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Abstract

This paper continues a series of works on metamaterials composed of the dogbone shaped conduc-
tor pairs. The analysis of the finite stacked arrays has shown that the transmission resonances can
be cast into two major categories: (i) intrinsic resonances of individual pairs in each layer and (ii)
Bloch wave resonances associated with the collective response of the whole stack. The effects of
the layer spacing and the unit cell topology on the properties of stacked arrays will be discussed.

1. Introduction

Doubly periodic arrays of patterned conductors or inclusions stacked one over another represent one of
the main classes of metamaterials. Such arrangements are compatible with the layer-by-layer fabrica-
tion processes providing reproducible shapes and controllable positions of the constituent elements.
The resulting stratified media can be classified as generic anisotropic crystals whose properties are
determined by both the lattice symmetry and internal content of individual unit cells.

Several types of the constituent elements such as double bars, split-ring resonators, double fishnet, and
dogbone pairs have been proposed to obtain the magnetic response in the planar metamaterial struc-
tures. Arranged in the stacked doubly periodic arrays, they form artificial medium which is often de-
scribed in terms of the effective parameters such as permittivity, permeability, refractive index, etc. of
equivalent bulk materials. These parameters are usually retrieved from the scattering characteristics of
a plane wave incident onto a single layer array or a few stacked arrays. Significant controversy in the
literature surrounds these retrieval procedures and applicability of such obtained parameters to the de-
scription of multilayered structures, especially when they are extracted from data for a single layer
array [1]. The shortcomings of these characterisation procedures become evident when the retrieved
parameters violate the basic principles of causality and medium passivity. Moreover the existence of
multiple resonances in the finite layered structures causes ambiguity in interpretation of the obtained
results and hampers the physically meaningful description of the stratified metamaterial structures.

The studies of periodically stratified media have been performed in the past in the context of the dy-
namical theory of X-ray diffraction in perfect crystals [2] and more recently in connection with the
design of thin film anti-reflecting coatings and photonic crystals [3]. To address these problems and
assess the collective response of multilayer structures, Bloch waves in the infinite periodically spaced
arrays have been analysed. The latter approach also provides insight into how the internal microscopic
properties of the unit cell and interactions of the constituent particles affect the overall response of the
stacked arrays. In this paper the resonant transmittance and reflectance by the finite stacks of layered
arrays of dogbone shaped conductor pairs are considered. The effects of the layer spacing and the unit
cell topology on the properties of stacked arrays are analysed.
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2. Transmittance resonances in arrays of dogbone shaped conductor pairs

The doubly periodic arrays of dogbone pairs (Fig. 1) have been
studied theoretically and experimentally in [4], [5]. It has been ) .
demonstrated that the lowest mode of the transmittance reso- g = Lt

nance in a single layer array is of magnetic type, and its fields are . 'm ! \"“WL T ;nj’ 4
well confined inside the conductor pairs. To shed light on the SN T |
properties of the multilayered arrays, eigenwaves in the infinite P [I EF \1 H
stack of periodically spaced layers have been analysed. L = }f |
The dispersion characteristics in Fig. 2a show that two modes of rb\ :mi%‘:f]j” f—:ﬂ] ]
the fundamental Bloch waves exist in the considered frequency L LU :{H .t

range. Mode 1 appears at lower frequencies and exhibits the ji* < P T - o L

normal dispersion whereas mode 2 represents a fundamental >2\
backward Bloch wave. The two modes are separated by a -
bandgap which varies with the structure periodicity C in the z- C C
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direction. When C decreases the bandgap reduces primarily be-
cause of mode 1 expansion towards higher frequencies. Con-
versely, the mode 2 dispersion is much less affected by the layer
spacing that indicates tighter confinement of the mode 2 fields to
an individual dogbone pair and weaker influence of the interlayer
coupling. It is important to note that the transmittance resonance in a single layer array of dogbone
pairs occurs only in the frequency band of mode 2 while no such resonances exist in the frequency
band of mode 1 (Fig. 3). This transmittance resonance is of magnetic type and its frequency corre-
sponds to k.C = 7, in the dispersion diagram of Fig. 2a where £; is the propagation constant of funda-
mental Bloch wave in infinite periodic structure.

Fig. 1: Layout of the stacked dou-
bly periodic arrays of dogbone
shaped conductor pairs

Stacking several arrays together qualitatively alters the transmittance characteristics of a single layer
as illustrated in Fig. 3. Indeed, not only do the resonances existing in a single layer split but also addi-
tional transmittance resonances arise in the frequency band of mode 1. At first glance the latter reso-
nances could be attributed to Bragg resonances similar to those in a stack of dielectric layers. However
such an interpretation is hardly justifiable as overall thickness of the stack remains less than A/10. Al-
ternatively, inspection of the dispersion characteristics of the fundamental modes in the infinite period-
ic structures with the unit cells containing 1, 2 and 4 layers (Fig. 2) suggests that the transmittance res-
onances in the finite stacks can be attributed to Bragg resonances of the fundamental Bloch waves at
Nk,C=mm,m=1,2,... where N is the number of layers. The examples of 2- and 4-layer stacked arrays
exhibit very good correlation between the frequencies of the transmittance resonances in Fig. 3 and
Bragg resonances of the fundamental Bloch waves in Fig. 2 and provide insight in the mechanisms of
the resonance transmittance as further discussed in the next section.
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Fig. 2: Dispersion of the normalised propagation constant k,C (in degrees) along the z-direction in an infinite
periodic stack of the dogbone pair arrays with (a) one layer, (b) two layers and (c) four layers per unit cell. The
modes with negative slope correspond to backward propagation. The default unit cell size C = 1.42 mm and the
unit cell size C = 2.42 mm has been additionally simulated in the one layer case; H = 0.382 mm, & = 2.2.
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3. Qualitative analysis and discussion

The scattering problems for finite periodically stratified NS //N\‘\ /\/\

o < \ i
media were treated in the past using Abelés matrix for- Y M s QAL M\M
malism [2], [6] and direct multiplication of the transmit- T QM\‘[
tance matrices [3], [7]. For one-dimensional structures, the | ‘“ -
transfer matrices for the whole stack have been obtained 73 - |
in closed form [3], [7] implicitly assuming that only a sin- E [

gle wave can propagate. In all these cases Fresnel coeffi- g -40 1 layer H
cients of individual layers employed in the transfer matri- § §L"i§2[§ \‘{_/’”
ces have been readily available. A generalisation of these 50 4 layers L
techniques to the case of periodic lateral perturbations in 5 layers

the plane of interface has been proposed in [8]. 5 s s w u =©

. . . Frequency, GHz
Unfortunately none of these approaches is directly appli-  gijg_ 3: Transmittance of the stacked arrays

cable to the analysis of layered metamaterials because the  of dogbone pairs at the variable number of
array constituent elements (dogbone pairs) distort the layers, C=1.42 mm.

fields of incident wave and interact through evanescent

fields as well. Nevertheless, in the sparsely spaced stacks where the layer interaction is dominated by
the fundamental propagating waves, the analytical form of the transfer matrices [3] using Fresnel coef-
ficients of isolated layers provides a good qualitative estimate of the characteristics of the finite stacks.
The latter approximation proved to be particularly useful for the analysis of the magnetic resonances
whose fields are confined to the interior of the dogbone pairs.

When spacing between the layers decreases and coupling between the arrays becomes stronger the
basic transfer matrices lose their accuracy due to increased contribution of the evanescent fields. This
effect of the interlayer coupling can be somewhat taken into account by using the actual phase of the
fundamental Bloch waves inside the stack instead of the phase inferred from the transmission coeffi-
cient of an isolated layer [3]. Such a modification of the transfer matrix for the finite stack improves
the accuracy of the transmittance resonances and the estimation of the band edge position. However
this approximation still needs further refinement by including the higher order Bloch waves, which are
the propagating modes inside the stack. At small spacing C between the layers, these higher order
modes may make significant contribution to the field distributions at the stack interfaces with the sur-
rounding media. In the meantime, the qualitative analysis based upon the closed form transfer matrices
provides insight into the properties and mechanisms of the resonance transmittance in the stacked ar-
rays of dogbone shaped conductor pairs and similar multilayered metamaterial structures.
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