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Abstract

Assuming one transmitter and N-1 magnetically coupled receivers located in arbitrary positions a method is pre-
sented for finding the load impedances that optimize the total amount of power absorbed by the receivers. Auxil-
iary conditions are discussed.

1. Introduction

Ever since the times of Marconi we had to face the dichotomy: wired or wireless. They had their own terri-
tories: wired for telephones, wireless for broadcasting. Then microwave relays and satellite communica-
tions appeared presaging the demise of all things wired. The counter-offensive came with optical fibres
which, after a relatively short time, replaced satellites for Trans-Atlantic communications. Optical fibres
are here to stay. They are well entrenched whenever large amount of information needs to be transferred.
On the other hand the wired world is rapidly losing the battle for voice communications. The tendency,
irreversible it seems, is to change to mobile ‘phones. However there is still one domain where the rule of
wires is not much contested. It is transfer of power. Nobody in his right mind would want to have wireless
transfer of power to an oven or a refrigerator but when it comes to the charging of laptops, or mobile de-
vices in general, wireless transfer of power may become feasible as suggested by recent studies [1-3]. In
this context it was shown by Sydoruk et al. [4] that transfer of power by Magnetoinductive waves boils
down to the problem of matching. Whatever is the network it is always possible in a lossless system to
transfer half of the incident power from a transmitter to a receiver. In the present paper we shall investigate
the case when power needs to be transferred from a transmitter to a number of receivers at arbitrary loca-
tions. We shall use the techniques developed in the past for the optimal transfer of power by Magnetoin-
ductive waves.

2. Mathematical formulation

We shall assume that there are N resonant coils, represented by series L, C circuits each one having a resis-
tance R.. The first one is a transmitter that is excited by a voltage V; from a generator with an internal re-
sistance, R;. There are N-1 further resonant coils arbitrarily located having the same L,C,R. parameters,
each one having a load impedance, Z;,= Ry, +jX1,.. In response to the applied voltage in coil 1 there will be
currents flowing in each coil. In the corresponding N x N symmetric impedance matrix Z,, = Z., + R.
+j(wL — 1/@C) are the self impedance and Z,,, = jX,., (m # n) is the mutual impedance. The relationship
between applied voltage and current is given by the generalized Kirchhoff equation [see e.g. 4]

V=17I, (H

where V =[V1,...0...0] and / =[], [,...Iy] are N-dimensional column matrices. The current may be ob-
tained by inverting Z in Eq (1),

I1=7'v. )
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The power extracted from the nth coil is given as
L.
Pn=§|ln| R, for n=2...N. 3)

The variables are Ry, and Xi,. They can be determined so as to optimise some criterion. One could for ex-
ample choose the quite general criterion that

N
Rolal = ZR’Z = MaX! (4)
n=2
subject to the auxiliary condition that
N
Pn = AnRolal Wlth ZAn = 1 4 (5)

n=2

where A4, gives the desired power distribution to be extracted by the coils. There may of course be many
other type of auxiliary conditions requiring for example that the voltage in the nth coil exceeds some
specified voltage. The solutions are likely to be obtained by numerical methods. For one particular case
(no losses) we would like to make the following conjecture: It is always possible to transfer one half of the
input power to N-1 properly matched resonant coils wherever they are placed.

3. Examples

We shall show a large number of examples at the Conference. In this Abstract we shall restrict generality
and consider only two simple examples both at the resonant frequency.

(1) Two elements, one transmitter, one receiver. There is then a fairly simple analytical solution with opti-
misation for P,. The condition to maximise P, yields for the load resistance,

4XT2
R,=R +—2*—, (6)
2 R +R
and the corresponding input and output powers are
_VR(R 4R, p__ WXLR @
| OSRL(R+R) " 8R,(R+R)’

We shall take R; = 50 ohm and X;,/R; = 0.15, 0.3 and 0.6. Note that we are not concerned here with the
actual configuration of the two coils. Our main aim is to show how the optimum efficiency depends on
losses. This is shown in Fig. 1a where the optimum value of P,,/P;, is plotted as a function of R/R;. As
known [5] the optimum lossless efficiency is 50% and it is independent of the value of the mutual imped-
ance between the elements. As losses increase the optimum efficiency is bound to decline and the decline
depends on the value of the mutual impedance. The smaller is the mutual impedance the faster is the de-
cline.

(i1) Three elements, one transmitter, two receivers. R; = 50 ohm again. The transmitter and the receivers
are coupled to each other but not by an equal amount. We shall choose X;,/R; = 0.6 and X5/R; = 0.3. It is
further assumed that the mutual impedance between the two receivers can be neglected. Now the optimisa-
tion process is a little more complicated. First (see Fig. 1b) we find the curve in the R, — Ry 3 plane which
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maximises the overall efficiency, (P, + P3)/P;,. At various points in this curve the relative amount of
power in the two receivers, P3/P, are noted. In the range shown it can vary between the low value of 0.1
and the high value of 1.5. Note that it is possible to have higher power in element 3 than in element 2 in
spite of the fact that the mutual impedance favours element 2 by a factor of 2. Next we can introduce
losses. In that case there is no longer an optimum curve only optimum points (denoted by A, B and C) in
the Ry, — Ry3 plane. At each of these points there are optimum values of Ry, and Ry3. Points A, B and C
correspond to values of R./R; = 1/50, 1/5, 3/5 leading to efficiencies of 0.46, 0.24 and 0.18 respectively. A
resistance of 1 ohm may be seen to reduce efficiency by not more than 8%.

4. Conclusions

An optimisation method using the generalised Kirchhoff equation is proposed for distributing power from
one transmitter into receivers placed at arbitrary locations. Examples for two and three elements have been
given showing the values of the load resistances optimising the output power and showing how the opti-
mum efficiency declines as losses increase. The main conclusion appears to be that moderate losses have
only a minor influence on efficiency.
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Fig. 1 (a) Single receiver: Variation of the optimum power transfer as a function of normalised loss for three different
values of coupling. (b) Two receivers: The curve of maximum (=0.5) efficiency in the Ry ,/R;-Ry3/R; plane. Circles
denote the maximum efficiency points for three different values of losses.
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