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Abstract 

We show a study of complex modes and loss compensation at plasmonic frequencies of 3D-

periodic arrays of metallic core – dielectric shell nanospheres embedded in a homogeneous back-

ground. Each nanoshell is modeled as an electric dipole through single dipole approximation, the 

metal permittivity is model by using the Drude model and the complex modes are computed by 

means of the 3D-periodic dispersion relation. Active gain materials are introduced in the dielectric 

shell to compensate the intrinsic losses of the metal and thus at optical frequencies. The effective 

refractive index versus frequency obtained by the modal analysis with and without loss compensa-

tion is shown and compared to that obtained by Maxwell Garnett homogenization theory.  

1. Introduction 

3D-periodic arrays of nanospheres can be engineered to obtain peculiar characteristics, such as slow 

wave structures and double negative materials. The usage of nanoshell particles allows, by varying the 

relative dimensions of the core and the shell, the tuning of their optical resonance over hundreds of 

nanometers in wavelength, across the visible and into the infrared region of the spectrum. In addition, 

active gain materials can be introduced into the nanoshell’s dielectric region to mitigate the intrinsic 

losses of the metal at optical frequencies. Mode analysis and optical properties of 3D-periodic arrays 

of nanoshells have been analyzed in [1-2]. Usage of gain materials in nanoshells has been shown in 

[3]. In this paper, we analyze the complex modes in the 3D-periodic arrays of metallic core – dielectric 

shell nanospheres in Fig. 1 for transversal (with respect to the mode traveling direction, T-pol) polari-

zation. We then analyze the use of an active gain material to overcome the metallic losses of the me-

tamaterial. The effective refractive index obtained by the modal analysis for transverse polarization is 

compared to that obtained by Maxwell Garnett homogenization theory [4].  

 
Fig. 1: 3D-periodic array of metallic core – dielectric shell nanospheres embedded in a homogeneous medium 

with permittivity h . The core and the shell radius are 1r and 2r , respectively; a, b and c are the periodicities 

along x-, y- and z-direction, respectively. 

2. Mode analysis and active gain material modeling 

Single dipole approximation (SDA) [5] is adopted to model each nanoshell to act as an electric dipole 

in the case of small nanoshells (with respect to the wavelength) close to their plasmonic resonance fre-
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quency. According to SDA, the induced dipole moment is loc
eep E , with ee  being the electric 

polarizability of the nanoshell (we adopt the quasistatic approximation including dipole radiation cor-

rection [6-8]), and loc
E  is the local field produced by all the nanoshells of the array except the consi-

dered nanoshell plus the external incident field to the array. Complex modes in 3D arrays are then 

found by using the procedure outlined in [5]. The linear active constitutive relation (relative permit-

tivity) for a 4-level atomic transition active gain material in the time harmonic regime can be ex-

pressed as [9] 
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where a  
is the bandwidth of the atomic transition at angular frequency a ,  ij  is the non-radiative 

decay lifetime from the i-th to the j-th energy level, 0N  is the total electron density, and pump is the 

pumping rate. Also, we assume that the gain material is embedded into a dielectric material with per-

mittivity r  
(i.e., the dielectric shell here). 

3. Dispersion diagrams and effective refractive index 

We analyze the complex modes traveling along the z-direction in a 3D-periodic array of nanoshells in 

free space (i.e., 1h  ), for T-pol, accounting for metal losses and also for the ideal lossless case ( 

0 in the Drude model for the metal). The dielectric shell is assumed to have a permittivity as in (1), 

and the hosting dielectric material is glass with 2.25r  . The values of the parameters in (1) are as-

sumed to be equal to those in [9]: 122 20 10a      rad/s, 4 210  C kga
 , 32 50 fs  , 

21 5 ps,  10 50 fs  , 23 3
0 5 10  mN   . The nanoshell parameters are 2 25 nmr  , 1 2 0.8r r   . 

The core is made of silver, whose Drude parametes are [10]: 5  , 161.37 10p   rad/s, and 

12 127.3 10 s   . We assume a cubic lattice with 75 nma b c   , thus the filling factor is  

3 3
24 (3 ) 0.155f r a  . The dispersion diagrams for the structure in Fig. 1, accounting for losses 

and for the lossless ideal case, are shown in Fig. 2 (we focus only on the dominant mode). The lossless 

curve represents the best that could be achieved with a loss compensation mechanism. The plasmonic 

resonance of the nanoshells in the 3D lattice are the cause of the strong dispersion around 0.4ka   . 

Loss compensation can be performed at frequencies right before or after the strong dispersion, as hig-

hlighted in Fig. 2(b) by the black circle, where the refractive index is high or low (less than unity). 

  
Fig. 2: Dispersion diagram for T-pol, for lossless and lossy metal. (a) Real part and (b) imaginary part of the 

wavenumber zk . k is the background wavenumber, and here coincides with the free space wavenumber. 

As an example we show the effect of the gain material in the frequency region right after the strong 

dispersion where the effective refractive index is low, Fig. 3. There, increasing frequency, the effec-

tive permittivity passes from negative to positive values, both being near zero. As an example, we 

choose an active gain emission center frequency (2 )a af   812 THz ( 0.406ka   ) overlapping 

with the interested frequency region and apply a constant pumping rate 
9 1

pump 1.65 10  s    (a 
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higher value would cause overcompensation of the losses). It can be observed in Figs. 3(a) and 3(b) 

that the black curve (Modes – with gain) tends to recover the ideal result represented by the red curve 

(Modes – lossless) around the emission peak frequency of the gain material. The result obtained from 

the mode analysis is compared with that obtained with the Maxwell Garnett (MG) method which pro-

vided the effective permittivity. In Fig. 3(b) one can notice that the MG analysis provides the same 

conclusion about loss compensation, except for an expected frequency shift with respect to the mode 

analysis. The figure of merit, or eff effFOM Re[ ] / Im[ ]n n , shown in Fig. 3(c), has been conspicuous-

ly improved, because losses have been partly compensated. 

 
Fig. 3: (a) Real part and (b) imaginary part of the effective refractive index computed by means of the 3D-

periodic dispersion relation (Modes) and the Maxwell Garnett approximation (MG) for the compensation after 

the strong dispersion. (c) Figure of merit. 

4. Conclusion 

We have shown that active gain materials can be adopted to overcome metallic losses at optical fre-

quencies; the effectiveness of such a compensation has been shown in region right after the strong dis-

persion of the computed complex modes, comparing results from modal analysis and Maxwell Garnett 

formulation. Metamaterials with near-zero refractive index can be designed with losses almost totally 

compensated. 
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