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Abstract

Several left-handed material (LHM) spheres with different constitutive parameters are analyzed em-
ploying different integral-equation formulations based on the Method of Moments. The combined
normal formulation (CNF), the combined tangential formulation (CTF), the Poggio-Miller-Chang-
Harrington-Wu-Tsai formulation (PMCHWT) and the electric and magnetic current combined field
integral equation (JMCFIE) are tested in order to assess their accuracy and suitability for dealing with
LHM’s. The results point out that the JMCFIE formulation is the most stable and reliable proposal.

1. Introduction

Left-handed materials (LHM’s) were already theoretically proposed in 1968 [1], though their negative
refraction was not experimentally demonstrated until 2000 [2]. Many theoretical and experimental stud-
ies focused on these artificial structures have been developed in last years due to their wide range of
applications and potential capabilities [3].

The electromagnetic numerical analysis of LHM’s has been usually tackled by means of differential-
equation formulations [4],[5] which require discretization of the object and the surrounding space. This
fact limits the applicability of these techniques to realistic large problems. Recent works have shown
that the application of surface integral equations (SIE), which have been extensively used for solving
scattering problems involving homogeneous or piecewise homogeneous dielectric objects [6]-[9], may
be extended to the homogeneous LHM’s analysis [10]-[12]. In this work, the well-known Method of
Moments (MoM) SIE formulation [13] is applied to predict the electromagnetic scattering of LHM’s.

2. Integral Equation Formulations

For homogeneous dielectric materials, it is usual to consider the combination of normal and tangential
equations derived from the boundary conditions imposed separately to the electric and magnetic fields,
namely, the tangential/normal electric field integral equation (T-EFIE/N-EFIE) and the tangential/normal
magnetic field integral equation (T-MFIE/N-MFIE). Among the multiple possibilities of combination of
these equations, the following one has proven to be a stable proposal [8]:
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In equations (1) and (2),ηl is the intrinsic impedance in mediumRl (R1 andR2 are the exterior and
the interior regions of the material, respectively). Different known formulations can be obtained depend-
ing on the selection of the complex combination parametersal, bl, cl anddl. This comparative study
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involves the formulations known as Poggio-Miller-Chang-Harrington-Wu-Tsai(PMCHWT) [6], com-
bined tangential formulation (CTF), combined normal formulation (CNF) [8] and electric and magnetic
current combined field integral equation (JMCFIE) [7]. PMCHWT and CTF formulations combine only
tangential equations with{al = ηl, bl = 0, cl = 0, dl = 1/ηl} and{al = 1, bl = 0, cl = 0, dl = 1},
respectively. CNF combines only normal equations with{al = 0, bl = 1, cl = 1, dl = 0} and JMCFIE
combines both tangential and normal equations with{al = 1, bl = 1, cl = 1, dl = 1}.

3. Comparative study

A sphere modeled using Rao-Wilton-Glisson (RWG) basis functions [14] withk0r = 3, wherer de-
notes the radius,k0 = 2π/λ0 is the wave number of the surrounding free-space medium andλ0 is the
free-space wavelength, has been employed. The iterative solution of the matrix system using a restarted
(30) GMRES [15] has been obtained. An exhaustive analysis of the eigenvalues arrangement, the condi-
tion number, the convergence of the iterative scheme and the accuracy of the radar cross section (RCS)
prediction has been carried out. Four mediums with a fixed permeability ofµr = −1 and different
permitivity values have been considered in this analysis (see Table 1).

Table 1: 2-norm condition number (c) of the impedance matrix, number of GMRES iterations (i) for
residue< 10−6 and RMS error (erms) of the RCS calculation versus Mie’s result for ak0r = 3 sphere
with µr = −1 and differentǫr values. (∗Residue after500 external iterations.)

ǫr = −3 c i erms

JMCFIE 2.0 · 106 7 2.1%

CNF 3.8 · 107 (7.5 · 10−5)∗ 1.6%

CTF 1.1 · 106 12 1.9%

PMCHWT 1.0 · 109 (1.8 · 10−3)∗ 22.3%

ǫr = −1 c i erms

JMCFIE 8.4 · 106 4 0.56%

CNF 1.0 · 107 5 7.6%

CTF 3.9 · 1012 (4.1 · 10−3)∗ 2.3%

PMCHWT 1.1 · 1013 (1.2 · 10−3)∗ 20.7%

ǫr = −3− 0.3i c i erms

JMCFIE 1.6 · 106 5 1.3%

CNF 1.7 · 107 32 0.97%

CTF 1.0 · 106 10 1.8%

PMCHWT 2.5 · 107 (1.4 · 10−3)∗ 6.0%

ǫr = −1− 0.3i c i erms

JMCFIE 2.7 · 106 3 0.98%

CNF 8.3 · 106 5 6.6%

CTF 7.1 · 106 15 0.37%

PMCHWT 2.0 · 108 (1.0 · 10−4)∗ 0.68%

Let us pay special attention to the block of Table 1 which collects the data obtainedfor the sphere matched
to free space,ǫr = −1, µr = −1. The JMCFIE formulation shows fast convergence, high accuracy in
the RCS prediction and the lowest condition number with regard to the rest of combined formulations.
Despite the CNF formulation seems to converge in terms of the iterative solver, a limited accuracy has
been obtained. It is worth mentioning that the direct solution of the CTF formulation for this test case
provides a poor result and a high error rate (around25%). There is a strong bond between this unreliable
behavior of the CTF formulation and the high condition number of its system matrix shown in Table 1.
Also the PMCHWT error shoots up absolutely in this particular case when direct solving is applied.

The remarkable issues extracted from this parametric analysis can be summarized as follows:

• The JMCFIE results show that the studied parameters keep similar in all the examples. This fact
is indicative of the JMCFIE stability, whereas great variability can be appreciated in the other
formulations results.

• Only the results obtained by means of JMCFIE formulation are satisfactory in the matched case.
The CNF formulation shows fast iterative convergence but it lacks accuracy (despite iterative or
direct solving is applied). The eigenvalues of CTF and PMCHWT formulations are clustered near
the origin in this particular case.
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• In general terms, the iterative convergence of SIE gets worse as the distance from the origin to the
eigenvalues decreases. We have checked that the eigenvalues move away from the origin when
adding losses, so the results get better under these conditions.

• The unweighted magnitude of the combination parameters in PMCHWT formulation leads to high
condition numbers and disperse eigenvalues distribution, resulting in slow convergence and inac-
curate results when solving iteratively. These key points are along the lines of those reported in
[10] and [16].

4. Conclusion

The RCS predicted for LHM spheres by four combined integral formulations that traditionally appear in
the literature for analyzing dielectric objects has been contrasted with the Mie’s series result. Relevant
features as the condition number, the eigenvalues distribution and the iterative response have been an-
alyzed. The stability of the JMCFIE parameters obtained in the course of the study is indicative of its
suitability to analyze LHM’s. In contrast, the CNF, CTF and PMCHWT formulations have shown an
unreliable behavior.
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