct the denoised data using the algorithm above.

7. Conclusion

This chapter presented new methods for restoration of spherical data with noise following a
Poisson distribution. A denoising method was proposed, which used a variance stabilization
method and multiscale transforms on the sphere. Experiments have shown it is very efficient
for Fermi data denoising. Two spherical multiscale transforms, the wavelet and the curvelets,
were used. Then, we have proposed an extension of the denoising method in order to take
into account missing data, and we have shown that this inpainting method could be a useful
tool to estimate the diffuse emission. Then, we have introduced a new denoising method
on the sphere which takes into account a background model. The simulated data have
shown that it is relatively robust to errors in the model, and can therefore be used for Fermi
diffuse background modeling and source detection. Finally, we introduced an extension for
multichannel data.
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1. Introduction 

The rapid development of medical imaging technology and the introduction of new imaging 
modalities, call for new image processing methods which include specialized noise filtering, 
enhancement, classification and segmentation techniques. Denoising is a particularly 
delicate and difficult task in medical images. A tradeoff between noise reduction and the 
preservation of actual image features has to be made in a way that enhances the 
diagnostically relevant image content [1]. 

Single scale filtering methods, like linear (Wiener) or nonlinear (median) are commonly 
used to eliminate noise. They do not take into account different noise levels and count 
distributions. Linear filters can reduce the noise variance increasing the signal-to-noise ratio 
(SNR). However, they smooth images to the point of degrading the image contrast and 
detail. Nonlinear filters also reduce the noise variance, while preserving the edges to some 
extent, but image contrast and detail degradation still occurs. In order to avoid such 
problem many edge preserving filters, like the Anisotropic Diffusion (AD) Filter [2, 3] have 
been used. Such filters respect edges by averaging pixels in the orthogonal direction of the 
local gradient. More recently, the trilateral filter [4], an evolution of the bilateral filter [5], has 
been proposed to take into account local structure in addition to intensity and geometric 
features.  

On the other hand, multiscale filtering methods have also been proposed for image filtering. 
Unlike single scale filtering methods, multiscale expansions offer the possibility of 
separating features of interest and noise components into distinct sub-band coefficients. 
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Specifically, multiscale methods, based on wavelet transforms, have widely been applied for 
noise reduction in medical images. Among the wavelet-based noise reduction techniques, 
nonlinear thresholding is simple yet very effective. Healy et al. [6] were the first to apply 
wavelet techniques, based on soft thresholding, for filtering MR images. Nowak [7] squared 
the magnitude MR image and used a wavelet-based Wiener-filter-like filtering method. 
Donoho [8] showed a universal threshold of asymptotically optimal in the minimax sense, 
but it is well-known that the universal threshold over-smoothes images. Pan et al. [9] 
presented a hard threshold with a nonorthogonal wavelet expansion.  At the same time the 
correlation between wavelet coefficients in several scales has also been employed to filter. 
Paul et al. [10] presented a multiscale thresholding scheme that incorporated the merits of 
interscale dependencies into the thresholding technique for filtering, and then applied 
thresholding to the multiscale products instead of the wavelet coefficients. The interscale 
correlation information is exploited by Pizurica et al. [11] to classify the wavelet coefficients. 
Xu et al. [12] developed a spatially selective filtering technique by iteratively selecting edge 
pixels in the multiscale products. Zhang et al. [13] used Radon transform and an adaptive 
median filter based on Walsh list in the Laplacian pyramid domain to denoise medical 
image. These methods are effective for noise suppression. However, there are some 
significant problems such as blurring, losing of detail texture, the changing of edge points, 
and generating artificial smear.  

In this paper we present a medical image filtering method based on the Radon and wavelet 
transforms. We perform Radon transform for input images to get sinograms. Then we apply 
1D non-orthogonal wavelets transform along s in sinograms, and use threshold-based 
methods to filter it. Dissimilar to the traditional threshold schemes that apply the same 
threshold to the wavelet coefficients at every scale, the proposed method can get robust and 
adaptive noise threshold at every scale. We can take advantage of the interscale dependency 
information between wavelet scales to evaluate original noise variance. Finally we apply the 
inverse Radon transform algorithm to reconstruct the original images. Our method has been 
validated using MR images. The detailed steps of our method and its evaluative results are 
reported in the following sections. 

2. Materials and methods 

2.1 Radon transform 

The Radon transform of a 2D function is defined as:   

 ( , ) ( , ) ( cos sin )Rf s f x y s x y dxdy   
 

 
        0,    s R   (1) 

where s  is the perpendicular distance of a line from the origin and   is the angle formed 
by the distance vector. Fourier slice theorem states that for a 2D function ( , )f x y , the 1D 
Fourier transforms of the Radon transform along s , are the 1D radial samples of the 2D 
Fourier transform of ( , )f x y  at the corresponding angles [14]. 

2.1.1 Noise robustness  

Since the Radon transform is a line integral of the image, the Radon transform of noise is 
constant for all of the points and directions and is equal to the mean value of the noise. 
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Therefore, this means zero-mean noise has no effect on the Radon transform of the image. 
Here we suppose the image is a square with side length 2m a  ( 0a  ), where a is the half 
diagonal length of the square area in terms of pixels. We add up intensity values of the 
pixels to calculate the Radon transform as shown in Fig. 1. Suppose ( , )f x y is a 2D discrete 
image whose intensity values are random variables with mean   and variance 2 . For each 
point of the projection sp , we add up sn  pixels of ( , )f x y . Therefore, 

2( )s svar p n   , ( )s smean p n   , and 2( )sn a s  , and the integer s is the projection index, 
which varies from a  to a . 

 
Fig. 1. Diagram for calculations in the Radon domain 

The average of 2
sp is  

 2 21
( )

2

a

s s
s a

A p p
a 

                                            (2) 

Its expected value is defined as  2( )p sE E A p . Then, 

  2 2 2 2 21 1 1
var( ) ( ( )) ( )

2 2 2

a a a

p s s s s s
s a s a s a

E E p p E p n n
a a a

 
  

          (3) 

For large a we can write equation (3) as 

 2 2 21
( )

2

a
p s sa

E n n ds
a

 


   (4)  

So 

 2 2 2
0

1
(2( ) 4( ) )

a
pE a s a s ds

a
      (5)  
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 2 2 2 2 2 2 2
0

2
(2 ( 4 ) 2 )

a
pE u s a s a a ds

a
         (6)  

2 3 2
2 2 2 2 2

0 0 0
4 2

( )| ( 4 ) | ( 2 ) |
3

a a a
p

u s s s
E a a a

a a a
         

 2 2 24
3pE a a    (7)   

From equation (7) we can get 2 2 24
3s s sE a a    for the signal, and get 2

n nE a for white 

noise with zero mean and variance 2
n . Then, 

 
2 2

2 2
4
3

s s s
Radon

n n n

E a
SNR

E
 
 

     (8) 

In original image we define 2 2 2( ) /image s s nSNR     . Therefore,  

 
2 2 2 2

2 2 2
4 4

( 1) ( 1)
3 3

s s s s
Radon image

n n n

a a
SNR SNR

   
  


                              (9)  

For medical images like MRI or CT the signal is distributed over the whole intensity range 
we can always get 2 2

s s  , and we may write 2 22 /image s nSNR   . Therefore,     

 
4 3 2 2 3

( )
6 6Radon image image

a m
SNR SNR SNR

 
   (10) 

This shows that RadonSNR has been increased by a factor of at least
2 2 3

6
m 

, which is in 

practice much too large a quantity. If the image size is 256 256, and then 

2 2 256 3
121.2

6RadonSNR
 

   or 10(10log 121.2 20.8 )dB .  

2.1.2 The results for noise reducing  

From above, we can see that the Radon transform is very robust in reducing the effect of 
additive noise. Here we add 3% and 10% Gaussian noise with a zero mean to the original 
phantom and at the same time we perform the Radon transform to get corresponding 
sinograms as shown in Fig. 2. Fig. 3(a) shows the profiles through the original image and the 
noised image (the profile position is shown in the top row of Fig. 2), Fig. 3(b) shows the 
profiles through their corresponding sinograms (the profile position is shown in the bottom 
row of Fig. 2). In Fig. 3(a) it is easy to see that the image with 10% noise has already been 
contaminated severely, and we cannot see any image details in the noised image. In Fig. 3(b) 
we can clearly see the profiles through the corresponding sinograms are very close, and it 
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shows the transform has greatly decreased the noise in the original image. Since the Radon 
transform is a linear transform and is invertible, it does not lose any texture information. 
And rotation of the input image corresponds to the translation of the Radon transform 
along , which is more tractable. 

 
Fig. 2. Phantoms and corresponding sinograms. The top row consists of phantoms without 
noise and with 3% and 10% noise respectively. The bottom row is the corresponding 
sinograms of the top row phantoms. 

  
Fig. 3. Quantitative comparison of profiles through images. (a) The profiles between the 
original and the noised images. (b) The profiles of the corresponding sinograms. 
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2.2 Wavelet transform 

2.2.1 Wavelet theory 

Wavelets are mathematical functions that decompose data into different frequency 
components. Then each component is performed with a resolution matched to its scale [15]. 
The wavelet analysis decomposes a signal into a hierarchy of scales ranging from the 
coarsest scale to the finest one. Hence, wavelet transforms which provide representation of 
an image at various resolutions are a better tool for feature extraction from images. Wavelet 
coefficients of a signal are the projections of the signal onto the multiresolution subspaces. 
Wavelets are functions generated from basis function, called the mother wavelet, by 
dilations and translations in time (frequency) domain. If the mother wavelet is denoted by 

( )t other wavelets , ( )A B t can be represented as    

 , ( ) 1 / (( ) / )A B t A t B A     (11) 

where A and B are two arbitrary real numbers. The variables A and B represent the 
parameters for dilations and translations respectively in the time axis. 

2.2.2 Dyadic wavelet transform  

The discrete wavelet transform is an implementation of the wavelet transform using a 
discrete set of the wavelet scales and translation which obey some defined rules. For 
practical computations, it is necessary to discretize the wavelet transform. The scale 
parameter A is discretized on a logarithmic grid. The translation parameter B is then 
discretized with respect to the scale parameter, i.e. sampling is done on the dyadic sampling 
grid. A dyadic wavelet transform is a semi-discrete wavelet transform, makes scale factor 
binary discrete, but the displacement factor to change continuously.  The discretized scale 

and translation parameters are given by 2 jA  and 2 jB k  , where ,j k Z , is the set of all 

integers. Thus, the family of wavelet functions is represented as 

 
/2

, ( ) 2 (2 )j j
j k t t k    (12) 

When analyzing wavelet transforms from a multiresolution point of view, the wavelet 
decomposition of a discrete time signal [ ]X n is given by 

 0 0

0

, , , ,[ ] ( ) ( )j k j k j k j k
k j j k

X n c n d n 



    (13) 

where
0 ,j k , ,j k are the scaling functions and wavelet functions respectively.  

As shown in Fig. 4, for any coarse scale 2 j , a discrete signal sequence 1{ ,( ) }j j j JS f W f   is 
named as the discrete wavelet transform of the original signal f . In Fig. 4, ( )j jH G is taken 
for the 2 j th  scale expansion of 1 1( )H G , that is, inserted 2 1j  zeros among the filter 
coefficients.  
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Fig. 4. Dyadic wavelet transforms 

Reconstruction is the reverse process of decomposition, so we only need to exchange the 
decomposition filters for the reconstruction filters. The decomposition and reconstruction of 

( )f t is completed by the Mallat tower algorithm [16]. Fast wavelet reconstruction (16) and 

inverse fast wavelet reconstruction (17) are given below  

 
, 1,

, 1,

( 2 )

( 2 )

j k j m
m

j k j m
m

c h m k c

d g m k c





  



 





 (14) 

 1, , ,( 2 ) ( 2 )j m j k j k
k k

c c h m k d g m k       (15) 

Where c is the scale factor, d  is the wavelet coefficients, and h  and g  are coefficient of the 

filter H and G  respectively in Fig. 4. 

2.2.3 Wavelet base choice 

Orthogonal wavelet transforms have fewer coefficients at coarse scales, and therefore the 
transformed signal is uncorrelated across the scales. Lack of a translation invariant will make 
filtering by orthogonal wavelet transforms exhibit visual artifacts. The non-orthogonal wavelet 
offers much better edge detection because the signal is correlated across the scales. Non-
orthogonal wavelet is better than orthogonal wavelet for SNR [9]. In this paper we use non-
orthogonal wavelets first introduced by Mallat et al. [17]. This base wavelet is shown in Fig. 5.  

 
Fig. 5. Plot of a typical quadratic spline wavelet   
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It is very close to the derivative of a Gaussian function. From the Radon transform, we know 
the translation along  in the Radon domain corresponds to the rotation of the input image. 
The shift along s  in the Radon domain corresponds to the translation of the input image. So 
we apply a 1D wavelet transform along s . 

2.2.4 Threshold-based filtering 

Threshold-based filtering is very simple and gives a satisfactory performance. It can be 
divided into three steps: (1) transform the noisy signal into wavelet coefficient w ,  
(2) employ a hard or soft threshold jt at each scale j , (3) transform back to the original 
domain, and get the estimated signal. Although Donoho [8] proved the optimality  
of a soft threshold in theory, a hard threshold has shown better results for certain 
applications. 

 
( , )

ˆ ( , )
0
w j n

w j n


 


   
( , )

( , )
j

j

w j n t

w j n t



  (16) 

As can be seen from filtering theory, during the wavelet filtering process a small 
threshold value will leave behind all the noisy coefficients, and subsequently, the 
resultant filtered image may still be noisy. On the other hand, a large threshold value will 
make more of the coefficients zero, and the resultant image may be blurred and have 
artifacts. So the threshold is key to the signal filtering effect, how the threshold is 
determined is critical. We choose j jt c , where c  is a constant. It is well known that for 
. . .i i d Gaussian noise X ～ 2(0, )N  , a threshold ,2 ,3 ,t       will suppress 68.26%, 

95.44%, and 99.74% of its values. Therefore, imposing c  between 3～4, will give good 
results.  

From the above discussion we can see the choice of threshold depends on the noise 
variance j in different scales. So the key is how to get the optimum noise variance j , 
which is adaptive to different scale characteristics [18]. 

2.2.5 Noise variance j  in different scales 

In order to get the noise variance in different scales we suppose white noise is  , its variance 

is 2 ，the power spectral density (PSD) is 2( )S   . After applying filter 1G  (see Fig. 4) 

the variance of the wavelet coefficient 1W  is 2
1 . Suppose 

1 1( ) ( ) jnG g n e 





  ，where 1( )g n is the pulse response sequence, and [ , ]    ，and 

then 
1

2
1( ) ( ) ( )WS G S   ，Therefore, the autocorrelation function of 1W   

is
1 1

1
( ) ( )

2
j

W WR S e d  





  . After filtering the mean of white noise is zero. 
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    

   
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

 



 (17) 

In (19) denotes the norm of a vector, so 22 2
2 1 2*h g  , and then  

 
22 2

1 2 -1j j jh h h g       (18) 

where jh and jg  are the unit pulse response of jH  and jG  respectively. h and g  depend on 
the scaling function ( )t and wavelet function ( )t . They are not determined by specific 
scale. 

2.2.6 Noise variance   estimation 

Our algorithms require the calculation of the underlying noise variance . In a real world 
application, the variance is usually unknown a priori, so it must be estimated from the data. 
Some papers used the dark (signal free) regions at the boundaries of each image to estimate 
the noise power at each wavelet scale. But this method requires manually choosing such 
regions and sometimes the noise in medical images is not uniformly distributed in both 
signal and free regions [19].  

Based on [12] we are using the spatial correlation 2( , )Corr j n  between the first two scales of 

wavelet transform to compute the power of ( )corrP j  and ( )WP j  

 2
2( ) ( , )corr

n

P j Corr j n  (19) 

 2( ) ( , )W
n

P j W j n  (20) 

 2( , ) ( , ) * ( 1, )Corr j n W j n W j n      1,2,n N      (21) 

where ( , )W j n  denotes the wavelet transform data.  The power of 2 ( , )Corr j n  is then 

rescaled to that of 2 ( , )W j n  

 2 2( , ) ( , ) ( ) / ( )W corrNewCorr j n Corr j n P j P j                           (22) 

If 2 2(1, ) (1, )NewCorr n W n  , then the corresponding data in (1, )W n  is reset to 0. Refer to 

the remainder of (1, )W n as (1, )W n . Suppose k  points are killed totally; then (1, )W n  can 

be roughly considered to be produced by noise. It is well known that /xP M  is an 
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asymptotically unbiased estimation of   for a sequence X ～ 2(0, )N  , 

where 2
( )x

n

P x n and M  is the length of X . From 1 1/ g  and the asymptotically 

unbiased estimation of 2
1 , we can get   

 1(1) ( 1)WP N k g     (23) 

From the Radon transform and Fig. 1, the noise variance ,s j  of the j th scale in the Radon 

domain is determined as  

 2
, 1 2 -1 /( )s j j j sh h h g n JI       (24)  

where sn are the pixels through the image as shown in Fig. 1, and J and I  are the size of the 

image.  

Based on all of the above deductions the adaptive threshold in the Radon domain is given as 

 
2

, , 1 2 1

1 2 -1 1

/( )

(1) [ ( 1)]

s j s j s j j

s j j W

t c cn h h h g JI

cn h h h g P JI N k g

       

      





 (25) 

This threshold can vary adaptively, because it depends on the decomposed scales and the 
pixels through image in the Radon transform adaptively. 

2.3 Inverse radon transform 

After obtaining the filtered sinogram, we perform an inverse radon transform in order to get 
the original image. It is defined as 

 
0

( , ) ( , cos sin )f x y R x y d


      (26) 

where R  is the filtered projections.  Generally, three different inverse Radon transform 
methods are direct inverse Radon transform (DIRT), filtered back-projection (FBP) and 
convolution filtered back-projection (CFBP) [20]. DIRT is computationally efficient, but it 
introduces some artifact. FBP based on linear filtering model often exhibits degradation in 
recovering from noisy data [21]. Spline-convolution filtered back-projection (SCFBP) offers 
better approximation performance than the conventional lower-degree formulation (e.g. 
piecewise constant or piecewise linear models) [22]. For SCFBP the denoised sinogram in the 
Radon domain is approximated in the B-spline space, while the resulting image in image 
domain is in the dual-spline space. We used SCFBP to propagate the deniosed sinogram 
back into the image space along the projection paths. 

3. Experiments and results 

Our filtering method has been evaluated by using simulation brain data. We also applied 
the method to filter real brain MR images. Single scale optimum linear filter - Wiener filter, 
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traditional multiscale wavelet filter [8], anisotropic diffusion (AD) filter [2, 3] and bilateral 
filter [5, 25] were applied to these dataset in order to compare the performance of these 
filtering methods. Here we define an average SNR as quality metric. It is given by 

 
2

,
10 2

,

[ , ]
10log

ˆ[ , ] [ , ]

m n

m n

X m n
SNR

X m n X m n







 (27) 

with the results averaged over all images and reported as mean decibels ( dB ), where 

[ , ]X m n is the original image and ˆ [ , ]X m n is the filtered image.       

We transformed the intensity of all testing images to uint8 (0~255) before all images were 
filtered with the five methods. Neighborhoods of size 3 3  were used to estimate the local 
image mean and standard deviation of Wiener filter. A Db3 wavelet was used in the 
traditional wavelet filter, and the images were decompounded to four levels. The constant 
was imposed 3.78c  in our method, and the images were also decompounded to four 
levels. For simulated and real brain data the AD filter was used when diffusion constant 
was 140. And the bilateral filter was performed when spatial function variance 3s  , range 

function variance 20r  .  

3.1 Simulation brain MR data 

We obtained the brain MR images from the McGill phantom brain database for 
comprehensive validation of the different filtering methods. The MR volume was 
constructed by subsampling and averaging a high-resolution (1-mm isotropic voxels) 
dataset consisting of 27 aligned scans from one individual in the stererotaxic space. The 
volume contains 181   217   181 voxels and covers the entire brain. Based on the realistic 
phantom, an MR simulator is provided to generate specified MR images [23].  

We obtained T1-weighted, T2-weighted and Pd-weighted MR volumes with an isotropic voxel 
size of 1mm at different noise levels. The noise effect was simulated as zero mean Gaussian 
noise adding to the MR volume with its standard deviation equal to the noise percentage 
multiplied by the brightest tissue intensity [24, 26]. Fig. 6 illustrates the visual assessment of 
filtered results on simulated T1-weighted, T2-weighted and Pd-weighted MR images with 9% 
noise and the comparison of the five different methods. We can easily see that bilateral filter 
and our method reduce more noise than other filtering methods. But the results of our method 
are much closer to original images without noise than those of bilateral filter. 

Fig. 7 shows output SNR comparison of different filters for different image types  
(T1-weighted, T2-weighted and Pd-weighted MR image) and noise levels (1%, 3%, 5%, 7%, 
9%, 11%, 13%, 15% and 17%). The output SNRs of the five methods for three types of MR 
images always decrease as the noise in MR image increases, and even some output SNRs of 
AD filter is less than input SNRs. From the three figures it can be seen that the output SNR 
of our method is always higher than other methods for almost all noised MR images except 
Pd-weighted images with 3% and 5% noise. Moreover, output SNRs of all denoising 
methods are always less than input SNRs of original MR images when original images have 
been added 1% Gaussian noise. We also see that the more noise (over 11%) exists in MR 
images, the better our method performs than others.   
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Fig. 6. Filtered results of the simulated brain data. The first row shows original T1-weighted 
MR image, noised T1-weighted MR image, original T2-weighted MR image, noised T2-
weighted MR image, original Pd-weighted MR image and noised Pd-weighted MR image 
from left to right respectively. The first column shows the T1-weighted filtered results using 
Wiener filter, wavelet filter, AD filter, bilateral filter and our method from the second row to 
the bottom respectively. The second column shows the corresponding residuals between the 
original image and the filtered image. The third and fourth columns are T2-weighted 
filtered results after using the different methods and the corresponding residuals. And the 
fifth and sixth columns are the corresponding Pd-weighted results and residuals. 
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(a) T1-weighted MR image 

 

 
(b) T2-weighted MR image 

 

 
(c) Pd-weighted MR image 

 

Fig. 7. Output SNR comparison of the different filters for different image types and noise levels. 
In (a), (b) and (c) the horizontal axis is different noise levels. The vertical axis is the output SNRs 
(dB) of the different filters and the original input SNRs (dB) of different noise levels. 
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Fig. 8 indicates the quantitative comparison of horizontal profiles between original T1-
weighted image and filtered images after using the different methods. The profile position is 
shown in the original T1-weighted MR image of Fig.6. From Fig.8 we can see that the filtered 
result of our method is closest to original standard image without noise in all denoised results. 
It demonstrates our method is effective in reducing noise and preserving details in MR image. 

 

 

(a) Comparison of horizontal profiles between original standard, noised image and the 
filtered image after using our method.   

 

(b) Comparison of horizontal profiles between original standard, the filtered images using 
Wiener filter, wavelet filter, AD filter, bilateral filter and our method respectively.   

Fig. 8. Comparison of horizontal profiles between the original T1-weighted image and the 
filtered images after using the different methods.  
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Fig. 9. Qualitative comparison of filtering results after using the different methods for a slice. The 
first column is the real brain image and the filtered results after using Wiener filter, wavelet filter, 
AD filter, bilateral filter and our method from the top to the bottom respectively. The second 
column is the corresponding residuals between the original image and the filtered image. 
Qualitative comparisons of ROIs are shown in the third and fourth columns. The third column 
shows the ROIs of real brain image, and the filtered results using Wiener filter, wavelet filter, AD 
filter, bilateral filter and our method from top to bottom respectively. The fourth column shows 
the corresponding residuals in ROIs between the original image and the filtered image.  
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4.2 Real MR brain data 

Our filtering method also was applied to real T1 weighted MR images of the human brain. 
Fig. 9 illustrates the visual assessment of the filtered results of real T1-weighted MR brain 
images using the five different methods. By comparing the filtered results and 
corresponding residuals, it can easily be seen that Wiener filter makes image blurred and 
their residual in the whole image is almost the same except edges. Wavelet filter seems to 
introduce artifacts in the denoised image. AD filter erases small features and transforms 
image statistics due to its edge enhancement effect resulting in an unnatural image. And it 
can also be seen that bilateral filter and our method are excellent in reducing the noise, and 
enhancing the image contrast. But bilateral filter loses many small edges and features while 
our method preserves more of the details. The enlarged view of the region of interest (ROI) 
is also shown in Fig.9. It is evident that our method suppresses noise effectively while 
keeping more of the image details by comparing the two ROIs (50 50 voxels). 

5. Conclusion  

A wavelet domain filtering method based on the Radon transform for noise reduction in 
medical images was presented. We performed the Radon transform for input images, and 
based on our image model we validated that the Radon transform can improve the SNR and 
zero mean white noise has no effect on it. Wavelet analysis decomposes a signal into a 
hierarchy of scales ranging from the coarsest scale to the finest one. Orthogonal wavelet 
transforms have fewer coefficients at course scales, which prevents the transformed signal 
from correlated across the scales. Lack of a translation invariant makes filtering by 
orthogonal wavelet transforms exhibit visual artifacts. Therefore, we apply a 1D non-
orthogonal wavelet transform along s , and use a threshold-based method to filter. We use a 
spatial correlation function to enhance significant structures and dilute noise, and then 
estimate the original noise variance from the first two scales. Dissimilar to traditional 
threshold methods that apply the same threshold to the wavelet coefficients in all scales, the 
proposed method provides an adaptive and robust threshold for every scale. The images in 
the Radon domain do not have more high-frequency parts or more edges than the 
corresponding images in the time domain, so our method for noise variance estimation 
works well. On the other side, inverse radon transform will introduce some artifacts [27]. 
Currently, our method produced promising results on a small segment of the image in 
additive Gaussian noise. Further work needs to be performed to shown if this technique is 
useful in multiplicative noise, on a larger wake image, and the wake detection problem. 

Simulated brain MR image and real brain MR image images were used to validate our 
method. Wiener filter, wavelet filter, AD filter and bilateral filter were compared with our 
method. Our method performed better than the other methods in improving SNR and in 
preserving the key image details and features. The experimental results showed the 
superiority of the proposed method as it outperformed the traditional denoising methods. 
Our method can also be used in other medical imaging.  
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1. Introduction 

During textile manufacturing processing, it is vital to inspect, detect, assess and rectify 
defects as soon as they emerge. This is particularly important for fabric engineering and 
finishing, as the fabric quality directly affects the quality of their final products. In textile 
industry history, visual inspection and classification were common practice. The nature of 
traditional manual inspection was very repetitive and slow, and defects could be missed 
due to inspector fatigue, misjudgement and neglect, not mentioning the costs of skilled 
labour for the task. Automated visual inspection of texture content in digital images plays 
an important role in detecting textile defects for quality control. A computer based 
inspection system can be designed to perform 100% defect inspection objectively and 
consistently. It eliminates inspection error due to human frailty, and saves the costs of 
skilled inspectors. 

Ngan, Pang and Yung (2011) reviewed automated fabric defect detection methods 
developed in recent years. They summarised different approaches for texture defect 
automatic detection, where computer vision and image processing have been the key for 
success. Current technology of image acquisition has resulted in inexpensive, but high 
quality digital images, which can be conveniently streamed to a computer for information 
extraction. A general procedure for an automated inspection system, as shown in Figure 1, is 
to process the images to be inspected and extract the features of defects. Image processing 
should highlight texture defects, such as the location or extension of the defects using 
various properties of the textures. A classifier, trained and validated by history data and 
defect definitions, analyses the features to objectively classify the defects. Neural networks 
are commonly used to combine with texture features obtained from image processing for 
defect classification. 

Digital 
Images 

Image Processing – 
Feature Extractor 

Defect Detection – 
Classification 

Defect 
Class 

 
Fig. 1. A textile defect detection process 
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An industrial automated inspection system must operate in real-time, and produce a low 
false alarm rate. As computer technology develops, rapid image processing and pattern 
recognition can be performed quickly and inexpensively. It therefore becomes increasingly 
popular for computer aided feature extraction, defect detection, quality classification and 
decision making (Deng et al., 2011; Han & Shi, 2007; Liu et al., 2011a; Liu et al., 2011b; Mak 
& Peng, 2008; Mak et al., 2009; Wong et al., 2009; Zhang et al., 2010b) in the textile field. 
Thus, it is the trend that automated image-based inspection replaces human inspection, and 
improved feature extraction methods will accelerate the process. The region with a defect 
has a texture different from the background, which has a relatively consistent texture. 
Texture analysis has played an important role in the automatic visual inspection of textile 
surfaces. Among many methods, the wavelet transform tool has been studied for analysing 
images and extracting important information for improved pattern recognition (Deng et al., 
2011; Han & Shi, 2007; Liu et al., 2011a; Ngan et al., 2005; Wong et al., 2009; Zhang et al., 
2007, 2010b). 

Human vision researchers have found that the visual cortex can be modelled as a set of 
independent channels, each with a particular orientation and spatial frequency tuning (Beck 
et al., 1987). This forms the basis for texture classification using the wavelet transform. The 
wavelet transform provides a solid and unified mathematical framework for the analysis 
and characterization of an image at different scales. It provides both time and frequency 
information, and has been successfully applied for textile image classification, including the 
application examples presented in this chapter. The wavelet transform approach appears to 
improve textile defect detection accuracy and real-time factory implementations. 

This chapter presents some examples using wavelet transform for textile material feature 
extraction and classification. It first outlines how wavelet transforms together with other 
techniques were used in different textile defect feature extraction and classification. In 
particular, this chapter briefly summarises some applications examples in literature. It then 
presents a detailed application example to demonstrate wavelet transform feature extraction 
from knitted, woven, and nonwoven pilled fabric images for assessing the level of pilling. 
This approach is based on the multi-scale two-dimensional dual-tree complex wavelet 
transform to decompose the pilled fabric image with six orientations at different scales and 
reconstruct fabric pilling sub-images. For pilling objective rating, feature parameters are 
extracted from the pilling sub-images to describe pill (a small ball of fibres) properties. By 
using a classifier, the pilling grade can be accurately classified. Another detailed example is 
the use of the wavelet transform to extract animal fibre surface texture features for fibre 
identification. The complex wavelet transform decomposition and reconstruction are an 
effective way to extract cashmere and superfine merino wool fibre features, including 
cuticular scale height, scale shape and scale interval, which can be used for characterizing 
different animal fibres and subsequently classifying them. 

2. Wavelet transform in textile applications 

The hierarchical wavelet transform uses a family of wavelet functions and its associated 
scaling functions to decompose the original image into different sub-bands, providing both 
frequency and spatial locality. The wavelet transform method has been investigated in many 
situations where visual inspection is necessary in the textile industry; in particular, much 
research has been conducted on fabric defect automatic detection and classification.  
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A fabric can be seen as a manufactured planar structure made of fibres and/or yarns 
assembled by various means such as weaving, knitting, tufting, felting, braiding, or bonding 
of webs. Good quality fabric should have its designed appearance, and defects exist if the 
appearance was disrupted. Sari-Sarraf and Goddard (1999) described a vision-based on-
loom fabric inspection system. The system processed images with a segmentation algorithm 
based on the concepts of 2-D discrete wavelet transform, image fusion, and the correlation 
dimension to attenuate the background texture and accentuate the defects. Fabric defects 
can be determined from the disruption of global homogeneity of the background texture of 
output images. 

Kim and Kang (2007) used the wavelet packet frame decomposition to extract texture 
features followed by a Gaussian-mixture-based classifier for texture segmentation and 
classification. The wavelet packet frame decomposition produced texture information in all 
the frequency sub-channels, and the important texture was concentrated in the intermediate 
frequency sub-channels, which formed the feature vectors for classification. As a defect 
comprises a relatively small part of the fabric image, and has a texture different from the 
background, the advantage of this method is that homogeneous subregions can be regarded 
as non-defective. Each image was therefore divided into multiple non-overlapping regions 
for fabric texture/defect segmentation. Kim and Kang (2005) also evaluated fabric pilling 
based on the wavelet reconstruction scheme to attenuate the periodic background and 
enhance the pills using un-decimated discrete wavelet transform. Kim and Park (2006) 
conducted a further study on the quantification and evaluation of fabric pilling using two-
dimensional and three-dimensional hybrid imaging methods. Each method was found to 
have its own merits. 

Mak and Peng (2008), and Mak, Peng and Yiu (2009) presented a woven fabrics defect 
detection system, in which important fabric texture features were extracted optimally from a 
non-defective fabric image using a pre-trained Gabor wavelet network. The wavelet 
transforms were used to facilitate the construction of structuring elements in subsequent 
morphological processing to remove the fabric background and isolate the defects. This 
method does not need fabric defect information and hence is suitable for supervised defect 
detection. 

Latif-Amet, Ertüzün, and Erçil (2000) reported a method for texture defect detection in fabric 
images by combining concepts from wavelet theory and co-occurrence matrices, which 
consider the relative occurrence frequency of pixels separated by a certain distance in a 
given direction. Detection of defects within the inspected texture was performed first by 
decomposing fabric images into sub-bands, then by partitioning the textured image into 
non-overlapping sub-windows and extracting the co-occurrence features, such as 
coarseness, contrast, homogeneity and texture complexity. They found that a particular 
band obtained by wavelet transformation has high discriminatory power to improve the 
detection performance. The wavelet transformation method extracted the particular band 
and discarding the others, which carried information with low discriminatory power. In 
general, the defect detection method that applied to the sub-band images is superior to the 
same method applied to the raw images. 

Yang, Pang and Yung (2002) designed an adaptive wavelet-based feature extractor method 
to characterise fabric images with multi-scale wavelet features by using undecimated 
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discrete wavelet transforms. To minimise the error rate in fabric defect classification, Yang, 
Pang and Yung (2004) studied six wavelet transform-based feature extractors and 
classification methods. Compared to those commonly used wavelets, such as Haar wavelets 
and Daubechies wavelets, the adaptive wavelet designed with the discriminative feature 
extraction method largely enhanced the discriminant power of the wavelet features, which 
resulted in much better classification performance for the detection of fabric defects than the 
other discriminant training methods.  

Using the wavelet transform method, Han and Shi (2007) decomposed fabric images with 
high frequency texture background at various levels to detect defects on images. By 
selecting an appropriate level at which the approximation sub-image was reconstructed, 
textures on the background were effectively removed. Together with an adaptive level-
selecting scheme for analysing the co-occurrence matrices of the approximation sub-images, 
non-texture techniques can be used to resolve the texture defect detection problem. 
Compared with traditional frequency domain low and high pass filters, common wavelet 
transform methods appear to be much more effective in detecting defects due to the multi-
scale analysis ability of wavelet transform. 

Tsai and Hsiao (2001), and Tsai and Chiang (2003) proposed a wavelet transform method for 
the inspection of local defects embedded in homogeneous textured surfaces. Each wavelet 
decomposition level provided unique information about texture characteristics, and the 
energy value of the smooth sub-image was relatively low. By properly selecting the smooth 
sub-image or the combination of detail sub-images in different decomposition levels, 
backward wavelet transform constructed an efficient image with regular and repetitive 
texture patterns removed, and local anomalies enhanced for discriminating between 
defective regions and homogeneous regions. In addition, since this proposed method did 
not use an advance classifier such as a neural network to identify defects from textural 
features, it was simple and used less computational power. Tsai and Hsiao (2001) also 
pointed out that orthogonal wavelet bases captured local deviations in homogeneous 
textured surfaces better than biorthogonal bases for the application of defect detection in 
textured surfaces. Based on the energy distributions of wavelet coefficients, Tsai and Chiang 
(2003) further proposed an automatic band selection procedure to reconstruct images in the 
wavelet transform domain for automatically determining local defects. The band selection 
procedure determines the best decomposed sub-images and the number of multi-resolution 
levels to remove the global repetitive texture pattern, and reinstate image with local 
anomalies using the wavelet transforms for defect inspection in homogeneously textured 
images, including fabrics. 

Liu et al (2010) combined wavelet texture analysis and learning vector quantization neural 
networks to classify nonwoven uniformity. Nonwoven images were decomposed to 
generate textural features from wavelet detail (sub-band) coefficients or sub-images at each 
scale with wavelet texture analysis. As the approximation sub-band coefficients usually 
represent the lighting or illumination variation, the high frequency sub-bands were used as 
the input features of the neural network for training and testing the classifier. The image 
classing system categorised five nonwoven uniformity grades with an overall identification 
accuracy of more than 87%. Liu et al (2011a) further studied combining wavelet energy 
signatures and robust Bayesian neural network for nonwoven uniformity classification. 
They found that when 18 features of the nonwoven images decomposed at level 3 with 
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wavelet transform were employed to describe the texture of nonwoven, the average 
accuracy was over 98% for all visual quality ratings. When 24 features of the nonwoven 
images decomposed at level 4 were used, the average recognition accuracy was over 99%. 

Ngan et al (2005) applied the direct thresholding method based on wavelet transform detailed 
sub-images as an automated visual inspection method for defect detection on patterned fabric. 
They reported that the wavelet pre-processed golden image subtraction method, which can 
segment out the defective regions on patterned fabric effectively, provided an overall detection 
success rate of 96.7% from 30 defect-free images and 30 defective patterned images for one 
common class of patterned jacquard fabric. In this report wavelet based methods were used to 
extract detailed and approximation sub-images from a histogram equalized defective image. 
The sub-images were further processed for defect detection.  

Wong et al (2009) presented a hybrid approach of stitching defect detection and classification 
in a fabric image using the wavelet transform and the back propagation neural network. The 
pyramid wavelet transform was employed to generate an approximation (smooth) image 
and detailed sub-images at a certain resolution level. The smooth sub-image has high energy 
concentration (more than 95%). It was further processed for image segmentation, 
attenuating the background texture and accentuating the anomalies. Through a neural 
network classifier, the combined method can identify five classes of stitching defects 
effectively. 

Shin, Kim and Kim (2010) used a multi-level wavelet transform to extract pattern features 
from textile images. The pattern, colour and texture information were used as cues to 
predict the emotional semantics associated with the image. Although not relevant to defect 
detection, this work could be applied for efficient indexing annotating and 
searching/retrieving for diverse textile images on the Web to reduce the semantic gap 
between low-level features and the high-level perception of users. 

Liang et al (2012) employed wavelet transform analysis and statistical measurement for 
objective and automatic evaluation of yarn surface appearance, which is related to yarn 
quality and traditionally was subjectively performed by visual inspection of the yarn board 
(parallel yarns on a black background board) in the textile industry. The wavelet transform 
algorithm (Discrete Wavelet Transform) was used to remove the yarn hairiness (the fibres 
on the periphery layer of yarn) as noise and separate yarn lines from the background during 
pre-processing of the yarn board images. The yarn hairiness image, on the other hand, can 
be reconstructed by subtracting the detected yarn lines from the original yarn image. The 
extraction of hairiness characteristics from a yarn surface appearance image was carried out 
by calculating wavelet energies under a certain decomposition level using four types of 
mother wavelets. Furthermore, statistical measurements extracted other important yarn 
quality statistics features, such as yarn diameter variation and distribution, yarn faults 
(neps, thin/thick places) and hairiness from the texture images. Depending on the 
classification tool, their experimental validation results showed their yarn grading system 
achieved over 90% classification accuracy for the individual yarn category and 87% for 
global yarn database. 

Qu and Ding (2010) used 2D wavelet transform to extract the edge features of foreign fibres 
in lint cotton within a complex background. The wavelet transformed the original cotton 
luminance image to the morphology component and three detail components. By removing 
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the background and noise, the contaminant edge features were obtained from the detail 
components. Further morphological analysis differentiated the gray and colour features 
between foreign fibres and cotton. 

3. Fabric pilling feature extraction and rating 

3.1 Background 

Fabric pilling refers to the formation of fibrous balls on the surface of a fabric. The pills, 
balled or matted particles of fibre that remain attached to the surface of the fabric, spoil the 
original appearance of the fabric and can cause premature wear. Normally, resistance to 
pilling is tested in the laboratory by standard methods that simulate accelerated wear, 
followed by a manual assessment of the degree of pilling based on a visual comparison of 
the sample with a set of standard pilling images. The degree of pilling is determined on a 
level ranging from 1 (very severe pilling) to 5 (no pilling). This subjective evaluation can be 
inconsistent and inaccurate, and pill rating may vary from one laboratory to another. 
Reliable and accurate objective evaluation methods are desirable for the textile industry. 

Current pilling image processing methods cannot effectively eliminate the influence of 
fabric texture for accurate pilling prediction (Deng et al., 2011). A pilled fabric image 
consists of brightness variations caused by high frequency noise, randomly distributed 
fibres, fuzz and pills, fabric surface unevenness, and background illumination variance. 
Interference from fabric background texture affects the accuracy of pilling rating by directly 
computer-aided image classification. A pilled fabric often has distinct pills as well as 
ambiguous fuzz and small pills that are difficult to classify. In addition, the fabric surface 
ruggedness may add further difficulty to fabric pilling feature extraction and assessment. 
Many researchers have tried to separate the pills from the background by image analysis 
techniques, such as pixel-based brightness threshold (Kim, S. & Park, 2006; Konda et al., 
1988; Xin et al., 2002) and region-based template matching (Xin et al., 2002). However, these 
methods can not eliminate the influence of fabric texture. 

The two-dimensional discrete Fourier transform (DFT) has been used (Palmer & Wang, 
2004; Tsai & Chiang, 2003; Zhang et al., 2007) to separate periodic structures in fabric image 
from non-periodic structures in the image (the pills) in the frequency domain. The DFT can 
provide only gross summary of spatial frequency information about the entire image, not 
location information since localized pills in nature cannot be easily identified directly by 
Fourier transform (Xu, 1997). The multi-scale transform can effectively analyse the images at 
different scales of decomposition. For example, the wavelet transform measures the image 
brightness variations at different scales (Kim & Kang, 2005). It has been applied to objective 
pilling grading in recent studies. Palmer and Wang (Palmer & Wang, 2003, 2004) suggested 
that the pilling intensity can be classified by the standard deviation of the horizontal detail 
coefficients of a two-dimensional discrete wavelet transform at one given scale. When the 
analysis scale closely matched the fabric texture frequency, the discrimination was the 
largest. More pills and fuzz on the fabric surface gave higher standard deviation of the hori-
zontal detail coefficients. However, the energy method for pilling analysis can only give 
frequency information, not the location information. 

Otsu (1979) proposed a simple threshold to separate pills from the background in the 
reconstructed smooth (approximation) sub-image at an appropriate decomposition level. 



 
Application of Wavelet Transform Method for Textile Material Feature Extraction 

 

213 

However, the approximation sub-image comprises not only pilling information but also 
surface unevenness and illuminative variation, which will influence the determination of the 
threshold. 

Using the two-dimensional dual-tree complex wavelet transform, the pilled nonwoven 
fabric image can be decomposed to sub-images of different frequency components, and the 
fabric texture and the pilling information are presented in different frequency bands. The 
energies of the six direction detail sub-images, which capture brightness variation caused by 
fuzz and pills of different sizes, quantitatively characterised the pilling volume distribution 
at different directions and scales. By extracting the pilling sub-images, a pilled image can be 
reconstructed for objective pilling evaluation by the combination of pilling identification, 
characterization method and an appropriate neural network supervised classifier (Zhang et 
al., 2010b). 

3.2 The complex wavelet transform  

The complex wavelet transform (CWT) is an enhancement to the two-dimensional discrete 
wavelet transform (DWT), which yields nearly perfect reconstruction, an approximately 
analytic wavelet basis and directional selectiveness in two dimensions. The most important 
property of CWT is that it can separate more directions than the real wavelet transform. The 
CWT can provide six sub-images in two adjacent spectral quadrants at each level, which are 
oriented at angles of ±15, ±45, ±75. The orientation selectivity is clearly shown in Figure 2. 
The strong orientation occurs because the complex filters are asymmetric responses. They 
can separate positive frequencies from negative ones vertically and horizontally without 
aliasing positive and negative frequencies. 

 
Fig. 2. 2-D impulse responses of the complex wavelets at scale 4 (6 bands at angles from +75 
to -75) 

Figure 3 illustrates the difference between DWT and CWT. The orientation selectivity of 
CWT method is much clearer under each scale in comparison with the classical wavelet 

15 45 75 

-15 -45 -75 Original image 
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DWT. There is an obvious mosaic phenomenon for Scales 5-6 sub-images from the DWT 
method. As a result, the reconstructed pilling image is not as clear as that from the CWT 
method.  
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Fig. 3. Decomposition and reconstruction effects from DWT and CWT 

3.3 Separate pilling from fabric background texture and wavelet reconstruction 

Pills and fuzz are the vital features in the pilling rating procedure. Extracting them from the 
fabric image is the most important task for objective pilling assessment. To achieve this, the 
pilled fabric image has to be decomposed and reconstructed at different scales (see Figure 3 
and Figure 4). After a fabric image is processed by CWT, the frequency band in each sub-
image decreases with the decomposition scale. The attenuation of fabric patterns by CWT 
reconstruction is simple and effective since it can be attained by simply setting the relative 
detail coefficients to zero and reconstructing the image (Figure 4) without the delicate 
selection of the threshold and filter design. The sub-images contain information of high 
frequency signals, the fabric textures and the low frequency signals such as the background 
illuminative variation and the fabric surface unevenness, which are normally irrelevant to 
fabric pilling. The sub-images also contain information of fuzz and different size pills, which 
are the features for pilling classification. The key to pilling image reconstruction is to 
determine the decomposition level of original image and select appropriate Scales (sub-
images) for invert complex wavelet transform (Figure 4). 

The pilling feature can be determined by examining the relationship between energy and 
the decomposition scales. The energies of the wavelet coefficients distributed in different 
frequency channels at various decomposition levels provide unique information about 
texture characteristics. The choice of a proper decomposition scale is based on the energy 
relative gradient of detail sub-images in two consecutive scales. The decomposition scale for  
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Fig. 4. Block scheme of extracting pilling image from pilled fabric image with CWT 

obtaining an optimum pilling image is different for different frequency backgrounds. In 
general, fabrics with a rough background have more low frequency components and a 
greater decomposition scale than those with a fine background. By the optimum scales, the 
pilling information can be separated from the high-frequency noise, fabric texture, surface 
unevenness, and illuminative variation of the pilled fabric images (Deng et al., 2011). The 
examples in Figure 5 indicate that a pilled fabric can be successfully decomposed into pilling 
image and background image after filtering out disturbance information. The pilling image 
can be further converted to a binary image for feature extraction and classification. 

3.4 Extraction of pilling features 

Pilling features can be extracted in the spatial domain, in the frequency domain, or a 
combination of both frequency and spatial domains. In this example, the combination 
method was used. 
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Fig. 5. Original, texture, pilling and binary images 

3.4.1 Energy feature of pilling 

Under lateral illumination specified in the testing standard (determination of the resistance 
to pilling and change of appearance of fabrics), pills can be easily differentiated from the 
bright (pills) to dark (background) gray value variation. This local contrast between a pill 
and its immediate surrounding region highlights the size and height of the pill as shown in 
the reconstructed images of Figure 3 and Figure 5. Larger pills lead to higher energy (the 
sum of the gray value squared), which must be used as one of elements of the pilling feature 
vector to characterize the pilling intensity and differentiate samples of different grades. 

3.4.2 Shape feature of pilling 

Pill density, size, and height are the main pill properties that observers use to rate the pilling 
grade of a tested fabric. They have a decreasing trend when the pilling grade increases, and 
linear and non-linear relationships have been observed in woven and knitted fabrics 
respectively (Kang et al., 2004; Konda et al., 1988). Therefore, pill shape feature (Figure 6a) 
should be used as a pilling feature vector to characterize the pilling degree. The total 
volume, height of pills, and standard deviation of height of pills, which can be calculated 
directly from the extracted gray pilling images shown in Figure 6, indicate the gray value 
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magnitude and deviation of sample images and thus reflect the 3D pilling information of the 
pilled fabric surface. The greater the value of magnitude and deviation, the more severe the 
fabric pilling will be. The pill number and pill area show the pilling 2D information and 
they can be calculated from the binary images shown in Figure 5 and Figure 6b. These 
feature indexes increase when fabric pilling becomes more severe, and also should be used 
for objective pilling rating. 

3.4.3 Pill binary image 

In Figure 6c, the semi-binary images are obtained by replacing those pixel gray values that 
are lower than a threshold with 0, but keeping the other original gray values. The binary 
images, however, are developed by substituting the gray value higher than the threshold 
with 1 and those lower than the threshold with 0. Every small area of the white region in the 
binary image in Figure 6b represents a pill. The pilling area parameters, including total area, 
standard deviation of each pill area, and the pill location deviation coefficient of pills can be 
used for indexing the pill shape features. 
 

 
Fig. 6. Pill features and binary image 

3.5 Neural network pilling objective classification 

To objectively rate fabric pilling, an artificial neural network was trained to establish and 
generalize the relationship between pilling grade and objective pilling assessment 
parameters obtained through image processing. There are six input neurons corresponding 
to six feature indexes and five output nodes representing five pilling grades. Pilled fabric 
samples including woven, nonwoven and knitted fabrics were rated for fabric pilling rating 
according to their respective standards. All pilled fabric samples were digitised with a 
digital camera in the same way. Each fabric image was cropped to a 512×512 pixel 256 
colour image or 512×512 pixel 8 bit gray scale image for feature extraction with wavelet 
transform. The features obtained included the pilling intensity and location, the energy ratio 
of pilling sub-image to background texture sub-image, the ratios of total pill area, the height 
standard deviation and volume to the image size, standard deviation of area and volume, 
and location deviation of pills. Information from forty different kinds of pilled fabric images 
was used to train the neural network and information from additional twenty pilled fabric 
images was used to test the trained model. The results indicated that, once the classification 
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rules have been established, they can be used as a tool for objective classifying pilling grades 
(Deng et al., 2011). 

In another attempt at objective pilling rating (Zhang et al., 2010a), a large set of 203 
commercially rated pilled fabric samples were imaged using a digital camera. The two-
dimensional dual-tree complex wavelet transform was used to decompose and reconstruct 
the sample images into their single-scale detail and approximation images. From each of the 
203 fabric images, a texture feature vector consisting of 12 energy features was developed. 
Principal component analysis revealed that 87% of the variation in the texture feature vector 
accounted for the first principal component, and only minor proportions of the variation 
distributed amongst the remaining components. Based on this result, the single transformed 
first principal component consisting 12 pilling texture features was used as the basis for 
classification. Two thirds of the fabric image sample sets were used to train the neural 
network. Following training, the remaining 68 image samples were presented to the neural 
network as test samples for automatic pilling classification. Figure 7 shows the test sample 
rating results from the neural network classifier and paired with the original human expert 
rating for the same fabric sample, ranked according to the expert pilling ratings from 1 to 5. 
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Fig. 7. Artificial neural network pilling classification results (not to a pilling grade) VS expert 
ratings (Data source: (Zhang et al., 2010a)) 

It can be seen from Figure 7 that the difference between the classifier test results and the 
expert measured grades for the test subset samples ranges ±0.7 pilling grades. When the 
classifier test results are converted to integer values and compared to the expert ratings, 
only a handful of test samples were misclassified. Re-examining the misclassified samples 
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revealed that it was difficult to visually discern the difference between the pilling ratings of 
the fabric samples in question. This perhaps raises as many questions about the human 
expert rating ability as it does about the accuracy of the automatic classification. Many 
human experts of pilling rating claim the ability to interpolate half-interval pilling intensity 
ratings based on comparisons of fabric samples to a standard pilling image set. The ability of 
the neural network classifier to produce a floating point output rating can match this 
purported precision rating precision. 

4. Identification of animal fibres with wavelet texture analysis 

Cashmere is fine, downy wool growing beneath the outer hair of the Cashmere goat. 
Cashmere products are soft, luxurious and expensive. Cashmere and fine sheep’s wool 
blends produces a lower cost product while exploiting the positive market perceptions 
associated with the luxury cashmere content. Correct labelling cashmere composition in 
such blends is required by law in most countries. Though cashmere and wool fibres have 
similar scaly surface morphology as shown in Figure 8, they may be classified through the 
following main cuticular scale features (Wildman, 1954): 

 the form of the scale margins, e.g., smooth, crenate (scalloped) or rippled; 
 the distance apart of the external margins of the scales, e.g., close, distant or near; 
 the type of overall pattern, e.g., regular, irregular mosaic, waved or chevron; and scale 

height. 

  
Fig. 8. SEM images of an Australian cashmere fibre (Left) and Merino wool fibre (Right) 

To visually identify cashmere and sheep's wool in their blends, International Wool Textile 
Organisation test method (IWTO-58-00) uses scanning electron microscopic (SEM) analysis, 
while both American Association of Textile Chemists and Colorists Test method (20A-2000) 
and American Society for Testing and Materials method (D629-88) use light microscopy. 
However, the test accuracy that can be achieved depends largely on the operator’s expertise 
with the microscopic appearances of different fibres. The operator-based assessment is 
subjective, tedious and costly. An automatic method is desirable to objectively identify 
animal fibres. 

A computer based classification method for animal fibre identification may use 
combinations of microscopy and image analysis together with statistical and feature 
classification techniques (Robson, 1997, 2000; Robson et al., 1989; She et al., 2002). However, 
it is believed that wavelet texture analysis provides a reliable fibre classification system for 
the discrimination between cashmere fibre and the superfine merino fibre (Zhang et al., 
2010a). 
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To demonstrate this, 13 cashmere fibre images and 15 superfine merino wool fibre images 
were scanned from the reference collection Cashmere Fibre Distinction Atlas (Zhang, 2005). 
By using the two-dimensional dual-tree complex wavelet transform, a scanned fibre image 
was decomposed and reconstructed into single-scale only detail and approximation images 
as shown in Figure 9. The lowest frequency approximation image represents the brightness 
variation, the lighting or illumination variation, so it is not used to generate a textural 
feature. The Scales 1 to 4 detail images measure the brightness variations of the cuticular 
scale edges at different scales/frequencies. The cuticular scale’s height, shape and interval 
are directly related to the brightness variation at scale edges. Therefore, the texture features 
extracted from these detail images are intended to be a comprehensive measurement of the 
scale height, scale shape and scale interval. 

 Cashmere fibre 

 Reconstructed Scale 1 detail image 

 Reconstructed Scale 2 detail image 

 Reconstructed Scale 3 detail image 

 Reconstructed Scale 4 detail image 

 Reconstructed Approximation image 

Fig. 9. Reconstructed Scale 1 to 4 detail images and approximation image 

From each of the 28 fibre images, textural features were generated from the six directional 
detail sub-images at scales 1 to 4. A texture feature vector consisting of 24 (6 orientations × 4 
scales) energy features was developed. Principal component analysis (Krzanowski, 1988) 
was used to reduce the dimension of the texture feature vector, and generate a new set of 
variables, called principal components. Each principal component was a linear combination 
of the original variables. All the principal components were orthogonal to each other, so 
there was no redundant information. The principal components, as a whole, formed an 
orthogonal basis for the space of the data. Eight principal components represented more 
than 99.8% the actual dimensionality of the 28×24 texture feature vector data, which were 
used as the input of a classifier. When using 24 or 26 fibre samples as training data, the rest 
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as testing sets, 27 samples out of the 28 samples were correctly classified, suggesting that 
wavelet transform based features contained vital information for fibre identification. Visual 
comparison revealed that the misclassified cashmere fibre has the same range diameter of a 
wool fibre, and their scale characteristics such as scale frequency and scale length are 
difficult to discern. If a large sample size was used for classifier training, it might be possible 
for the classifier to pick up small details of fibre surface feature; hence the accuracy of fibre 
classification could improve. With the enhanced classifier, this method could be further 
developed to a completely automated and objective system for animal fibre identification. 

5. Summary 

This chapter presents selected examples of textile related applications using the wavelet 
transform method, which extracts surface texture features for objective defect identification 
and quality classification. Wavelet transform is often used together with other methods to 
create a process that can best identify the required features. The general procedure for an 
automated inspection/classification system is to first process the digital images to be 
inspected and extract the features of significant for highlighting defects in the original image 
or key identification parameters. Then, a classifier, trained and validated by history 
experimental data and vector definitions, analyses the features to objectively classify the 
defects. Neural networks are commonly used to combine with texture features obtained 
from image processing for defect classification. 

The multi-scale two-dimensional dual-tree complex wavelet transform method can 
effectively decompose a textile image with six orientations at different scales and reconstruct 
the textile background texture and defect sub-images. An energy analysis method provides 
important information of sub-images, which can be used to dynamically search for an 
optimum image decomposition scale and dynamically discriminate different features from 
the textile image. It has been proved that this method is an effective way to extract pilling 
features from pilled fabric images, which consist of noise, fabric texture, surface unevenness, 
and background illuminative variation. Normally, the fabric texture information is obtained 
from high frequency detail images and the pilling information from low frequency images. 
Using the complex wavelet transform, pills of different sizes can be identified by the 
reconstructed detail sub-images with six orientations at different scales. With the energy 
analysis method, the optimum decomposition scale can be obtained for the distinction 
between pilling and fabric texture. The energy of the sub-image is coherent with the given 
size and pill height that describe the pilling intensity. By using the pilling parameters and an 
artificial neuron network method, classification rules can be established to comprehensively 
evaluate knitted, woven and nonwoven pilling test images for fabric pilling, and 
successfully classify them into the five pilling ratings. 

This chapter also demonstrates the feasibility of using wavelet texture analysis in classifying 
cashmere and superfine merino wool fibres. The two-dimensional dual-tree complex 
wavelet provides an effective way to extract features that represent cuticular scale height, 
scale shape and scale interval. This may provide the essential foundations to develop an 
objective automated system for animal fibre distinction. 

It is evident that the wavelet transform method is a robust and adaptable tool that is able to 
produce enhanced results when integrated with other feature extraction processes. Already, 
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wavelet transform has been used for a number of practical purposes in the textiles industry 
for defect identification and surface characteristic classification, but there is still much 
potential for further development of more accurate detection methods and new areas of 
application.  
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1. Introduction

The Wavelet transform is such one efficient and important mathematical tool used to explore
a signal in a time-frequency representation to allow analyzing the parts of interest separately.
This way of analysis provides more valuable information regarding when and where different
frequency components are present in the signal. Furthermore, the wavelet analysis is probably
the most effective solution to overcome the drawbacks of Fourier analysis.

Since its very first use, many varieties and flavors on top of the original Wavelet transform
have been devised and tested, and they have shown different advantages when applied
to different scientific and technical areas. These varieties include, but not limited to, the
continuous (CWT), the discrete (DWT), Wavelet packet transform (WPT) and multiwavelet
transform (MWT).

This chapter is aimed at presenting powerful utilization of the Wavelet transform (and its
varieties) in two important applications: biometrics and non-destructive testing (NDT).

The biometric application that will be shown in this chapter is related to iris recognition (IR).
IR is known as an inherently reliable biometric technique for human identification. Feature
extraction is a crucial step in iris recognition, and the trend nowadays is to reduce the size of
the extracted features. Special efforts have been applied in order to obtain low templates size
and fast verification algorithms. These efforts are intended to enable a human authentication
in small embedded systems, such as an integrated circuit smart card. In this chapter, an
effective eyelids removing method, based on masking the iris, has been applied. Moreover,
an efficient iris recognition encoding algorithm has been employed. Different combination
of wavelet coefficients which quantized with multiple quantization levels are used and the
best coefficients and levels are determined. The system is based on an empirical analysis of
CASIA iris database images. Experimental results show that this algorithm is efficient and
gives promising results of false accept ratio (FAR) = 0% and false reject ratio (FRR) = 1% with
a template size of only 364 bits.

The NDT application is related to ultrasonic time-of-flight diffraction (TOFD). TOFD is known
as a reliable NDT technique for the inspection of welds in steel structures, providing accurate
positioning and sizing of flaws. The automation of data processing in TOFD is required
towards building a comprehensive computer-aided TOFD inspection and interpretation tool.
A number of signal and image processing tools have been specifically developed for use

12



2 Will-be-set-by-IN-TECH

with TOFD data. These tools have been adapted to function autonomously without the
need for continuous intervention through automatic configuration of the critical parameters
according to the nature of the data and the acquisition settings. This research presents
several multi-resolution approaches employing the Wavelet transform and texture analysis for
de-noising and enhancing the quality of data to help in automatic detection and classification
of defects. The automatic classification is implemented using support vector machines
classifier which is considered faster and more accurate than the artificial neural networks. The
results achieved so far have been promising in terms of accuracy, consistency and reliability.

The sections to follow provide more details concerning each application.

2. The biometrics application: efficient small template iris recognition system
using wavelet transform

The term "Biometrics" refers to a science involving statistical analysis of biological
characteristics. This measurable characteristic, biometric, can be applied to physical objects,
such as eye, face, retina vessel, fingerprint, hand and voice, or behavioral like signature and
typing rhythm. Biometrics, as a form of unique person identification, is one research subject
that is growing rapidly (Woodward et al., 2002).

The advantages of unique identification using biometric features are numerous, such as fraud
prevention and secure access control. Biometric systems offer great benefits when compared
to other authentication techniques. In particular, they are often more user friendly and can
guarantee the physical presence of the user (Woodward et al., 2002).

Iris recognition is one of the most reliable biometric technologies in terms of identification
and verification. The iris is the colored portion of the eye that surrounds the pupil as depicted
in Figure 1. It controls light levels inside the eye similar to the aperture on a camera. The
round opening in the center of the iris is called the pupil. The iris is embedded with tiny
muscles that dilate and constrict the pupil size. It is full of richly textured patterns that offer
numerous individual attributes which are distinct even between identical twins and between
the left and right eyes of the same person. Compared with other biometric features such as
face and fingerprints, iris patterns are highly stable with time and unique, as the probability
for the existence of two identical irises is estimated to be as low as one in 1072 (Woodward et
al., 2002; Proença & Alexandre, 2007).

Fig. 1. The human eye
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In this research, the iris is efficiently normalized such that only useful data are encoded. Image
enhancement techniques are applied. Moreover, the best combination of wavelet coefficients
is found and used for successful identification, and the best number of bits used for encoding
the feature vector have been deduced while maintaining low template size.

2.1 Related work

Iris identification using analysis of the iris texture has attracted a lot of attention and
researchers have presented a variety of approaches in the literature.

Daughman (Daugman, 1993) proposed the first successful implementation of an iris
recognition system based on 2-D Gabor filter to extract texture phase structure information of
the iris to generate a 2048 bits iris code. A group of researchers have used the 1-D wavelet
transform as the core of the feature extraction module (Boles & Boashash, 1998; Chena &
Chub, 2009; Huang & Hu, 2005; Huang et al., 2005). For instant, Boles and Boashash (Boles
& Boashash, 1998) extracted the features of the iris pattern by using the zero-crossings of 1-D
wavelet transform of the concentric circles on the iris.

On the other hand, another group of researcher utilized 2-D wavelet transform to extract iris
texture information (Kim et al., 2004; Cho & Kim, 2005; Alim & Sharkas, 2005; Narote et al.,
2007; Poursaberi & Araabi, 2007; Hariprasath & Mohan, 2008; Kumar & Passi, 2008). For
instance, Narote et al (Narote et al., 2007) proposed an algorithm for iris recognition based on
dual tree complex wavelet transform and explored the speed and accuracy of the proposed
algorithm. Hariprasath and Mohan (Hariprasath & Mohan, 2008) described iris recognition
based on Gabor and Morlet wavelets such that the iris is encoded into a compact sequence
of 2-D wavelet coefficient, which generate an iris code of 4096 bits. Kumar and Passi (Kumar
& Passi, 2008) presented a comparative study of the performance from the iris identification
using different feature extraction methods with different templates size. Even though the
previous systems have good recognition ratios, the template size remains rather large.

2.2 Iris recognition system

Generally, an iris recognition system is composed of many stages as shown in Figure 2. Firstly,
an image of the person’s eye is captured by the system and preprocessed. Secondly, the
image is localized to determine the iris boundaries. Thirdly, the iris boundary coordinates
are converted into the stretched polar coordinates to normalize the scale of the iris in the
image. Fourthly, features representing the iris patterns are extracted based on texture analysis.
Finally, the person is identified by comparing the extracted features with an iris feature
database.

Fig. 2. Block diagram of an iris recognition system
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2.3 Segmentation

For the purpose of identification, the part of the eye image carrying useful information is only
the iris that lies between the scalera and the pupil (Proença & Alexandre, 2007). Therefore,
prior to performing iris matching, it is very important to localize the iris in the acquired image.
The iris region, shown in Figure 3, is bounded by two circles, one for the boundary with the
scalera and the other, interior to the first, with the pupil.

Fig. 3. The iris region

To detect these two circles, the circular Hough transform (CHT) has been used. The
Hough transform is a standard computer vision algorithm that can be used to determine the
geometrical parameters for a simple shape, present in an image, and this has been adopted
here for circle detection (Wildes et al., 1994). The main advantage of the Hough transform
technique is its tolerance for gaps in feature boundary descriptions and its robustness to
noise (Moravcik, 2010).

Basically, the first derivatives of intensity values in an eye image are calculated and the result
is used to generate an edge map. From the edge map, votes are cast in Hough space for
the parameters of circles passing through each edge point. These parameters are the center
coordinates xc and yc, and the radius r, which are able to define any circle according to the
following equation:

x2
c + y2

c − r2 = 0 (1)

A maximum point in the Hough space corresponds to the radius and center coordinates of the
best circle are defined by the edge points (Wildes et al., 1994).

2.4 Normalization

The size of the iris varies from person to person, and even for the same person, due to variation
in illumination, pupil size and distance of the eye from the camera. These factors can severely
affect iris matching results. It is very necessary to eliminate these factors in order to get
accurate results. To achieve this, the localized iris is transformed into polar coordinates by
remapping each point within the iris region to a pair of polar coordinates (r,θ), where r is
in the interval [0,1] with 1 corresponds to the outermost boundary, and θ is the angle in the
interval [0,2π] as shown in Figure 4 (Dmitry, 2004; Schalkoff, 2003).

With reference to Figure 5, the remapping of the iris region from (x,y) Cartesian coordinates to
the normalized non-concentric polar representation is modeled by the following equations:
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Fig. 4. Rubber sheet model (Dmitry, 2004)

Fig. 5. Image mapping from Cartesian coordinates to dimensionless polar coordinates

I(x(r, θ), y(r, θ)) → I(r, θ) (2)

x(r, θ) = (1 − r)xp(θ) + rxi(θ) (3)

y(r, θ) = (1 − r)yp(θ) + ryi(θ) (4)

with
xp(r, θ) = xp0(θ) + rp cos θ (5)

yp(r, θ) = yp0(θ) + rp sin θ (6)

xi(r, θ) = xi0(θ) + ri cos θ (7)

yi(r, θ) = yi0(θ) + ri sin θ (8)

Where I is the iris picture, rp and ri are the radius of pupil and the iris respectively, while
(xp(θ), yp(θ)) and (xi(θ), yi(θ)) are the coordinates of the papillary and iris boundaries in the
direction of θ. (xp0,yp0) and (xi0,yi0) are the centers of pupil and iris respectively.

For a typical eye image of dimension 320×280 pixel, the previous normalization method
is performed to produce 50 pixels along r and 600 pixels along θ which results in 600×50
unwrapped strip.

On account of asymmetry of pupil (not being a circle perfectly) and probability of overlapping
outer boundaries with sclera, 45 out of 50 pixels will be selected along r in the unwrapped iris.
Therefore, the unwrapped iris becomes of dimensions 600×45. The normalized iris image is
shown in Figure 6.
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Fig. 6. Normalized iris image

2.5 Proposed eyelash and eyelid removing method

Since in most cases the upper and lower parts of the iris area are occluded by eyelids, it was
decided to use only the left and right parts of the iris with a partial area from the upper
and the lower regions for iris recognition purpose. Therefore, the whole iris [0, 360◦] is not
transformed in the proposed system. Experiments were conducted by masking the iris from
[148, 212◦] and [328, 32◦] for the right and left parts, while for the upper and lower parts,
a semi circle with a radius equal to the half of the iris radius is used to mask the iris as
depicted in Figure 7. Hence, the regions that contain the eyelids and eyelashes have been
omitted while the remaining eyelashes are treated by thresholding, since analysis reveals that
eyelashes are quite dark when compared with the rest of the eye image (Wildes et al., 1994).
The corresponding rectangular block is show in Figure 8. Afterward, the block is concatenated
together as shown in Figure 9.

Fig. 7. Masking the iris

Fig. 8. The normalized masked iris image

Fig. 9. The concatenated block after removing the ignored parts

The size of the rectangular block is reduced accordingly. By applying this approach, detection
time of upper and lower eyelids and some computational cost of the polar transformation are
saved. The saving ratio can be calculated as follows:

Saving ratio = (ignored parts o f the iris/whole iris region) ∗ 100% (9)

where the ignored parts in this case = ((148-32) + (328-212))/2 = 116, hence, the saving ratio
= (116/360) * 100% = 32.22%. Figure 10 illustrates the application of the proposed masking
method on a normalized iris.
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Fig. 10. Applying the proposed masking method on a normalized iris

Although the homogeneous rubber sheet model accounts for pupil dilation and imaging
distance it does not compensate for rotational inconsistencies. Rotational inconsistencies are
treated in the matching stage (will be shown later).

2.6 Image enhancement

Due to the effect of image capturing conditions (e.g. light source position), the normalized
iris image may not have sufficient quality, a situation that affects the performance of feature
extraction and matching processes (Poursaberi & Araabi, 2007).

Hence for getting a uniform distributed illumination and better contrast in the iris image, the
polar transformed image is enhanced through adjusting image intensity values by mapping
the intensity values in the input gray scale image to new values such that 1% of the pixel
data is saturated at low and high intensities of the original image. This increases the contrast
in a low-contrast grayscale image by remapping the data values to fill the entire intensity
range [0,255]. Then, histogram equalization method was used. Results of images before and
after enhancement are shown in Figure 11.

Fig. 11. Image enhancement of the normalized iris

2.7 The proposed feature extraction method

In order to provide accurate recognition of individuals, the most discriminating information
present in an iris pattern must be extracted. Only the significant features of the iris must be
encoded so that comparisons between templates can be made. Most iris recognition systems
make use of a band pass decomposition of the iris image to create a biometric template. For
the encoding process, the outputs of any used filter should be independent, so that there are
no correlations in the encoded template, otherwise the filters would be redundant (Daugman,
2001).

The Wavelet transform is used to extract features from the enhanced iris images. Haar wavelet
is used as the mother wavelet. The Wavelet transform breaks an image down into four
sub-sampled images. The result consists of one image that has been high-pass filtered in
the horizontal and vertical directions (HH or diagonal coefficients), one has been low-pass
filtered in the vertical and high-pass filtered in the horizontal (LH or horizontal coefficients),
one that has been low-pass filtered in the horizontal and high-pass filtered in the vertical
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(HL or Vertical coefficients), and one that has been low-pass filtered in both directions (LL or
details coefficient) (Kim et al., 2004).

In Figure 12, a conceptual figure of basic decomposition steps for images is depicted.
The approximation coefficients matrix cA and details coefficients matrices cH, cV, and cD
(horizontal, vertical, and diagonal, respectively) obtained by wavelet decomposition of the
input iris image. The definitions used in the chart are as follows (Poursaberi & Araabi, 2007).

Fig. 12. Wavelet decomposition steps diagram

1. C ↓ denote downsample columns.

2. D ↓ denote downsample rows.

3. Lowpass_D denotes the decomposition low pass filter.

4. Highpass_D denotes the decomposition high pass filter.

5. Ii denotes the input image.

Experiments were performed using different combinations of Haar wavelet coefficients, and
the obtained results from different combinations were compared to find the best. Since
the unwrapped image after masking has a dimension of 407×45 pixels, after 5 times
decompositions, the size of the 5th level decomposition is 2×13 while for the 4th level is 3×26.
Based on empirical experiments, the feature vector is arranged by combining features from
HL and LH of level-4 (vertical and horizontal coefficients [HL4 LH4]) with HL, LH and HH
of level-5 (vertical, horizontal and diagonal coefficients [HL5 LH5 HH5]). Figure 13 shows a
five-level decomposition with Haar wavelet.

In order to generate the binary data, features of HL4 and HH5 are encoded using two-level
quantization while features of LH4, HL5 and LH5 are encoded using four-level quantization.
After that, these features are concatenated together as shown in Figure 14 which illustrates the
process used to obtain the final feature vector.
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Fig. 13. Five-level decomposition process with Haar wavelet. (Black indicates 4 levels
quantization, Grey indicates two levels quantization)

Fig. 14. Organization of the feature vector which consists of 364 bits

2.8 Matching

The last module of an iris recognition system is used to match two iris templates. Its purpose
is to measure how similar or different templates are and to decide whether or not they
belong to the same person or not. An appropriate match metric is based on direct point-wise
comparisons between the phase codes (Schalkoff, 2003). The test of matching is implemented
by the Boolean XOR operator (which detects disagreement between any pair of bits) applied
to the encoded feature vector of the two iris patterns. This system quantifies this matter by
computing the percentage of mismatched bits, i.e., the normalized Hamming distance.

Let X and Y be the two iris representations to be compared, and N be the total number of bits,
then:

HD =
1
N

N

∑
j=1

Xj ⊕ Yj (10)

In order to avoid rotation inconsistencies which occur due to head tilts, the iris template is
shifted right and left by 6 bits. It can be easily shown that scrolling the template in Cartesian
coordinates is equivalent to rotation in polar coordinates. This algorithm performs matching
of two templates several times while shifting one of them to different locations. The smallest
HD value is selected, which gives the matching decision (Schalkoff, 2003; Daugman, 2001).

2.9 Experimental results and comparison

The iris images are obtained from the database of the Chinese academy of sciences institute of
automation (CASIA) (CAS, 2004). The database consists of 756 iris images from 108 classes.
Images from each class are taken from two sessions with one month interval in between. For
each iris class, three samples are taken at the first session for training and all samples captured
at the second session are used as test samples. This is also consistent with the widely accepted
standard for biometrics algorithm testing (Mansfield & Wayman, 2002; Ma, 2003).
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Experiments using different combinations of wavelet coefficients were performed and the
results obtained from different combinations were compared as shown in Table 1. The selected
combination gives the best correct recognition rate (CRR) for a minimum feature vector length
of 364 bits only.

Combinations Quantization CRR Vector Size

CH4 (D&V) 2 bits 69% 156 bits
CH4 (V&H) 2 bits 73% 156 bits
CH4 (D&H) 2 bits 70% 156 bits
CH4 (D&V) + CH5 (V) 2 bits 76% 182 bits
CH4 (D&V) + CH5 (H) 2 bits 82% 182 bits
CH4 (D&V) + CH5 (D) 2 bits 77.8% 182 bits
CH4 (D&V) + CH5 (D&V) 2 bits 83% 208 bits
CH4 (D&V&H) 2 bits 85% 162 bits
CH4 (H) + CH5 (H) 4 bits 92% 208 bits
CH4 (H) + CH5 (V) 4 bits 89% 208 bits
CH4 (H) + CH5 (V&H) 4 bits 95% 260 bits
CH4 (D) + CH5 (V&H) 4 bits 72% 260 bits
CH4 (V) + CH5 (V&H) 4 bits 68.5% 260 bits
CH4 (D&H) 4 bits 92% 312 bits
CH4 (D&V) 4 bits 62% 312 bits
CH4 (V&H) 4 bits 88% 312 bits
CH5 (V&H) 4 bits 54% 312 bits
CH5 (V&D) 4 bits 49% 312 bits
CH4 (V&H) + CH5 (V) 4 bits 90% 368 bits
CH4 (V&H) + CH5 (H) 4 bits 93% 368 bits
CH4 (D&V) + CH5 (D&V) 4 bits 71% 416 bits
CH4 (V&H) + CH5 (V&D) 4 bits 90.5% 416 bits
CH4 (V&H) + CH5 (V&H) 4 bits 96% 416 bits
CH4 (V&D&H) 4 bits 91% 468 bits
CH4 (H)4 + CH4 (V)2
CH5 (V)4 + CH5 (H)4 + CH5 (D)2

2 bits and 4 bits 99% 364 bit

Table 1. Comparison between multiple wavelet coefficients
(D: Diagonal coefficients, H: Horizontal coefficients, and V: Vertical coefficients)

With a pre-determined separation Hamming distance, a decision can be made as to whether
two templates were created from the same (a match) or different iris. However, the intra- and
inter-class distributions may have some overlap, which would result in a number of incorrect
matches or false accepts, and a number of mismatches or false rejects. Table 2 shows the false
accepts rate (FAR) and false rejects rate (FRR) associated with different separation points.

Figure 15 shows the inter- and intra-class distribution of the system with a Hamming distance
separation point of 0.29. With this separation point, FAR and FRR of 0% and 1%, respectively,
are achieved. Such FRR are appeared due to the overlap between the classes, but it still allows
accurate recognition.
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Threshold FAR (%) FRR (%)

0.20 0.00 59.34
0.24 0.00 28.80
0.26 0.00 10.30
0.28 0.00 3.87
0.29 0 1.00
0.30 1.51 0.86
0.32 5.43 0.00
0.36 26.47 0.00
0.38 48.68 0.00

Table 2. False accept and false reject rates for CASIA database with different separation
points.

Fig. 15. The distribution of intra-class and inter-class distances with a separation point of 0.29

Table 3 shows a comparison between the proposed method and other well-known methods in
terms of the classification rate.

Method Feature Lengths (bits) CRR (%) Used Database

Narote (Narote et al., 2007) 1088 99.20 CASIA (CAS, 2004)
Poursaberi (Poursaberi &
Araabi, 2007)

544 97.22 CASIA (CAS, 2004)

Hariprasath (Hariprasath &
Mohan, 2008)

4096 99.00 UBIRIS (UBI, 2004)

Xiaofu (Xiaofu & Pengfei,
2008)

1536 98.15 CASIA (CAS, 2004)

Proposed 364 99.00 CASIA (CAS, 2004)

Table 3. Comparison of feature vector length and the correct recognition rate (CRR).
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In the two methods shown in references (Narote et al., 2007) and (Hariprasath & Mohan, 2008),
the CRR is so close to the obtained one in this research. In fact, the dimensionality of the
feature vector in both methods is much higher than that in the proposed method. The feature
vector consists of 1088 bits in reference (Narote et al., 2007) and 4096 in reference (Hariprasath
& Mohan, 2008), while it consists of only 364 bits in the proposed method. In addition, neither
reference (Narote et al., 2007) nor (Poursaberi & Araabi, 2007) have suggested a method for
removing eyelids or eyelashes. Furthermore,reference (Poursaberi & Araabi, 2007) suggested
a method to produce 544 bits of feature vector by applying four-level Wavelet transform on
the lower part of the iris assuming that only the upper part is occluded by the eyelashes and
eyelids while the lower part is not. On the other hand, reference (Xiaofu & Pengfei, 2008)
employed two-dimensional complex Wavelet transform for feature extraction but no method
for noise removal has been applied.

2.10 Conclusions

In this application, an iris recognition algorithm using Wavelet texture features was presented
with a novel masking approach for eyelid removing. A masked area around the iris is used in
the iris detection method. This area contains a complex and abundant texture information
which are useful for feature extraction. The feature vector is quantized to a binary one,
reducing the processing cost, while maintaining a high recognition rate.

Experimental results using CASIA database illustrate that relying on a smaller but more
reliable region of the iris, although reduced the net amount of information, hence, improving
the recognition performance. The results clearly demonstrate that the feature vector consisting
of concatenating LH4, HL4, LH5, HL5, and HH5 gives the best results. On the other hand, Haar
wavelet is particularly suitable for implementing high-accuracy iris verification/identification
systems and the feature vector is the smallest with respect to other wavelets. In identification
mode, the CRR of the proposed algorithm was 99% with template size of 364 bits. Such vector
size can be easily stored on smart cards and, hence, the matching and encoding time will be
minimized tremendously.

The proposed algorithm is characterized by having less computational complexity compared
to other methods. Based on the comparison results shown in Table 3, it can be concluded
that the proposed method is promising in terms of execution time and performance of the
subsequent operations due to template size reduction.

3. The NDT application: automatic detection and classification of weld flaws in
ultarsonic time-of-flight diffraction data using wavelet transform and support
vector machines

Non-destructive testing is commonly used to monitor the quantitative safety-critical aspects
of manufactured components and forms one part of quality assurance procedures. For
applications such as the inspection of welded joints in steel structures, ultrasonic techniques
are often the NDT method of choice. Time-of-flight diffraction (TOFD) is one such technique,
developed by Silk (Silk, 1998) in the late 1970s to improve the sizing accuracy of flaws.
Currently, the critical stages of TOFD data processing and interpretation are still performed
off-line by skilled operators. This is a time-consuming and painstaking process requiring high
operator skill, alertness, consistency and experience.
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The TOFD data acquisition and display configurations themselves may introduce a host
of errors that cannot be accounted for by manual interpretation, leading to reduction
in the quality of the acquired data. Noise formed from scattering of inhomogeneous
micro-structures and electronic circuitry is another source of errors. Automatic data
processing is often made difficult by this superimposed noise, as it can sometimes mask
indications due to small but potentially dangerous defects (Zahran, 2010; Cacciola et al.,
2007; Al-Ataby & Al-Nuaimy, 2011; Charlesworth & Temple, 2001). The task of defect
classification in noisy data is another critical challenge. Correctly identifying flaw categories
has great importance in the process of decommissioning of work pieces and structures
through identifying the nature of flaws (serious or negligible).

In this research, the Wavelet transform is used as a method for de-noising to improve the
quality of the acquired data. For classification, the support vector machines classifier is used
to discriminate between defect classes with input features that also depend on the use of the
Wavelet transform. The data used to test the efficiency of the suggested methods is obtained
from D-scan TOFD samples collected after applying TOFD on test plates using ultrasonic
probes of 5 MHz center frequency with a sampling rate of 100 MHz and a collection step
of 0.1 mm. The region of interest in this research is the compression wave area that is enclosed
between the lateral wave and the backwall echo.

3.1 Time-of-flight diffraction (TOFD)

Unlike conventional ultrasonic techniques (such as pulse echo), TOFD is based on
measurement of the time-of-flight of the ultrasonic waves diffracted from the tips of
discontinuities originating from flaws. Echo strength in TOFD does not depend on the flaw
orientation, allowing flaw sizes to be accurately determined (generally accurate to within
±2 % of wall thickness, typically less than ±1 mm), with a high probability of detection of
approximately 95% (Cacciola et al., 2007; Al-Ataby & Al-Nuaimy, 2011). Two longitudinal
broad beam probes are used in a transmitter-receiver arrangement, so that the entire flaw
area is flooded with ultrasound and, consequently, the entire volume is inspected using a
single scan pass along the inspection line. The collected data are digitised and stored. This
data can be visualised in an A-scan representation or stacked together side-by-side in a raster
representation called a D-scan (longitudinal) or B-scan (parallel) depending on the relative
scanning direction.

During interpretation, there are generally four characteristic signals that are sought:

1. The lateral wave which arises from the wave that travels directly from the transmitter to
the receiver.

2. The flaw top tip diffracted wavefront.

3. The flaw bottom tip diffracted wavefront.

4. The backwall reflection which arises from wave reflected from the bottom surface.

Figure 16 (a) depicts a typical A-scan (amplitude returns) when using the equipment to scan
a component under test with a defect. Figure 16 (b) is the result after stacking all the returned
A-scans to generate a D-scan image.
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Fig. 16. TOFD returns. (a)A typical A-scan wave with a defect, (b) A D-scan image with
labelled indications and regions

3.2 Data quality enhancement and pre-processing

Raw TOFD data returns from the data acquisition process are in need of significant processing
before being "usable" for automatic defect evaluation specifically when noise and other
factors are present. The processing may include noise suppression (de-noising), scan
alignment and accurate detection of the lateral wave (Zahran, 2010; Cacciola et al., 2007;
Al-Ataby & Al-Nuaimy, 2011; Charlesworth & Temple, 2001). These operations can be
done in an automatic way to minimize the inconsistency and error introduced by human
factors and without reducing the spatial resolution of the acquired data. Effective quality
enhancement and pre-processing facilitate successful and accurate automatic defect detection
and subsequent classification, positioning and sizing.

This part shows the role played by the Wavelet transform and other important operations to
improve the quality and consistency of the raw TOFD data to be used for automation and
computer interpretation purposes.

3.2.1 De-noising and the MRA

The removal of noise from noisy data while preserving useful information is often referred
to as de-noising. Due to its computational efficiency, multi-resolution analysis (MRA) is
considered as a powerful tool in de-noising and to enhance the SNR of ultrasonic TOFD
signals (Graps, 1995; Matz et al., 2004; Robini et al., 1997). The Wavelet transform offers an
inherent MRA that can be used to obtain the time-frequency representation of the ultrasonic
signal. The de-noising procedure used in this research is based on decomposing the signal
using the discrete Wavelet transform (DWT). The global dynamics of an NDT-related signal
f (t) are condensed in the Wavelet approximation coefficients (WACs) that are related to the
low frequencies. On the other hand, local oscillations of f (t) (like noise) are depicted in a set
of so called Wavelet detail coefficients (WDCs) that are related to the high frequencies.

After the application of DWT to get the WACs and the WDCs, the next step is thresholding
of some WDCs and reconstruction of the signal from the other WDCs and WACs using the
inverse transform (IDWT). The method is a generalization of Wavelet decomposition that
offers a larger range of possibilities for signal analysis. In normal Wavelet analysis, a signal
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is split into WACs and WDCs. The approximation is then itself split into a second-level
approximation and detail, and the process is repeated. In this analysis, the detail coefficients
as well as the approximation coefficients can be split. This analysis is called the Wavelet packet
transform (WPT) (Matz et al., 2004; Robini et al., 1997) (see Figure 17). Hard thresholding was
employed with the threshold computed from WDCs at each level of decomposition based on
the standard deviation as follows (Robini et al., 1997):

θ = k

√√√√ 1
N − 1

N

∑
i=1

(Di −
__
D)2 (11)

where k is a factor related to the ratio of peak value to the RMS value, Di is the WDC at each
level and N is the length of each set of details coefficients.

Fig. 17. Discrete multi-resolution scheme - WPT; A is the approximation (low-pass)
component and D is the detail (high-pass) component

In order to assess the quality of the suggested de-noising process, the SNR is computed
for different defect samples. The obtained SNR values were calculated using the following
equation (Matz et al., 2004):

SNRdB = 20 log
(

SRMSF
NRMSN

)
(12)

where SRMSF is the RMS value of the filtered signal, and NRMSN is the RMS value of the
noise-only part of the raw signal.

In this research, three decomposition levels are used with Daubechies (db6) as the Wavelet
filter. When compared with averaging or Wiener filtering, de-noising through Wavelet
transform returned higher SNR values. Figure 18 shows some D-scan samples before and
after applying Wavelet de-noising method with the corresponding SNR. Although SNR
improvement for human interpretation before and after applying de-noising may not appear
significant, this improvement is more than adequate in terms of automation and computer
interpretation. The performance of the subsequent processing stages shows remarkable
enhancement after the de-noising process.

3.2.2 Other pre-processing steps

In addition to de-noising, the process of data quality enhancement includes other important
operations to improve the quality and consistency of the data to enable accurate defect
characterization and positioning downstream. Scan alignment is one of these operations. A
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Fig. 18. Wavelet de-noising. Scans of column (a) are before de-noising and (b) are after
de-noising with their corresponding SNR values

number of data acquisition factors may contribute to the misalignment of adjacent A-scans,
including couplant thickness variations, surface irregularities, in-advertent changes in probe
separation and accidental probe lift-off (Zahran, 2010; Charlesworth & Temple, 2001). As the
tips of the defects must be accurately located within the material and the lateral wave is used
as reference points, aligning adjacent scans is essential. In this research, scan alignment is
carried out by cross-correlating each scan with an arbitrary "reference" scan (first A-scan in
the image).

The positions of the peaks in these cross-correlation plots are used to automatically shift each
A-scan forward or backward in time in such a way as to align the envelope of the lateral
wavelets. This not only influences the profile of the lateral wave, but also the shapes of the
defect signatures themselves.

Automatic detection of the lateral wave is another essential pre-processing operation. The
lateral wave is an important reference point specifically when sizing and positioning is
considered. It is also needed for scale linearization and calibration. To detect the lateral wave,
the first major wavelet peak (or trough, depending on the phase) of the aligned A-scans is
detected.

3.3 Automatic flaw detection based on MRA-WPT and fuzzy logic

This part illustrates some techniques that are followed in this research to detect flaws
automatically. MRA based on WPT along with texture analysis are used to select (or filter)
the image(s) to be used in the automatic detection process. Image segmentation is then used
to highlight and enclose defects inside windows (called defect blobs). Segmentation can be
done by statistical methods (e.g. variance thresholding) or through computational intelligence
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methods (in this case, fuzzy logic). The output of this step is a group of segmented defect blobs
that are ready for further analysis and classification.

3.3.1 MRA-WPT for image filtering (selection)

As mentioned previously, the application of MRA to DWT is referred to as the Wavelet packet
transform (WPT), which is a signal analysis tool that has the frequency resolution power of
the Fourier transform and the time resolution power of the Wavelet transform (Cacciola et
al., 2007; Al-Ataby & Al-Nuaimy, 2011; Graps, 1995; Robini et al., 1997). It can be applied
to time-varying signals, where the Fourier transform does not produce useful results, and
the Wavelet transform does not produce sufficient results. The WPT can be considered an
extension to the DWT, providing better reconstruction. In the Wavelet packet framework,
compression and de-noising ideas are exactly the same as those developed in the Wavelet
framework. The only difference is that WPT offers more complex and flexible analysis, as
the details as well as the approximations are split (Cacciola et al., 2007) (refer to Figure 17).
The tree decomposition in the Wavelet packet analysis can be applied continuously until the
desired coarser resolution is reached.

A single Wavelet packet decomposition gives different bases from which the best
representation with respect to a design objective can be selected. This can be done by finding
the best tree based on an entropy criterion (Cacciola et al., 2007). Selection can also be done
based on texture analysis and statistical contents of the obtained images. Wavelet packet
analysis is used in this research in two more important areas. The first area is to aid in
detection (hence segmentation) of flaws based on fuzzy logic thresholding. The second area
is to provide a ground for selecting defect blob features to be used as inputs to the SVM
classifier in the classification stage (will be explained later). Both areas rely on the powerful
compression ability of the Wavelet transform in general and WPT in particular to extract
relevant and descriptive features.

The application of WPT to the D-scan images was done to analyze the scan image into
multiple decomposition levels using the Debauchies of order 8 (db8) chosen as the most
suitable analyzing mother function in the Wavelet packet filtering process. The chosen level of
decomposition is 3 since it achieved the required coarse resolution and higher decomposition
levels would not add any significance to the analysis. First, the D-scan image is decomposed
by the WPT (db8, L=3) in the first level. The grey-level co-occurrence matrix (GLCM) P(i, j)
is then calculated for the decomposed images. The descriptors or features that characterize
the content of GLCM are calculated. The following are the three descriptors that are used in
selection of the images for reconstruction (Haralick et al., 1973):

• Contrast:

∑
i,j

|i − j|2 p(i, j) (13)

• Energy:

∑
i,j

[p(i, j)]2 (14)

• Entropy:
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− ∑
i,j

p(i, j). log(p(i, j)) (15)

where p(i, j) is the normalized GLCM P(i, j).

Based on these three descriptors, the image with the weakest textural information is
discarded, and the one with the highest statistical contents is selected. After that, another
decomposition level runs to generate the new set of images. The calculation of the descriptor
commences again. The process of decomposition proceeds until level 3, and the final image
is reconstructed from three images carrying the highest statistical textural information in the
last level. This image is the key input to the next stages.

The above processing has shown to be effective in generating filtered scan images that are rich
in its textural and statistical contents, showing only relevant details and indications. Hence,
segmentation and classification of flaws have been affected positively in terms of performance,
consistency and accuracy.

3.3.2 Segmentation through fuzzy logic

The segmentation technique used in this research to extract defect blobs is based on the
use of fuzzy logic, namely the fuzzy c-mean iterative (FCMI) algorithm (Wong et al.,
2001). This method has shown better performance in terms of accuracy and automation
than others, which are based on statistical thresholding concept. The method is suitable
to distinguish between superimposed defects when normal means (via trained operator or
statistical methods) fail. The input to this algorithm is the final filtered image after MRA-WPT
(explained previously). The algorithm acts as a binarization operation, with black pixels
(values set to zeros) represent background and white pixels (values set to ones) represent
flaws. This image (or mask in this case) is used to segment the input image after some further
processing. Segmentation through FCMI algorithm is a method that can be implemented as
supervised or unsupervised. In this research, unsupervised implementation is used. The
details of the implementation of this method to segment the defect in TOFD images are out of
scope of this research.

For better representation of the detected defects, each defect blob is represented in the form of
a rectangular outlining the defect. This is achieved by applying a global thresholding of each
defect blob separately in order to remove the lowest 10% of the pixel intensity values within
the defect blob and then recording the minimum and the maximum spatial and temporal
dimensions for each blob. This empirical threshold value proved to result in satisfactory
performance for all the scan files considered. These recorded dimensions are used to generate
a new mask with each defect blob represented by a rectangular outline. Defect may consist of
more than one segment. As every defect should be represented in one rectangular blob, this
problem is overcome by merging the rectangular blobs related to the same defect based on the
dimensions between different blobs (Zahran, 2010). After some processing, the output of this
step is a segmented image data with highlighted defects areas or blobs. An example is shown
in Figure 19.

3.4 Automatic classification using SVM and wavelet features

In the context of supervised classification, machine learning and pattern recognition are
the extraction of regularity or some sort of structure from a collection of data. Neural
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Fig. 19. Automatic segmentation. (a) Before segmentation, (b) Segmentation mask, (c)
Segmented defect blobs

networks (NN) and Bayesian classifiers are the typical examples to learn such organization
from the given data observations. Support vector machines (SVM) classifier is relatively
new and is based on strong foundations from the broad area of statistical learning theory
(SLT) (Vapnik et al., 2000). SVM classifier has become, in practice, the classifier of choice
of numerous researchers because it offers several advantages which are typically not found
in other classifiers like maximization of generalization ability, no local minima problem, low
computational overhead, can work perfectly with lack of training data, robust with noisy data,
does not suffer as much from the curse of dimensionality and prevents overfitting (Vapnik et
al., 2000; Rajpoot & Rajpoot, 2004; Al-Ataby et al., 2010).

3.4.1 The support vector machines

The SVM tries to maximize the margin between classes, hence increases the generalization
ability. The SVM classifier is fundamentally developed for binary classification case and
is extendable for multi-class situation. The classification problem can be restricted to
consideration of the two class problem without loss of generality. The goal is to produce a
classifier that works well on unseen examples.

The SVM classifier, like other linear classifiers, attempts to evaluate a linear decision boundary
(assuming that the data is linearly separable) or a linear hyperplane between the two classes.
Linearly separable data can be separated by an infinite number of linear hyperplanes. The
problem is to find the optimal separating hyperplane (see Figure 20 (a)) with maximal
margin M=2/||W||. It has been shown by Vapnik (Vapnik et al., 2000) that this is a classical
quadratic programming (QP) problem with constraints that ends in forming and solving of a
Lagrangian. Once the Lagrange multipliers for the optimal hyperplane have been determined,
a separating rule can be used in terms of support vectors and the Lagrange multipliers.

The concepts above are presented for a linear classification case. These are generalizable to
a nonlinear case where a mapping function is used to map the input space into a higher
dimensional feature space such that the non-linear hyperplane becomes linear by using a
mapping function Φ as shown in Figure 20 (b). To avoid the increased computational
complexity and the curse of dimensionality, a kernel-trick or kernel function is employed
which, in essence, computes an equivalent kernel value in the input space such that no
explicit mapping is required. Kernels commonly used with kernel methods and SVM in
particular are linear, polynomial and Gaussian radial basis function (RBF) (Vapnik et al., 2000;
Rajpoot & Rajpoot, 2004; Al-Ataby et al., 2010). In this research, a multiclass SVM classifier
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Fig. 20. SVM classification concept (a) Evaluation of an optimal hyperplane, (b) Feature
mapping

is implemented using one-against-all (OAA) method (Vapnik et al., 2000), where multiclass
problem is reduced into multiple binary problems. A polynomial kernel of degree 5 is used in
this implementation.

3.4.2 Wavelet features

Large variety of feature extraction methods exist which are based upon signal processing
(or filtering) techniques. Wavelet filtering is one such method that can be successfully used
for feature extraction. The idea of using the Wavelets for feature extraction in classification
context is not entirely new and has been applied before to texture analysis (Rajpoot &
Rajpoot, 2004; Al-Ataby et al., 2010; Huang & Aviyente, 2008), and researchers have been
using it for over a decade or so in one form or the other. The inherent capability to do
so was highlighted on MRA using the Wavelet transform. As explained before, Wavelet
transform decomposition and its extension, WPT, have gained popular applications in the
field of signal/image processing. Wavelet transform enables the decomposition of the image
into different frequency subbands, similar to the way the human visual system operates.
This property makes it especially suitable for image segmentation and classification (Rajpoot
& Rajpoot, 2004; Al-Ataby et al., 2010; Huang & Aviyente, 2008). For the purpose of
classification, appropriate features need to be extracted to obtain a representation that is as
discriminative as possible in the transform domain. It is known that proper feature selection
is likely to improve the classification accuracy with less number of features. A widely
used Wavelet feature is the energy of each Wavelet subband obtained after WPT (Huang &
Aviyente, 2008).

Two-dimensional WPT decomposition allows analyzing an image simultaneously at different
resolution levels. Different functions for energy can be used to extract features from
each subband for classification. Commonly used energy functions include magnitude |.|,
magnitude square |.|2 and the rectified sigmoid |tanh(-).| (Huang & Aviyente, 2008). In this
research, the definition of energy based on squaring is used. The energy at different subbands
is computed from the subband Wavelet coefficient:

σ2
p(k) = ∑

i
∑

j

[
Cp

k (i, j)
]2

(16)

where σ2
p(k) is the energy of the obtained (decomposed) image projected onto the subspace

at node (p, k) . The energy of each subband provides a measure of the image characteristics
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in that subband. The energy distribution has important discriminatory properties for images
and as such can be used as a classification feature (Huang & Aviyente, 2008).

3.4.3 Discussions and results

This research focuses on automatic detection and classification of three types of defects that
are pure internal. These are clearly embedded and not open to or approaching either surfaces,
and require advanced visual processing for interpretation. Apparent defects, on the other
hand, like upper crack, near surface slag and others may be classified using geometrical and
phase information alone (Zahran, 2010; BS, 1993).

D-scan test samples containing 50 documented defects were used in the classification stage.
The test samples and TOFD equipment are provided by Lavender International NDT Ltd, UK.
After applying the operations thar are mentioned previously on the test samples, 50 defect
blobs were obtained. The targeted defects for classification are summarized in Table 4 below,
along with the corresponding number of samples per each defect type.

To train the SVM classifier, each defect blob sample is analyzed by MRA-WPT with
Daubechies 6-tap filter (db6) and a 3-level decomposition (L=3) to generate decomposition
subbands. After each decomposition level, the energies are calculated. A feature vector
of length 12, which contains energies (4 values per each level), is generated. It was found
that by adding some regional features of each defect blob, the performance of the classifier
was enhanced against the unseen defects. For that purpose, three regional features (after
considering the defect blob as an image containing different-shaped regions and applying
simple thresholding to it) are added to the Wavelet feature vector, hence forming a final feature
vector of 15 values. These three regional features are:

• Total number of islands: represents the number of the islands (segmented regions) in the
absolute of the defect blob after thresholding.

• Number of positive islands: represents the number of the islands in the defect blob after
thresholding.

• Relative area: represents the actual number of pixels in the regions of all islands divided
by the area of the blob outlining all islands.

It should be noted that this feature vector of length 15 was found suitable for classification
based on the defect types to be classified and the available samples (defined in Table 4). Larger
feature vectors would be needed to classify more defect types to avoid overfitting.

The 50 defect blobs have been used to obtain different training and testing patterns. The
output of the SVM classifier is a number which codifies each kind of defect as follows: 1 for
IC, 2 for PO and 3 for SL. As mentioned previously, the SVM classifier has been trained using
a 5-degree polynomial kernel implementing the OAA method for the case of study. At the
end of the training phase, test patterns are applied and the SVM classifier returns a particular
matrix, so called confusion matrix (CM) (Cacciola et al., 2007), which evaluates the goodness
of a trained classifier. Generally speaking, the element CMij of a CM is the probability that
a single pattern belonging to the i-th class could be classified as belonging to the j-th class
(sum of elements of each rows is therefore equals to 1). Thus, the more the CM is similar to
the identity matrix, the better classification performance is. The other performance factors that
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Defect
type

Symbol Description Code Figure example Available
samples

Internal
crack

IC Shows up two echoes with
some small irregularities
between them.

1 15

PorosityPO A group of similar echoes
with no resolvable length.
Each echo shows only
upper tip echo without the
lower tip echo. Similar to
patterns of acoustic noise
and appears as a group of
small arcs.

2 15

Large
slag
lines

SL Shows as two echoes. The
echo from the upper tip is
larger in size and brighter
than the echo from the
bottom tip.

3 20

Table 4. Defect samples used in the classification

were selected to assess the SVM classifier are the classification accuracy (CA) and the precision
(P). In terms of CM elements, classification accuracy and precision are defined as follows:

CA =

nc
∑

i=1
CMii

nc
× 100% (17)

P =
1
nc

nc

∑
i=1

CMii
nc
∑

j=1
CMji

× 100% (18)
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where nc is the number of classes to be discriminated (nc=3 in the present case).

Table 5 shows the resulting performance of the built SVM classifier for three different tests.
It can be seen from this table that after applying the built SVM classifier using 34%, 50% and
60% of the available defect samples for training, classification rates of 80%, 93% and 100%
were obtained, respectively. Figure 21 is an output example of the classification stage.

Fig. 21. Automatic classification output

Defect No. of
training
samples

No. of
testing
samples

Total Classifier performance metrics

Test 1
IC 5 10 15

CM =

⎡
⎣ 0.6 0.0 0.4

0.0 0.9 0.1
0.1 0.0 0.9

⎤
⎦ CA=80%, P=83%PO 5 10 15

SL 7 13 20

Test 2
IC 8 7 15

CM =

⎡
⎣ 0.8 0.0 0.2

0.0 1.0 0.0
0.0 0.0 1.0

⎤
⎦ CA=93%, P=94%PO 8 7 15

SL 9 10 20

Test 3
IC 10 5 15

CM =

⎡
⎣ 1.0 0.0 0.0

0.0 1.0 0.0
0.0 0.0 1.0

⎤
⎦ CA=100%, P=100%PO 10 5 15

SL 10 10 20

Table 5. Performance of the SVM classifier for different training and test patterns

3.5 Conclusion

This research has presented several promising methods to aid in the automation of detection
and classification of flaws using TOFD, specifically when there is a lack of data quality. These
methods are under development and need to be studied and tested thoroughly on real life
examples before being generalized and applied as reliable automatic interpretation methods.
The following are the main conclusions and findings after applying the above methods:

• The de-noising of data (using Wavelet transform) affects positively the detection accuracy
and the performance of the classifier.
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• The SVM classifier is robust and promising. It shows good performance when there is lack
of training data (which is not the case with other classifiers like NN).

• The use of defect blobs Wavelet features as inputs to the SVM classifier seems to be in favor
of the overall classification performance.

• It was noted that the response time of performing detection and classification processes
using the proposed methods is relatively short compared to others (mainly, the time
domain methods).

Future work will be focusing on utilizing and extending the techniques mentioned in this
research to perform automatic defect sizing and positioning, with the possibility of making
use of the mode-converted waves to add more advantage to the D-scan method. Also, the
SVM classifier will be studied thoroughly and extended to classify other internal defect types
like small piece of slag (with single echo), lack of fusion, lack of penetration and others, with
the possibility of generating different feature vectors utilizing phase information of defect
echoes and using principal component analysis (PCA) to reduce and select relevant features.
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1. Introduction  

The continuous wavelet transform has becoming a very useful tool in geophysics (Kumar 
and Foufoula-Georgiou, 1997, Ouadfeul, 2006, Ouadfeul, 2007, Ouadfeul, 2008, Ouadfeul 
and Aliouane, 2010, Ouadfeul et al, 2010). In Potential field analysis it was used to locate 
and characterize homogeneous causative sources point in 1D (Moreau et al, 1997). 

Martelet et al (2001) have published a paper on the characterization of geological boundaries 
using the 1D wavelet transform of gravity data, the proposed technique has been applied on the 
Himalaya.  

The Complex continuous wavelet transform has been used for identification of sources of 
potential fields using the aeromagnetic profiles of the French Guiana (Sailhac et al, 2000).  

Sailhac and Gibert (2003) have proposed a new technique of sources identification form 
potential field with the continuous wavelet transform, it is based on the two-dimensional 
wavelets and multipolar approximations. 

A new technique has been proposed by Vallée et al (2004) to estimate depth and model type 
using the continuous wavelet transform of magnetic data.  

Boukerbout et al (2006) have applied the continuous wavelet transform formalism to the 
special case of anomalies produced by elongated sources like faults and dikes. They show that, 
for this particular type of anomalies, the two-dimensional wavelet transform corresponds to 
the ridgelet analysis and reduces to the 1D wavelet transform applied in the Radon domain. 

Recently Ouadfeul et al (2010), have published a paper that use the continuous wavelet 
transform on the mapping of geological contacts from geomagnetic data, the analyzing wavelet 
is the Mexican Hat, the proposed method has shown a good robustness. In this paper we 
propose a new technique more precise; this last is based on the 2D directional continuous 
wavelet transform. The analyzing wavelet is the Poisson’s Kernel (Martelet et al, 2001). We start 
firstly by giving the theoretical basis of the 2D directional Wavelet Transform (DCWT) and the 
analogy between the wavelet transform and the upward continuation, after that the technique 
has been applied on a synthetic data of prism and a cylinder. The proposed idea has been 
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applied at the anomaly magnetic field of In Ouzzal area. The obtained results after applying the 
proposed filter have been compared with analytic signal solutions (Nabighian, 1984; Roset et al, 
1992). We finalize the part by propping a model of contacts for this area and a conclusion. 

The second part of this chapter consists to apply a multiscale analysis at the 3D analytic 
signal of the real aeromagnetic data using the wavelet transform, the proposed technique 
shows a robustness, where classical methods are fails. The third part is an application of the 
wavelet transform at the gravity data of an area located in the Algerian Sahara. 

The last part consists to propose a new method to reduce the noise effect when analyzing 
the 3D GPR data by the wavelet transform. We finalize this chapter by a conclusion that 
resumes the different applications of the conventional and directional wavelet transform 
and its benefits of the different geophysical data. 

2. The 2D directional continuous wavelet transform 

The 2D directional continuous wavelet transform has been introduced firstly by Murenzi 
(1989). The wavelet decomposition of a given function 2 2( )f L R  with an analyzing 
wavelet 2 2( )g L R  defined for all a>0 , 2b R ,  2 2( ), 0,2f L R   

 
by: 

 
2

1
( , , ) ( ) ( ( ))g

R

x b
W f a b f x g r dx

a a 


   (1) 

Where r   is a rotation with an angle   in the 2R . 

An example of a directional wavelet transform is the gradient of the Gaussian Wavelet G . 
Because the convolution of an image with G  is equivalent to analysis of the gradient of the 
modulus of the continuous wavelet transform. Canny has introduced another tool for edge 
detection, after the convolution of the image with a Gaussian, we calculate its gradient to 
seek the set of points that corresponding to the high variation of the intensity of the 2D 
continuous wavelet transform. The use of the gradient of the Gaussian as an analyzing 
wavelet has been introduced by Mallat and Hwang (1992). 

The wavelet transform of a function f, with an analyzing wavelet g G   is a vector defined 
for all a>0, 2 2( )f L R 2b R  by: 

 
2

1
( , , ) ( ) ( ))G

R

x b
W f a b f x G dx

a a



 

 
(2) 

This transformation relates the directional wavelet transform if we choose G
g

x





 . In fact, 

we have the following relation: 

   ( , , ) ( , )G G
x

W f a b u W f a b 



 

 (3) 

Where u  is the unite vector in the direction : (cos( ),sin( ))u   , and “.” Is the Euclidian 
scalar product in 2R  .  

In this paper we use a new type of directional wavelet based on the Poisson’s Kerenel 
defined in equation (4) as a filer. The modulus of the directional wavelet transform of a 
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potential field F at a scale a is equivalent to the Upward continue of this field at the level 
Z=a. Positioning of maxima of the modulus of the continuous wavelet transform at this scale 
is equivalent to the maxima of the horizontal gradient of the potential field upward at the 
level Z.  

   3/22 2

1 1
,

2 1
P x y

x y


    

  (4) 

3. Wavelet transform and potential data 

The sharp contrasts that show the potential data are assumed to result from discontinuities 
or interfaces such as faults, flexures, contrasts intrusive rocks ... For contacts analysis 
between geological structures, we use usually the classical methods based on the location of 
local maxima of the modulus of the total (Nabighian, 1984) or the horizontal gradient 
(Blakely et al., 1986), or the Euler’s deconvolution (Reid et al., 1990). This technique allows, 
in addition to localization in the horizontal plane of contact, an estimate of their depth. The 
potential field, over a vertical contact, involving the presence of rocks of different 
susceptibilities is indicated by a low in side rocks of low susceptibility and a high in side 
rocks of high susceptibility. The inflection point is found directly below the vertical contact. 
We can use this characteristic of geomagnetic anomalous for localization of abrupt 
susceptibility change. If the contact has a dip, the maxima of horizontal gradients move in 
the direction of dip. To determine the dip direction of contacts, we upward the map of the 
potential field at different altitudes. At each level, the maxima of horizontal gradient are 
located. If the structures are vertical, all maxima are superposed. However, moving of 
maxima with the upward indicates the direction of the dip. The potential theory lends 
perfectly to a multiscale analysis by wavelet transform.  

By choosing an appropriate wavelet, measurement of geomagnetic field or its spatial 
derivatives can be processed as a wavelet transform. Indeed, this analysis unifies various 
classical techniques: it process gradients that have been upward to a range of altitudes. The 
expressions of various conventional operations on the potential field are well-designed in 
the wavelet domain. The most important is the equivalence between the concept of scaling 
and the upward. Indeed, the wavelet transform of a potential field F0 (x, y) at a certain scale 
a = Z/Z0 can be obtained from measurements made on the level Z0 by:  

1. Upward continue the measured filed at level Z=a*Z0 

2. Calculation of the horizontal gradient in the plane (x,y). 
3. Multiplication by a.  

For a multiscale analysis of contacts, it is sufficient to look for local maxima of the modulus 
of the continuous wavelet transform (CWT) for different scales to get an exact information 
about geological boundaries (Ouadfeul et al, 2010).  

4. Multiscale analysis geomagnetic data 

The proposed idea has been applied on synthetic geomagnetic response of a cylinder and a 
prism, after that the technique is applied on real geomagnetic data of In Ouzzal area, located 
on Algerian Sahara. Lets us starting by the synthetic example. 
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4.1 Application on synthetic geomagnetic data 

The proposed idea has been applied at a synthetic model of a cylinder and prism, 
parameters of these last are resumed in table1 (See also figure1a). Figure 1b is the magnetic 
response of this model generated with a grid of dimensions 100mx100m. The first operation 
is to calculate the modulus of the continuous wavelet transform. The analyzing wavelet is 
the Poisson’s Kernel defined by equation 4.  

Figure 1c shows this modulus plotted at the scale a=282m. The second step consists to 
calculate its maxima, figure 2 is a map of these maxima for all scales (Scales are varied from 
282m to 9094m). Solid curves are the exact boundaries of the prism and the cylinder. One 
can remark that the maxima of the continuous wavelet transform are positioned around the 
two exact boundaries. 

 
coordinates of the center (5000, 2500, -250). 
Ray  1500m. 
High  2500m. 
Magnetic Susceptibility  K=0.015 SI. 
F 37000 nT 
Declination D=0° 
Inclination I=90° 

Table 1a. Physical parameters of the Cylinder 
 

coordinates of the center (5000, 7000, -300). 
Width  3000m 
Length  3000m. 
High  2000m. 
Magnetic Susceptibility  K=0.01 SI. 
F 37000 nT 
 Declination D=0° 
Inclination I=90° 

Table 1b. Physical parameters of the Prism 

 
Fig. 1a. Physical parameters of a synthetic model composed of Prism and Cylinder. 
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Fig. 1b. Anomaly field of the synthetic model of figue1 

 

 
Fig. 1c. Modulus of the continuous wavelet transform of the Prism and the Cylinder plotted 
at the low Scale a=282m. 
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Fig. 2. Mapped contacts obtained by positioning of maxima of the modulus of the 2D 
DCWT. The solid curves are the exact boundaries of the Prism and the Cylinder. 

4.2 Application on real data 

The proposed idea has been applied to the aeromagnetic data of In Ouzzal, it is located in 
Hoggar. We start by describing the geology of the massif of Hoggar. 

4.2.1 Geological setting of Hoggar 

The lens of the massif of Hoggar that occupies the southern part of Algeria (Figure 3) is 
defined as a wide lapel Precambrian. It integrates mobile areas caught between the West 
African Craton and East Africa. It extends at 1000 km from East to West and 700km from 
North to South, It is extending through the branches 'append' of Air-NIGER at South-East 
and the Adrar des Iforas-MALI at the South West. Its territory is covered to the North East 
and South in part by training Paleozoic sedimentary of Tassili. The entire range (Hoggar, 
Air and Adrar des Iforas) forms the Tuareg shield (also known as Tuargi shield). Stable 
since the Cambrian, this massif belongs to the chain called "Pan" which belts the West 
African Craton to the east. This old chain is probably the result of the evolution of both 
intercontinental basins and accretion of micro plates involving the creation of oceans and 
island arcs. It is surrounded by sediment platform of Paleozoic age.  
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Fig. 3. Map of the principal subdivisions and principal structural domains of Hoggar, afer 
Caby et al(1981) 

4.2.2 Geological context of In Ouzzal 

The In Ouzzal terrane (Western Hoggar) is an example of Archaean crust remobilized by a 
very-high-temperature metamorphism (Ouzeggane and Boumaza, 1996) during the 
Paleoproterozoic (2 Ga). Structural geometry of the In Ouzzal terrane is characterized by 
closed structures trending NE-SW to ENE-WSW(figure4) that correspond to domes of 
charnockitic orthogneiss. The supracrustal series are made up of metasediments and basic-
ultrabasic rocks that occupy the basins located between these domes. In In-Ouzzal area, the 
supracrustal synforms and orthogneiss domes exhibit linear corridors near their contacts 
corresponding to shear zones. The structural features in In Ouzzal area (Djemaï et al, 2009), 
observed at the level of the base of the crust, argue in favour of a deformation taking place 
entirely under granulite-facies conditions during the Paleoproterozoic. These features are 
compatible with D1 homogeneous horizontal shortening of overall NW-SE trend that 
accentuates the vertical stretching and flattening of old structures in the form of basins and 
domes. This shortening was accommodated by horizontal displacements along 
transpressive shear corridors. During the Pan-African event, the brittle deformation affected 
the granulites which were retrogressed amphibolite and greenschists facies (with the 
development of tremolite and chlorite (Caby and Monie, 2003), in the presence of fluids 
along shear zones corridors. Brittle deformations were concentrated in the southern 
boundary of In Ouzzal. An important NW-SE-trending dextral strike-slip pattern has been 
mapped along which we can see the Eburnean foliation F1 overprinted. This period was also 
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marked by ductile to brittle deformation along the eastern shear zone bordering the In 
Ouzzal terrane with steep fracture cleavage (NNW-SSE) and conjugate joint pattern.  
All these structural features are compatible with an ENE-WSW shortening in relation with 
the collision between the West African Craton and the Hoggar during the Pan-African 
orogeny. 

 

 
1-Archaean granulites ; 2- Gneiss and metasediments ; 3- Gneiss with facies amphibole; 4- Indif gneiss; 
5- Paleozoic curvature; 6- Panafrican granite; 7-Volcano-sediments of Tafassasset ; 8- Major faults 

Fig. 4. Map Geological map of the Mole In Ouzzal extracted from the map of Hoggar  
(After Caby et al, 1981). 

4.2.3 Data processing 

In this section we have analyzed the aeromagnetic data of In Ouzzal to demonstrate the 
power of the 2D DCWT method to identify geological contacts. Source codes in C language 
are developed to calculate the 2D directional continuous wavelet transform and the spatial 
distribution of its maxima at different scales. The geomagnetic field data are processed with 
a regular grid of 750m. Figure 5a is a map of total magnetic field and figure 5b represents 
the anomaly magnetic field T . The IGRF75 model is used for calculation of T .  
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Fig. 5a. Total magnetic field of In Ouzzal 
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Fig. 5b. Anomaly magnetic field of In Ouzzal. 
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Fig. 5c. Anomaly magnetic field of In Ouzzal after reduction to the pole (RTP) 

The anomaly magnetic field is reduced to the pole; parameters of reduction to the pole  
are illustrated in table2. Figure 5c is magnetic anomaly field after reduction to the pole 
(RTP). 

After RTP the maximum of the anomaly magnetic field will be found at the vertical of the 
physical structures. Figure 6 represents the modulus of DCWT at the scale a = 2.1 km.  
The analyzing wavelet is the Poisson’s Kernel (See equation4). The next operation consists to 
calculate maxima of the modulus of the continuous wavelet transform at each scale (scales 
varied between 2.1 and 9.09 km). At each scale we map points of maxima in the plan. The 
obtained set of maxima for all ranged scales will give the geometry of geologic contacts 
(Figure 7).  

 
Longitude 3° 

Latitude 22.5° 

Elevation 1000m 

Inclinaton 22.6° 

Declination  -4.38° 

Table 2. Parameters of the reduction to the pole of the anomaly field of In Ouzzal  
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Fig. 6. Modulus of the 2D DCWT of the Anomaly magnetic field reduced to the pole 
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Fig. 7. Mapped maxima of the 2D DCWT for all range of scales 
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4.2.4 Results interpretation 

The obtained contacts by DCWT are compared with the geological map (Figure 8). One can 
remark that the proposed technique is able to identify contacts that exist in the structural 
geology map. 

 
Fig. 8. Obtained contacts compared with the structural map of In Ouzzal. 

To better ensure our results, we have compared these contacts with the analytic signal (AS) 
solutions. The analytic signal is very sensitive to noise. This is due to the derivative operator 
which amplifies noise intensity (Cooper, 2006). For that we use a threshold to eliminate 
fictitious solutions, in this case the threshold is equal to 0.5nT/km. Figure 9 shows the 
comparison between contacts identified by the two methods. We can note that the AS is note 
able to identify a contact that exist firstly in the geological map, where 2D DCWT has 
identified this last (blue dashed line in figure 9). It is clear that DCWT technique has 
detected some contacts that not exist in the model proposed by AS (See figure 9).This is due 
firstly at the difference between the principles of the two techniques. In the AS technique the 
value of the anomaly field at the level Z=Z0 is obtained by the Hilbert transform (Nabighian, 
1984). However in the proposed technique the intensity of anomaly field at Z=Z0 is defined 
by the modulus of 2D DCWT at the scale a=Z0. The DCWT using the Poisson Kernel is a low 
pass filter which decrease the noise compared to the AS technique, this last amplify the 
noise intensity. Figure 10 is the proposed structural model based on the mapped contacts 
using the 2D DCWT. 

4.3 Conclusion 

We have proposed a technique of boundaries identification based on the 2D directional 
continuous wavelet transform. Firstly we have applied this idea at a synthetic model, 
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obtained results shows robustness of the 2D DCWT. We have applied this technique at the 
aeromagnetic data of In Ouzzal. Obtained results are compared with the geological map and 
the analytic signal solutions. One can remark that the 2D directional wavelet transform is 
able to detect boundaries defined by geologists. Comparison with analytic signal shows that 
DCWT is able to identify contacts that not exist in the map of contacts defined by AS. The 
results of this study show that the proposed technique of edge detection based on the 
wavelet transform is very efficient for geological contacts analysis from maps of 
geomagnetic anomalies.  
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     Obtained contacts by the 2D DCWT 
     Obtained contacts by Analytic signal  
 

Fig. 9. Localization of magnetic sources obtained by analytic signal. Circles indicate position 
of peaks of analytic signal amplitude determinate following Blakley and Simpson Algorithm 
(1986). Minimal threshold for detection of maxima is fixed to 0.5nT/km.  
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Geological contacts certain  

 Geological contacts supposed from multisacle analysis of aeromagnetic data. 

Fig. 10. Proposed contacts obtained by positioning of maxima of the 2D DCWT 

5. Mutiscale analysis of the 3D analytic signal using the 2D directional 
continuous wavelet transform 

Many model of potential field data interpretation are proposed, the horizontal gradient 
(Blakely and Simpson, 1986) and the analytic signal or full gradient (Nabighian, 1984, 
Roest et al, 1992) are the classical methods of the last decades. The big weakness of these 
techniques is sensitivity to noise (Cooper, 2006). Since the presence of noise in the 
potential field can give fictitious contacts. This is due to the de derivative operator that 
amplifies noise effect. Usually we use a threshold to eliminate these fictitious contacts. 
However by this way, many high frequency causative sources will be missed. For this 
reason we propose in this paper a technique of boundaries delimitation from geomagnetic 
data. This last is based on the analysis of the amplitude of 3D analytic signal defined by 
Roest et al (1992) by the directional continuous wavelet transform. After that maxima of 
the modulus of the CWT for all range of scales are mapped. The set of maxima will give 
geological boundaries.  
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The proposed idea has been applied on the In Ouzzal area 

5.1 Analytic signal  

Nabighian (1972, 1984) developed the notion of 2-D analytic signal, or energy envelope, of 
magnetic anomalies. Roest, et al (1992), showed that the amplitude (absolute value) of the  
3-D analytic signal at location (x,y) can be easily derived from the three orthogonal 
gradients of the total magnetic field using the expression:  

 
22 2

( )
T T T

A x
x y z

                  
  (5) 

Where : ( )A x  is the amplitude of the analytic signal at (x,y). 
T is the is the intensity of the observed magnetic field at (x,y). 

An important comment at this point is the analytic signal can be easily calculated. The x and 
y derivatives can be calculated directly form a total magnetic field grid using a simple 3x3 
filter, and the vertical gradient is routinely calculated using FFT techniques. The analytic 
signal anomaly over a 2-D magnetic contact located at (x=0) and at depth h is described by 
the expression (after Nabighian, 1972): 

 
2 2 0.5

1
( )

( )
A x

h x



  (6) 

Where   is the amplitude factor 2 22 sin( )(1 cos( ) sin( ) ))M d I A    
h is the depth to the top of the contact. 
M is the strength of magnetization 
d is the dip of the contact 
I is the inclination of the magnetization vector 
A is the direction of the magnetization vector 

5.2 The processing algorithm  

The proposed idea is based on the calculation of maxima of the modulus of the 2D 
continuous wavelet transform of the amplitude of the analytic signal. Figure 11 shows a 
detailed flow chart of this technique. 

 
Fig. 11. Flow chart of the potential field analysis using the 3D AS and 2D CWT  

Calculation of amplitude of the 3D analytic signal (AS) of the 
potential field F 

Calculation of the modulus of the continuous wavelet transform (CWT) 
of the amplitude of the analytic signal 

Calculation of maxima of the modulus of the CWT of the AS for all range 
of scales 

Mapping maxima of the modulus of the CWT 
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5.3 Data processing 

The proposed technique has been applied at the anomaly magnetic field without reduction 
to the pole( figure5b). The first operation consists to calculate the amplitude of the analytic 
signal of this field. This last is represented in figure 12. The modulus of the continuous 
wavelet transform of the amplitude of the AS is represented in figure 13; the analyzing 
wavelet is the Poisson’s Kernel. Maxima of the modulus of the CWT are mapped for all 
range of scales (scales varied from 2121m to 9094m). The set of maxima will give structural 
boundaries.  

5.4 Results interpretation 

Geological contacts obtained by mapping maxima of the CWT of the amplitude the the AS 
are compared with geological map (See figure 14). One can remark that the proposed 
method is able to identify contacts defined by geology. Obtained boundaries by the 
proposed method are compared with contacts of analytic signal(see figure 15); for this last 
we have eliminated fictitious contacts dues to noise using a threshold of 0.5nT/m. We 
observe that by using this threshold we have eliminated a lot of contacts, for example the 
contact defined by the dashed line in figure 15 is identified by the CWT combined with AS, 
however it is not detected by analytic signal, this is due to the threshold effect, this last has 
been applied to reduce the noise effect on the AS. 
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Fig. 12. Amplitude of the analytic signal of the anomaly magnetic field of In-Ouzzal 
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Fig. 13. Modulus of the CWT of the AS plotted at the scale a=2121m. 

 
Fig. 14. Obtained contacts by the CWT analysis combined of AS compared with geology. 
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Fig. 15. Obtained contacts by the proposed method compared with analytic signal solutions. 

5.5 Conclusion  

We have proposed a technique of contacts identification based on the maxima of the 
modulus of the 2D continuous wavelet transform of the amplitude of the 3D analytic 
signal. Application on the real aeromagnetic data of In Ouzzal shows that the proposed 
idea is able to identify contacts that are not detected by the analytic signal solutions. By 
implanting our method we have resolved the ambiguity of application of a threshold at 
the maxima of analytic signal, which can eliminate a lot of high frequency causative 
sources. Secondly we have resolved the ambiguity of reduction to the pole that exist in 
the classical methods of application of the CWT for contacts delimitation, since this last 
needs a data reduced to the pole, which is not very efficient in the case of high 
geomagnetic remanance.  

6. Multiscale analysis of the gravity data 

We have applied the proposed idea on the gravity data of an area located in the Algerian 
Sahara. Figure 16a shows the Bouguer anomaly processed with a regular grid of 500mX500m. 
Firstly a 2D continuous wavelet transforms has been applied, the analyzing wavelet is the 
Poisson’s Kernel. Modulus of the 2D DCWT is presented for the low scale a=705m in figure16b.  
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(c) 

Fig. 16. Multiscale analyse of gravity data using the 2D DCWT 
(a) Bouger Anomaly 
(b) Modulus of the 2D DCWT plotted at the low scale a=705m 
(c) Obtained contacts mapped by sweeping all range of scales  
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The maxima of the modulus of the continuous wavelet transform have been mapped for all 
range of scales. Figure 16c shows the map of the obtained boundaries, obtained results are 
compared with a seismic profile that passes by the prospected region, it exhibits a big 
correlation.  

7. Multiscale analysis of noisy 3D GPR data 

Here we present a new technique of noise effect attenuation in the 3D GPR data analysis using 
the 2D continuous wavelet transform. Ouadfeul and Aliouane(2010), have presented a 
technique of multiscale analysis of the 3D GPR data suing the CWT, it has been applied on 
land topographical GPR data analysis, this last play a high important role in the seismic design 
(See Ouadfeul and Aliouane, 2010). The proposed technique is very sensitive to noise, to 
demonstrate this; we have added a 05% as a white noise in the 3D GPR data analyzed in the 
cited paper. Figure 17 is the map of this GPR data and figure 18 presents the noisy GPR data. 
Modulus of the 2D CWT plotted at the scale (a=751m) is presented in figure 19. Maxima of the 
modulus of the continuous wavelet transform are presented in figure20. It is clear that we are 
not able to identify topographic orientations; this is due to the noise effect on the CWT 
analysis. For this reason we propose an algorithm to reduce this phenomenon, this last is 
based on the application of an exponential low pass filter, at the modulus of the 2D CWT for 
the low range of scales, the filter coefficients are presented in table 03. After application of the 
low pass filter, maxima of the CWT are mapped for all range of scales. Compraison of of 
maxima of the initial model (without noise) and the filtered model is presented in figure 21. 
One can remark that the filtred model is not very far from the original one, and we are now 
able to identify the dominant topographic orientation.  
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Fig. 17. Initial 3D GPR image without noise 
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Fig. 18. Noisy 3D GPR image. 
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Fig. 19. Modulus of the 2D continuous wavelet transform of the noisy GPR image, plotted at 
the scale a=751m 
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Fig. 20. Mapped maxima of the modulus of the CWT of the noisy GPR model 
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Noisy 3D GPR data after filtering of the 2D CWT coefficients  

Fig. 21. Obtained maxima of the modulus of the CWT of: 
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0.0003354626279 0.006737946999 0.01831563889 0.006737946999 0.0003354626279 
0.006737946999 0.1353352832 0.3678794412 0.1353352832 0.006737946999 
0.01831563889 0.3678794412 1 0.3678794412 0.01831563889 
0.006737946999 0.1353352832 0.3678794412 0.1353352832 0.006737946999 
0.0003354626279 0.006737946999 0.01831563889 0.006737946999 0.0003354626279 

Table 3. An exponential low pass filter coefficients 

8. Conclusion  

In this chapter we have realize a multiscale analysis of many 2D geophysical signals by the 
continuous wavelet transform, the goal is to resolve many ambiguities in geophysics. 

In geomagnetism the CWT proves to be a very useful tool for structural boundaries 
delimitation from geomagnetic data reduced to the pole. Multiscale analysis of the 3D 
analytic signal proves to be very powerful tool to for contact identification, this tool is less 
sensitive to noise and doesn’t require a reduction to the pole, which is not very easy in areas 
with high remanance. 

Wavelet analysis of gravity data shows that this last can be used for mapping of geological 
accidents, this information can be used for seismic design.  

We have proposed a new technique to reduce the noise effect in wavelet analysis of 
geophysical signals, application on a 3D ground penetrating radar data shows that the 
proposed method can be used to reduce the noise effect when analyzing geophysical data by 
the wavelet transform.  
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1. Introduction  

The one directional Wavelet Transform (WT) is a mathematical tool based on the 
convolution of a signal with an analyzing wavelet. Despite its simplicity it has been used in 
various fields of geosciences, in gravity the WT is used for causative sources 
characterization (Martelet et al, 2001, Ouadfeul et al, 2010). 

Ouadfeul and Aliouane (2011) have proposed a technique of lithofacies segmentation based 
on processing of well-logs data by the 1D continuous wavelet transform.  

Cooper et al (2010) have published a paper focused on the fault determination using one 
dimensional wavelet analysis.  

Chamoli(2009) has analyzed the geophysical time series using the wavelet transform. 

In seismic data processing the 1D WT has been used by many researchers to denoise the 
seismic data (Xiaogui Miao and Scott Cheadle, 1998, Ouadfeul, 2007). 

In this chapter we present some applications of the wavelet transform in geosciences. The 
goal is to resolve many crucial problems. A new technique based on the discrete and 
continuous wavelet transform has been proposed for seismic data denoising. In 
geomagnetism a wavelet based model for solar geomagnetic disturbances study is 
established. In petrophysics, we have proposed a new tool of heterogeneities analysis based 
on the 1D wavelet transform modulus maxima lines (WTMM) method, the proposed tool 
has been applied on real well-logs data of a borehole located in Algerian Sahara. 

2. Random seismic noise attenuation using the wavelet transform  

Noise attenuation is a very important task in the seismic data processing field. One can 
distinguish two types of noises, coherent and incoherent. For the coherent noise we use 
usually the F-K filter, the deconvolution, The Radon transform…etc. For attenuation of 
incoherent or random noise, the stack of CDP gathers are one of the seismic data processing 
steps that improve the S/N (Signal to Noise ratio). We can use a band-pass filter before or 
after stack to attenuate the random noises. Usually, the Butterworth band-pass filter is used 
to attenuate this type of noise.  
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The wavelet transform has becoming a very useful tool in the noise attenuation from seismic 
data. Prasad (2006) has proposed a technique of ground- roll attenuation from seismic data 
using the wavelet transform, Xiaogui Miao et al (1998) have published a technique of 
ground- roll, guided waves, swell noise and random noise attenuation using the discrete 
wavelet transform.  

Siyuan Cao and Xiangpeng Chen (2005) have used the second-generation wavelet transform 
for random noise attenuation.  

Ouadfeul (2007) has proposed a technique of random noise attenuation based on the fractal 
analysis of the seismic data; this technique shows robustness for attenuation of random 
noises. In this section, we propose a new technique of random noises attenuation from 
seismic data using the discrete and the continuous wavelet transforms, we start by 
describing the principles of the continuous and discrete wavelet transforms, after that the 
processing algorithm of the proposed technique has been detailed. The next step consists to 
apply this technique at a randomized synthetic seismogram. The proposed technique has 
been used to denoise a VSP seismic seismogram realized in Algeria. We finalize by the 
results interpretation and conclusion. 

2.1 The continuous wavelet transform (CWT) 

Here we review some of the important properties of wavelets, without any attempt at being 
complete. What makes this transform special is that the set of basis functions, known as 
wavelets, are chosen to be well-localized (have compact support) both in space and 
frequency (Arnéodo et al., 1988; Arnéodo et al., 1995). Thus, one has some kind of “dual-
localization” of the wavelets. This contrasts the situation met for the Fourier’s transform 
where one only has “mono-localization”, meaning that localization in both position and 
frequency simultaneously is not possible. 

The CWT of a function s(z) is given by Grossmann and Morlet, (1985) as:  

 dz
a

bz
zs

a
basC )()(

1
),(







  ,  (1) 

Each family test function is derived from a single function ( )z defined to as the analyzing 

wavelet according to (Torresiani, 1995):  
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  
 ,  (2)  

Where a R is a scale parameter, b R  is the translation and * is the complex conjugate 
of . The analyzing function ( )z  is generally chosen to be well localized in space (or time) 
and wavenumber. Usually, ψ(z) is only required to be of zero mean, but for the particular 
purpose of multiscale analysis ψ(z) is also required to be orthogonal to some low order 
polynomials, up to the degree n−1, i.e., to have n vanishing moments : 
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According to equation (3), p order moment of the wavelet coefficients at scale a reproduce 
the scaling properties of the processes. Thus, while filtering out the trends, the wavelet 
transform reveals the local characteristics of a signal, and more precisely its singularities. 

It can be shown that the wavelet transform can reveal the local characteristics of s at a point 
z0. More precisely, we have the following power-law relation (Hermann, 1997; Audit et al., 
2002): 

 
( )

0( , ) h zo
sC a z a  , when 0a    (4)  

Where h is the Hölder exponent (or singularity strength). The Hölder exponent can be 
understood as a global indicator of the local differentiability of a function s.  

The scaling parameter (the so-called Hurst exponent) estimated when analysing process by 
using Fourier’s transform (Ouadfeul and Aliouane, 2011) is a global measure of self-affine 
process, while the singularity strength h can be considered as a local version (i.e. it describes 
‘local similarities’) of the Hurst exponent. In the case of monofractal signals, which are 
characterized by the same singularity strength everywhere (h(z) = constant), the Hurst 
exponent equals h. Depending on the value of h, the input signal could be long-range 
correlated (h > 0.5), uncorrelated (h = 0.5) or anticorrelated (h < 0.5). 

2.2 The discrete wavelet transform (DWT) 

L2(R) denotes the Hibert space of measurable, square-integrable functions. The function 
2 2( ) ( )t L R  is said to be a wavelet if and only when the following condition is satisfied. 

( ) 0t dt




  

The wavelet transform of a function 
2 2( ) ( )t L R  is defined by : 
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   is the dilation of ( )t by the scale factor s.  

In order to be used expediently in practice a, is scattered as discrete binary system ,i.e. Let 
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Hence its contrary transform is 
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Being dispersed in time domain farther, a discrete wavelet transform can be obtained. It 
exists an effective and fast algorithm, it is based on equation (7) 
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There 2
jW f  is the wavelet transform coefficients of f(t). It approximates f(t) on the scale 2j . 

Hj and Gj are the discrete filters gained by inserting (2j- 1) zeros into every two samples of 
H, G. And the relation between G and H is:  

 
1
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2.3 Signal denoising 

Thresholding is a technique used for signal and image denoising. The discrete wavelet 
transform uses two types of filters: (1) averaging filters, and (2) detail filters. When we 
decompose a signal using the wavelet transform, we are left with a set of wavelet 
coefficients that correlate to the high frequency sub-bands. These high frequency sub-
bands consist of the details in the data set. If these details are small enough, they might be 
omitted without substantially affecting the main features of the data set. Additionally, 
these small details are often those associated with noise; therefore, by setting these 
coefficients to zero, we are essentially killing the noise. This becomes the basic concept 
behind thresholding-set all frequency sub-band coefficients that are less than a particular 
threshold to zero and use these coefficients in an inverse wavelet transformation to 
reconstruct the data set. 

2.4 The denoising algorithm 

The denoising algorithm is based on the discrete wavelet transform decomposition 
combined with the continuous wavelet transform. Firstly, discrete wavelet decomposition 
has been made; the analyzing wavelet is the Haar of level 5 (Charles, 1992). After that we 
apply a threshold to denoise the seismic trace.  

The next step consists to calculate the continuous wavelet transform of the denoised trace 
obtained by DWT. The final denoised seismic seismogram is the wavelet coefficients at the 
scale a=2.*∆T. Where: 

∆T is the sampling interval.  

The analyzing wavelet is the modified Mexican Hat, it is defined by equation 9 (See figure1). 
The flow chart of the proposed processing algorithm is detailed in figure2. 
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Fig. 1. Graph of the modified Mexican wavelet. 

 
Fig. 2. Flow chart of the proposed technique of the random noise attenuation form seismic 
data.  

2.5 Application on synthetic data  

The proposed technique has been applied at the synthetic seismogram of a geological model 
with the parameters detailed in table1. The synthetic seismogram is generated with a 
sampling interval of 2ms.The full recording time is 2.5s. Figure 3 is a presentation of the 
noisy seismogram versus the time with a 200% of white noise. The discrete wavelet 
decomposition is presented from level 1 to 5 in figure 4. The denoised seismic seismogram is 
presented in figure5. One can remark that the major high frequency fluctuations are 
eliminated by this last operation. The next step consists to calculate the wavelet coefficients; 
the analyzing wavelet is the modified Mexican Hat . The wavelet coefficients versus the time 
and scale are presented in figure6. 

 Discrete wavelet transform of the seismic seismogram T(t) 

Densoing of T(t) using the threshold method 
Td(t) is the denoised seismic seismogram 

Calculation of the continuous wavelet transform CWT(t,a) of Td(t) 
The analyzing wavelet is the modified Mexican Hat.  

Plotting of the CWT(t,a) at the scale a=2*∆T 
∆T : is the sampling interval 
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The final denoised seismic seismogram is presented in figure 7a. It is clear that the 
proposed technique is able to attenuate the random noises from the synthetic seismogram. 
Figure 7b presents the residual noises in the frequency domain. The spectral analysis of 
the detrended noise is presented in figure 7b, this last represents the amplitude and the 
phase spectrums. These spectrums are calculated using the Fourier’s transform. Analysis 
of this figure shows that the residual noise containing both the low and the high 
frequencies. This is the characteristic of the white noise. The phase spectrum shows that 
this noise contains all the angles [- , + ]. The next operation consists to apply the 
sketched method at real data. 

 
 
 

First Layer 
Thickness  800m 
Velocity of the P wave 2500m/s 

Second Layer 
Thickness  700m 
Velocity of the P wave 3625m/s 

Third Layer 
Thickness  800m 
Velocity of the P wave 4000m/s 

Fourth Layer 
Thickness +∞ 
Velocity of the P wave 4500m/s 

Table 1. Acoustic parameters of the synthetic model. 

 

 
 

 
Fig. 3. Noisy synthetic seismic seismogram.  
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Fig. 4. Discrete wavelet decomposition of the synthetic seismic seismogram 

 

 

 

Fig. 5. Denoised synthetic seismogram using the thresholding method of the DWT 
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Fig. 6. CWT coefficients of the denoised synthetic seismogram suing the DWT. The 
analyzing wavelet is the modified Mexican. 

 

 
 

 

Fig. 7a. CWT coefficients at the scale a= 0.004s 
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Fig. 7b. Spectral analysis of the residual noise using the Fourier’s transform 

2.6 Application on real data 

The proposed technique has been tested at a raw seismogram of a vertical seismic profile 
(VSP) realized in Algeria. Figure 8 is a representation of this seismic seismogram versus the 
time, the sampling interval is 0.002s. The recording interval is 2.048s. The discrete wavelet 
decomposition using the Haar wavelet of level 5 is presented in figure 9. The denoised 
seismic seismogram is showed in figure 10. One can remark that many random types of 
amplitude have been eliminated by this operation. The last procedure of the processing 
algorithm consists to calculate the continuous wavelet transform coefficients. This last is 
presented in figure11. The final denoised seismic trace is the wavelet coefficients at the scale 
a=0.004s. This last is presented in figure12 versus the time. 
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Fig. 8. Seismic seismogram of a raw vertical seismic profile realized in Algeria. 
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Fig. 9. Discrete wavelet decomposition using the Haar of level 5 of the raw VSP  
seismogram. 
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Fig. 10. Denoised VSP seismogram using the DWT with the Haar wavelet of level 5 of the 
VSP seismogram. 
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Fig. 11. Modulus of the CWT of the denoised VSP seismogram using the DWT. 
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Fig. 12. Modulus of the CWT at the scale a=0.004s, the analyzing wavelet is the modified 
Mexican Hat. 
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Fig. 13. Spectral analysis of the residual noise using the Fourier’s transform. 

2.7 Results Interpretation and conclusion 

Spectral analysis of the residual noise using the Fourier’s transform (See figure 13) shows 
that the residual noise contains the frequency band [100Hz, 150Hz]. Note that the spatial 
filter during acquisition can attenuate some noises. The phase spectrum shows that this last 
sweep the full interval [-π,+π].  

We have proposed a new technique of random noise attenuation based on the threshold 
method using the discrete and the continuous wavelet transform. Application on noisy 
synthetic seismic seismogram shows the robustness of the proposed tool. However the 
proposed tool doesn’t preserve amplitude, to resolve this problem we recommend to apply 
a gain at the final seismic trace, this last is derived from the raw seismic trace. We suggest 
integrating this technique of seismic noise attenuation using the wavelet transform in the 
seismic data processing software’s. 

3. Solar geomagnetic disturbances analysis using the CWT 

In this part, we use the wavelet transform modulus maxima lines WTMM method as a tool 
to schedule the geomagnetic disturbances. The proposed idea is based on the estimation of 
the singularity strength (Hölder exponent) at maxima of the modulus of the 1D continuous 
wavelet transform of the Horizontal component of the geomagnetic field. Data of 
International Real-time Magnetic Observatory Network (InterMagnet) observatories are 
used. 
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3.1 Fractal analysis of geomagnetic disturbances using the CWT 

In this section, we use the continuous wavelet transform as a tool for analyzing the 
horizontal geomagnetic field component of the InterMagnet observatories. The goal is to to 
schedule the solar geomagnetic disturbances. The proposed technique is based on the 
calculation of the modulus of the continuous wavelet transform, after that Hölder exponents 
are estimated on the maxima of the CWT. The analyzing wavelet is the Complex Morlet (See 
Ouadfeul and Aliouane, 2011). The flow chart of the proposed technique is detailed in figure 
14. 

 
Fig. 14. Flow chart of the proposed technique of geomagnetic disturbances analysis 

We have applied the proposed technique at the horizontal component of the magnetic field 
of Wingst observatory. Figure 15 presents the fluctuation of this component versus the time.  
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Fig. 15. Horizontal component of the magnetic field of Mai 2002, recorded by the Wingst 
observatory 

Reading of the X and Y components from the InterMagnet network 

Calculation of the CWT  

Calculation of maxima of the CWT at the low scale a0 

Estimation of the Holer exponents at maxima of the modulus of the CWT 
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Figure 16 shows the modulus of the CWT, the analyzing wavelet is the Complex Morlet. 
Estimated Hölder exponents at maxima of the modulus of CWT are presented in figure 17. 
Figure 18 is the average Hölder exponents at each one hour of time compared with the 
normalized DST index. One can remark that the Hölder exponent estimated by the CWT is a 
very robust tool for scheduling solar geomagnetic disturbances. It can be used as an index 
for solar geomagnetic disturbances schedule. 

Same analysis has been applied at the geomagnetic data of Backer Lake, Kakioka, Hermanus 
and Alibag observatories. A detailed analysis shows that before the magnetic storm we 
observe a decrease of the Hölder exponent. In the moment of the solar disturbance the 
Hölder exponent has a very low value ( 0)h  .  

 

 

 
 
 

Fig. 16. Modulus of the 1D CWT of the horizontal component of the geomagnetic field of 
Hermanus observatory 
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Fig. 17. Local Hölder exponent estimated by the CWT 
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Fig. 18. Average Local Hölder exponent compared with the DST index 

3.2 Generalized fractal dimension and geomagnetic disturbances 

A Generalized Fractal Dimension (GFD) based on the spectrum of exponent calculated using 
the wavelet transform modulus maxima lines (See Arneodo et al, 1995) method has been 
used for geomagnetic disturbances schedule. The GFD is calculated using equation (9). 

  
( )

( )
( 1)

q
D q

q





  (9) 

( )q  is the spectrum of exponent estimated using the function of partition (See Arneodo et 

al, 1955, Ouadfeul et al, 2011). 

3.2.1 Application on the Hermanus observatory data  

In this section we analyze the total magnetic field of the Hermanus observatory for the 
month of May 2002. The proposed idea consists to estimate the fractal dimensions D0, D1 
and D2 for every 60 minutes (one hour of the month). Obtained results are presented in 
figure 19. 

t(day)
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Fig. 19. Fractal dimensions calculated for each hour of the total field recorded in the period 
of May 2002. (a): q = 0, (b): q = 1, (c): q = 2 

Analysis of obtained results shows that the fractal dimension D0 is not sensitive to magnetic 
disturbances. However D1 and D2 are very sensitive to the solar geomagnetic activity.  

One can remark that the major magnetic disturbances are characterized by spikes ( See table 
2 and Figure 19).  

 
 
 

Date Starting hour  Importance  

11 10.13 
A strong storm  
(in 11 , A=37,Kmax=6) 

14 xx.xx 
A storm  
(in 14 , A=29,Kmax=5) 

23 10.48 Violent storm in 23 

Table 2. Magnetic storms recorded in a Month May 2002 

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

0,4

0,5

0,6

0,7

0,8

0,9

D
0

t(day)

(a)

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

-60

-40

-20

0

20

40

60

80

100

120

D
1

t(day)

(b)

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
-0,08

-0,06

-0,04

-0,02

0,00

0,02

0,04

0,06

0,08

0,10

0,12

0,14
D

2

t(day)

(c)



 
1D Wavelet Transform and Geosciences 

 

293 

4. Heterogeneities analysis using the 1D wavelet transform modulus maxima 
lines 

Here we use a wavelet transform based multifractal analysis, called the wavelet transform 
modulus maxima lines (WTMM) method. For more information about the WTMM, author 
can read the book of Arneodo et al(1995) or the paper of Ouadfeul and Aliouane(2011). 

The proposed technique is based on the estimation of the Hölder exponents or roughness 
coefficient at maxima of the modulus of the CWT. The roughness coefficient is related to 
rock’s heterogeneities (Ouadfeul, 2011, Ouadfeul and Aliouane, 2011). Estimation of Hölder 
exponents is based on the continuous wavelet transform, in fact for low scales the Hölder 
exponent is related to the modulus of the continuous wavelet transform by (Hermann, 1997; 
Audit et al., 2002) : 

( )
0( , ) h zo

sC a z a  

Where :  

 s 0C a,z : Is the modulus of the CWT at the depth z0. 

a : is the scale 
h(z0) : is the Hölder exponent at the depth z0 

4.1 Application on real data 

The proposed idea has been applied on the natural gamma ray (Gr) log of Sif-Fatima2 
borehole located on the Berkine basin. The goal is the segmentation of the intercalation of 
the sandstone and clay. The main reservoir where the data are recorded is the Trias-Argilo-
Gréseux inférieur (TAGI), this last is composed mainly of the four lithofacies units, which 
are : the Clay , The sandstone, the Sandy clay and the clayey sandstone.  

4.1.1 Geological setting of the Berkine Basin 

The Berkine basin is a vast circular Palaeozoic depression, where the basement is situated at 
more than 7000 m in depth. Hercynian erosion slightly affected this depression because only 
Carboniferous and the Devonian are affected at their borders. The Mesozoic overburden 
varied from 2000m in Southeast to 3200m in the Northeast. This depression is an 
intracratonic basin which has preserved a sedimentary fill out of more than 6000 m. It is 
characterized by a complete section of Palaeozoic formations spanning from the Cambrian 
to the Upper Carboniferous. The Mesozoic to Cenozoic buried very important volume 
sedimentary material contained in this basin presents an opportunity for hydrocarbons 
accumulations. The Triassic province is the geological target of this study. It is mainly 
composed by the Clay and Sandstone deposits. Its thickness can reach up to 230m. The 
Sandstone deposits constitute very important hydrocarbon reservoirs.  

The SIF FATIMA area where the borehole data are collected is restricted in the the labelled 
402b block. It is located in the central part of the Berkine basin (Fig.20). The hydrocarbon 
field is situated in the eastern erg of the basin characterized also by high amplitude 
topography. 
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The studied area contains many drillings. However this paper will be focused on the Sif-
Fatima2 borehole. The main reservoir, the Lower Triassic Clay Sandstone labelled TAGI , is 
represented by fluvial and eolian deposits. The TAGI reservoir is characterized by three 
main levels: Upper , middle , and lower. Each level is subdivided into a total of nine 
subunits according to SONATRACH nomenclature (Zeroug et al., 2007).The lower TAGI is 
often of a very small thickness. It is predominantly marked by clay facies, sometimes by 
sandstones and alternatively by the clay and sandstone intercalations, with poor 
petrophysical characteristics. 

4.1.2 Data processing 

Fluctuation of the gamma ray log are presented in figure 21, the modulus of the CWT of this 
log is presented in the plan depth-log the scale in figure 22. The next step consists to 
calculate maxima of the modulus of the CWT at the set of scales. Scales are varied from 0.5m 
to 246m, the dilatation method used is power of 2. The set of maxima mapped for all scales 
is called the skeleton of the CWT, this last is presented in figure 23. 

 
 

 

 

Fig. 20. Geographic location of the Berkine Basin 
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Fig. 21. Natural Gamma ray log of Sif-Fatima2 borehole 
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Fig. 22. Modulus of the continuous wavelet transform of the gamma ray log 
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Fig. 23. Skeleton of the modulus of the CWT of the Gr log 
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Fig. 24. Estimated Hölder exponents compared with the classical interpretation based on the 
Gr log. 

 
Depth interval (m) Petrographical description 
2838.50 -2887.20  Clayey Sandstone with increase of the percentage of clay with 

depth 

2887.20- 2913.00  Clay, sometimes slightly sandy  
2913.00-2950.50 Metric alternating of Clayey Sandstone and clay 

2950.50-2969.00  Clay with the presence of a layer of Clayey Sandstone  
2969.00 -2997.50  Clayey Sandstone becoming clean at the bottom with the 

intercalation of sandy clay  
2997.50 -3017  Thick layer of clay sometimes slightly sandy 

3017 -3062.50  Metric alternating of sandstone and clay 
3062.50 -3082  Sandy clay  

Table 3. Lithofacies intervals derived from the GR signal for Sif-Fatima 2 well 

4.1.3 Results Interpretation  

A preliminary raw lithofacies classification based on the natural gamma radioactivity well-
log data was made. First, recall that the maximum value GRmax of the data is considered as a 
full clay concentration while the minimum value GRmin represents the full sandstone 
concentration. The mean value (GRmax+GRmin)/2 will then represent the threshold that will 
be used as a decision factor within the interval studied: 

- Geological formations bearing a natural GR activity characterized by:  

GRThreshold < GR <GRmax 
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Are considered as Sandy Clay. 

- Geological formations with a natural GR activity characterized by: 

GRmin < GR <GRThreshold 

Are considered as a Clayey Sandstone. 

The results for Sif Fatima2 borehole are illustrated in figure 24 that shed light on the 
obtained segmentation. Moreover, the depth distribution of the different facies is given in 
table3 . 

Estimated Hölder exponents at maxima of the modulus of the CWT compared with the 
classical segmentation based on the gamma-ray log (figure 24). One can remark that the 
Hölder exponent can be used as an attribute to seek the fines lithofacies. 

5. Conclusion  

We have used in this chapter the 1D discrete and continuous wavelet transform to resolve 
many problems in geosciences. The DWT in combination with the CWT prove that they can 
be used as tool for seismic data denoising. The continuous wavelet transform can be used 
for fractal and multifractal analysis of geomagnetic data, the goal is to schedule the solar 
geomagnetic disturbances. Obtained results show the robustness of the CWT. 

We have proposed a new tool based on the wavelet transform modulus maxima lines 
(WTMM) method for lithofacies segmentation from well-logs data. Comparison with the 
classical method of segmentation based on the gamma ray log shows that the fractal analysis 
revisited by the continuous wavelet transform can provide geological details and 
intercalations. 
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