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ÌÈÖ «ÍÌÊÍ» ÌÃÒÓ èì. Í.Ý.Áàóìàíà, ã. Ìîñêâà, Ðîññèÿ

Ñòðîèòñÿ îáùåå ðåøåíèå óðàâíåíèé óòî÷íåííîé òåîðèè Ìèíäëèíà. Óòî÷íåíèå çàêëþ÷àåòñÿ â òîì, ÷òî
òåíçîð ìîäóëåé øåñòîãî ðàíãà ñîäåðæèò íå îäèííàäöàòü ìîäóëåé, êàê â êëàññè÷åñêîé òåîðèè Ìèíäëèíà, à
òîëüêî ñåìü. Ðàíåå áûëî äîêàçàíî, ÷òî òàêîå ñîêðàùåíèå íåêëàññè÷åñêèõ ìîäóëåé îïðåäåëÿåòñÿ âûïîëíå-
íèåì òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ïîòåíöèàëüíîé ýíåðãèè. Ïîñòðîåííîå ðåøåíèå äëÿ ïå-
ðåìåùåíèé ïðåäñòàâëåíî â âèäå ñóïåðïîçèöèè òðåõ âåêòîðíûõ ïîëåé: ïîëÿ êëàññè÷åñêèõ ïåðåìåùåíèé è
äâóõ ïîëåé êîãåçèîííûõ ïåðåìåùåíèé, êîòîðûå ìîæíî òðàêòîâàòü êàê íåêëàññè÷åñêèå ïîïðàâêè â òåîðèè
Ìèíäëèíà ê êëàññè÷åñêîìó ðåøåíèþ äëÿ ïåðåìåùåíèé. Ïîëÿ êîãåçèîííûõ ïåðåìåùåíèé óäîâëåòâîðÿþò
îáîáùåííûì áèãàðìîíè÷åñêèì óðàâíåíèÿì, êîòîðûå ìîæíî ïðåäñòàâèòü êàê ïðîèçâåäåíèÿ äâóõ ðàçíûõ
îïåðàòîðîâ Ãåëüìãîëüöà. Â îòëè÷èå îò òåîðèè Òóïèíà, â êîòîðîé ïîëå êîãåçèîííûõ ïåðåìåùåíèé îäíî, â
óòî÷íåííîé òåîðèè Ìèíäëèíà òàêèõ êîãåçèîííûõ ïîëåé äâà, è îíè ìîãóò áûòü êîìïëåêñíî-ñîïðÿæåííûìè.
Ýòî ïðèâîäèò ê âîçìîæíîñòè îïèñàíèÿ êà÷åñòâåííî èíûõ ïîëåé ïåðåìåùåíèé, ÷åì â êëàññè÷åñêîé òåîðèè
óïðóãîñòè èëè ãðàäèåíòíîé òåîðèè Òóïèíà. Êðîìå òîãî, ïîñòðîåíî ðåøåíèå äëÿ ïîëÿ íåñîâìåñòíîé äèñòîð-
ñèè, êîòîðîå íàðÿäó ñ ôóíäàìåíòàëüíûìè ôóíêöèÿìè, âõîäÿùèìè â âûðàæåíèÿ äëÿ ïåðåìåùåíèé, ñîäåð-
æèò òðè äîïîëíèòåëüíûõ ôóíäàìåíòàëüíûõ ðåøåíèÿ. Ýòè ôóíäàìåíòàëüíûå ðåøåíèÿ íåëüçÿ ïðåäñòàâèòü
â âèäå âåêòîðà, òàê êàê îíè èìåþò ðàçíóþ òåíçîðíóþ ïðèðîäó è ðàíãè. Îäíî ðåøåíèå ÿâëÿåòñÿ ïñåâäîñêà-
ëÿðîì è îïðåäåëÿåò ïîòåíöèàëüíóþ ÷àñòü âåêòîðíîãî ïîëÿ ñïèíîâ (íåñîâìåñòíûõ ïîâîðîòîâ). Äâà äðóãèõ
ôóíäàìåíòàëüíûõ ðåøåíèÿ îïðåäåëÿþòñÿ íåçàâèñèìûìè êîìïîíåíòàìè òåíçîðà-äåâèàòîðà íåñîâìåñòíûõ
äèñòîðñèé, íà êîòîðûé íàëîæåíî äîïîëíèòåëüíîå òðåáîâàíèå ðàâåíñòâà íóëþ åãî äèâåðãåíöèè.

Êëþ÷åâûå ñëîâà: ãðàäèåíòíûå òåîðèè óïðóãîñòè, ìåõàíèêà äåôåêòíûõ ñðåä, ïîëÿ ñîõðàíÿþùèõñÿ äèñ-
ëîêàöèé, íàíîìåõàíèêà, êîãåçèîííûå âçàèìîäåéñòâèÿ, íåêëàññè÷åñêèå óïðóãèå õàðàêòåðèñòèêè.

GENERAL DECISION IN THE SPECIFIED MINDLIN’S THEORY

Belov P.A.

MIC «NMKN» of MSTU of N.E. Bauman, Moscow, Russia

The general decision of the specified Mindlin’s theory equations is under construction. Specification is that a tensor of
moduli of the sixth rank contains not eleven moduli as in the classical theory of Mindlin but only seven. Earlier it was
proved that such reduction of nonclassical moduli is defined by implementation of the requirement of positive definiteness
of potential energy. The constructed decision for displacements is presented in the form of superposition of three vector
fields: field of classical displacements and two fields of cohesive displacements which can be treated as nonclassical
amendments in Mindlin’s theory to the classical decision for displacements. Fields of cohesive displacements satisfy to the
generalized biharmonic equations which can be presented as multiplication of two different Helmholtz’ operators. Unlike
Toupin’s theory in which there is one field of cohesive displacements, in the specified Mindlin’s theory the number of such
cohesive fields is two, and they can be complex interfaced. It leads to possibility of the description qualitatively of other
fields of displacements, than in the classical theory of elasticity or the gradient theory of Toupin. Besides, the decision for
a field of free distortion which along with the fundamental functions entering expressions for displacements contains three
additional fundamental decisions is constructed. These fundamental decisions can’t be presented in the vector form as
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they have the different tensor nature and ranks. One decision is a pseudo-scalar and defines potential part of a vector field
of spin. Two other fundamental decisions are defined by independent components of a tensor-deviator of free distortions
on which the additional requirement of equality to zero its divergention is imposed.

Keywords: gradient theories of elasticity, the mechanics of defective continuum, fields of conserved dislocations,
nanomechanics, cohesive interactions, nonclassical elastic characteristics.

Ââåäåíèå

Êèíåìàòè÷åñêèå ïåðåìåííûå â òåîðèè Ìèíäëèíà [1], ïîìèìî âåêòîðà ïåðåìåùåíèé Ri, âêëþ÷àþò â

ñåáÿ äâà ñîðòà äèñòîðñèé (ñòåñíåííóþ 1
,ij i jD R=  è 2

ijD  ñâîáîäíóþ). Êàê âèäíî èç îïðåäåëåíèÿ ñòåñíåííîé

äèñòîðñèè, îíà ÿâëÿåòñÿ ñîâìåñòíîé, ò.å. ïî íåé ìîæåò áûòü âîññòàíîâëåíî íåïðåðûâíîå ïîëå ïåðåìåùå-
íèé. Â ïðîòèâîïîëîæíîñòü ñòåñíåííîé, ñâîáîäíàÿ äèñòîðñèÿ ÿâëÿåòñÿ íåñîâìåñòíîé, å¸ íåëüçÿ ïðåäñòà-
âèòü êàê ãðàäèåíò âåêòîðíîãî ïîòåíöèàëà. Êðîìå òîãî, êèíåìàòè÷åñêàÿ ñòîðîíà òåîðèè Ìèíäëèíà ñîäåð-

æèò ñâîáîäíûå êðèâèçíû 2 2
,ijk ij kD D= .

Â ñòàòüÿõ [2,3] ñôîðìóëèðîâàíî îáîáùåíèå òåîðèè Ìèíäëèíà, â êîòîðîé êèíåìàòè÷åñêàÿ ñòîðîíà ñî-

äåðæèò äâà ñîðòà êðèâèçí: ñòåñíåííûå êðèâèçíû 1
,ijk i jkD R= , îáëàäàþùèå ñâîéñòâîì 1 0ipq pqjD Ý ≡ , è ñâî-

áîäíûå êðèâèçíû 2 2
,ijk ij kD D= , îáëàäàþùèå ñâîéñòâîì 2

, 0ip q pqjD Ý ≠ . Ñâîéñòâà ñîâìåñòíîñòè/íåñîâìåñò-

íîñòè ïîçâîëèëè ââåñòè ïîíÿòèå «ñîðòà» êèíåìàòè÷åñêèõ ïåðåìåííûõ, îòðàæåííûõ â âåðõíèõ èíäåêñàõ
êèíåìàòè÷åñêèõ ïåðåìåííûõ. Ñîîòâåòñòâåííî, è óïðóãèå ñâîéñòâà ïðèîáðåòàþò âåðõíèå èíäåêñû (èíäåê-

ñû ñîðòíîñòè) [4]. Â ÷àñòíîñòè, òåíçîð Òóïèíà [2,5] 11
ijkmnlC  îïðåäåëÿåò ïëîòíîñòü ïîòåíöèàëüíîé ýíåðãèè

êðèâèçí ïåðâîãî ñîðòà (ãðàäèåíòîâ ñòåñíåííûõ äèñòîðñèé). Òåíçîð Ìèíäëèíà [2,6] 22
ijkmnlC  îïðåäåëÿåò ïëîò-

íîñòü ïîòåíöèàëüíîé ýíåðãèè êðèâèçí âòîðîãî ñîðòà (ãðàäèåíòîâ ñâîáîäíûõ äèñòîðñèé).
Â ñòàòüå [6] èññëåäîâàíà ñòðóêòóðà ïîòåíöèàëüíîé ýíåðãèè â òåîðèè Ìèíäëèíà, îáíàðóæåí è óñòðàí¸í

å¸ íåäîñòàòîê (íå ïîëîæèòåëüíàÿ îïðåäåëåííîñòü ïîòåíöèàëüíîé ýíåðãèè) è ïðåäëîæåíà «óòî÷íåííàÿ» òå-
îðèÿ Ìèíäëèíà, â êîòîðîé êîëè÷åñòâî ìîäóëåé òåíçîðà Ìèíäëèíà ñîêðàùåíî ñ îäèííàäöàòè äî ñåìè.

Öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ ïîñòðîåíèå îáùåãî ðåøåíèÿ óðàâíåíèé óòî÷íåííîé òåîðèè Ìèíäëèíà è
èññëåäîâàíèå åãî ñâîéñòâ.

Ïîñòðîåíèå îáùåãî ðåøåíèÿ

Ëàãðàíæèàí óòî÷íåííîé òåîðèè Ìèíäëèíà èìååò òîò æå âèä, ÷òî è êëàññè÷åñêîé òåîðèè Ìèíäëèíà:

11 12 2 22 2 2 22 2 2
, , , , ,

1
{ 2 }

2
ijmn i j m n ijmn i j mn ijmn ij mn ijkmnl ij k mn lL A C R R C R D C D D C D D dV= − + + +∫∫∫ .                                  (1)

Ñèëîâàÿ ìîäåëü óòî÷íåííîé òåîðèè Ìèíäëèíà ñòðîèòñÿ ñ ïîìîùüþ îáúåìíîé ïëîòíîñòè ïîòåíöèàëüíîé
ýíåðãèè UV ïî ôîðìóëàì Ãðèíà:

1 11 12 2 1
,1 1

, , ,

2 21 22 2 2 22 2
, ,2 2

,

0V V V V
ij ijmn m n ijmn mn ijk

ij i j ij k i jk

V V
ij ijmn m n ijmn mn ijk ijkmnl mn l

ij ij k

U U U U
C R C D

D R D R

U U
C R C D C D

D D

σ σ

σ σ

∂ ∂ ∂ ∂ = = = + = = = ∂ ∂ ∂ ∂ 
 ∂ ∂ = = + = =
 ∂ ∂ 
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Êàê âèäíî, èç ôîðìóë Ãðèíà, ñèëîâàÿ ìîäåëü òåîðèè Ìèíäëèíà îáëàäàåò àñèììåòðèåé: â íåé èìåþò

ìåñòî äâà ñîðòà íàïðÿæåíèé 1
ijσ  è 2

ijσ , ñâÿçàííûõ ñ ñóùåñòâîâàíèåì äâóõ ñîðòîâ äèñòîðñèé (ñòåñíåííûõ

1
,ij i jD R=  è ñâîáîäíûõ 2

ijD ), íî òîëüêî îäèí ñîðò ìîìåíòíûõ íàïðÿæåíèé 2
ijkσ , ñâÿçàííûõ ñ ãðàäèåíòîì

òîëüêî ñâîáîäíûõ äèñòîðñèé. Çàìåòèì, ÷òî ïåðâûé ñîðò ìîìåíòíûõ íàïðÿæåíèé 1
ijkσ  èñïîëüçóåòñÿ â òåî-

ðèè Òóïèíà [7], ãäå ìîìåíòíûå íàïðÿæåíèÿ ÿâëÿþòñÿ ëèíåéíûìè ôóíêöèÿìè âòîðûõ ïðîèçâîäíûõ îò ïåðå-

ìåùåíèé (ãðàäèåíòàìè ñòåñíåííûõ äèñòîðñèé), íî íå èñïîëüçóþòñÿ 2
ijkσ . Â ðàáîòå [3] ñôîðìóëèðîâàíà

òåîðèÿ, â êîòîðîé èñïîëüçóþòñÿ îáà ñîðòà è íàïðÿæåíèé, è îáà ñîðòà ìîìåíòíûõ íàïðÿæåíèé.
Ðàçíèöà ìåæäó êëàññè÷åñêîé òåîðèåé Ìèíäëèíà è å¸ óòî÷íåíèåì çàêëþ÷àåòñÿ òîëüêî â ñòðóêòóðå òåí-

çîðà Ìèíäëèíà. Êëàññè÷åñêèé òåíçîð Ìèíäëèíà èìååò â ñâîåé ñòðóêòóðå îäèííàäöàòü ìîäóëåé:

22 22 22
1 2

22 22
3 4

22 22 22 22
5 6 7 8

22 22
9 10

( ) / 2 ( ) / 2

( ) / 2 ( ) / 2

ijkmnl ij km nl mn li jk ij kn ml mn lj ik

ik jm nl ml ni jk in jl km mj nk li

ij kl mn ik jn ml im jk nl im jn kl

im jl nk

C C C

C C

C C C C

C C

δ δ δ δ δ δ δ δ δ δ δ δ
δ δ δ δ δ δ δ δ δ δ δ δ

δ δ δ δ δ δ δ δ δ δ δ δ

δ δ δ

= + + + +

+ + + + +

+ + + + +

+ + 22
11 .in mj kl il jn mkCδ δ δ δ δ δ+

                                                   (2)

Óòî÷íåííûé òåíçîð Ìèíäëèíà èìååò â ñâîåé ñòðóêòóðå ñåìü ìîäóëåé:

22 22
0

22
3

22
6

22
7

( ) / 2

( ) / 2

(6 ) / 6

(6

ijkmnl ij km nl mn li jk ij kn ml mn lj ik

ik jm nl ml ni jk

ik jn ml ij kn ml mn lj ik ij km nl mn li jk

im jk nl ij kn ml mn lj ik ij km nl mn li

C C

C

C

C

δ δ δ δ δ δ δ δ δ δ δ δ
δ δ δ δ δ δ

δ δ δ δ δ δ δ δ δ δ δ δ δ δ δ
δ δ δ δ δ δ δ δ δ δ δ δ δ δ

= + + + +

+ + +

+ − − + + +

+ + + − −
22 22 22
5 8 10

) / 6

.

jk

ij kl mn im jn kl in mj klC C C

δ
δ δ δ δ δ δ δ δ δ

+

+ + +

                                                        (3)

Òåíçîðû ÷åòâåðòîãî ðàíãà èìåþò îäèíàêîâóþ ñòðóêòóðó è, â îáùåì ñëó÷àå, ñîäåðæàò ïî òðè ìîäóëÿ:

11 11 11 11 11 11

12 12 12 12 12 12

22 22 22 22 22 22

( ) ( )

( ) ( ) .

( ) ( )

ijmn ij mn im jn in jm

ijmn ij mn im jn in jm

ijmn ij mn im jn in jm

C

C

C

λ δ δ µ χ δ δ µ χ δ δ
λ δ δ µ χ δ δ µ χ δ δ
λ δ δ µ χ δ δ µ χ δ δ

 = + + + −


= + + + −
 = + + + −

                                                                    (4)

Âàðèàöèîííîå óðàâíåíèå òåîðèè Ìèíäëèíà:

11 12 2
, ,

22 2 12 22 2 2
, ,

11 12 2 22 2 2
, ,

{( )

( ) }

{[ ( ) ] } 0.

V
ijmn m nj ijmn mn j i i

ijkmnl ij kl ijmn i j ijmn ij mn

F
i ijmn m n ijmn mn j i ijkmnl l ij k mn

L C R C D P R

C D C R C D D dV

P C R C D n R C n D D dF

δ δ

δ

δ δ

= + + +

+ − − +

+ − + − =

∫∫∫

∫∫Ò
                                                  (5)
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Óðàâíåíèÿ ðàâíîâåñèÿ ñèë Pi = 0 è ìîìåíòîâ Mmn = 0:

11 12 2
, ,

22 2 22 2 12
, ,

0

0

V
i ijmn m nj ijmn mn j i

mn ijkmnl ij kl ijmn ij ijmn i j

P C R C D P

M C D C D C R

 = + + =


= − − =
                                                                                               (6)

Ââåäåì äëÿ âåêòîðà ïåðåìåùåíèé âåêòîðíûé ïîòåíöèàë ψ
i
 ñîîòíîøåíèåì:

1 1 2 2
1 2 , 1 2 ,i i i k ki i k kiR a a a aψ ψ ψ ψ ψ= − ∆ − + ∆∆ + ∆ .                                                                                    (7)

Òåíçîð ñòåñíåííûõ äèñòîðñèé, âûðàæåííûé ÷åðåç âåêòîðíûé ïîòåíöèàë:

1 1 2 2
, , 1 , 2 , 1 , 2 ,i j i j i j k kij i j k kijR a a a aψ ψ ψ ψ ψ= − ∆ − + ∆∆ + ∆ .                                                                          (8)

Òåíçîð ñâîáîäíûõ äèñòîðñèé, âûðàæåííûé ÷åðåç âåêòîðíûé ïîòåíöèàë:

2 1 1 1
1 , 2 , 3 , 1 , 2 , 3 , 4 ,ij ij ij k k i j j i ij k k j i i j k kijD D c c c D D D Dδ ψ ψ ψ δ ψ ψ ψ ψ= + + + + ∆ + ∆ + ∆ +o .                               (9)

Îáðàòèì âíèìàíèå íà òî, ÷òî òåíçîð ñòåñíåííîé äèñòîðñèè óäîâëåòâîðÿåò óñëîâèÿì ñîâìåñòíîñòè �
êàæäîå ñëàãàåìîå â (8) ÿâëÿåòñÿ ãðàäèåíòîì íåêîòîðîãî âåêòîðà, à â öåëîì � ñòåñíåííàÿ äèñòîðñèÿ (8)
ÿâëÿåòñÿ ãðàäèåíòîì âåêòîðà ïåðåìåùåíèé (7). Â òî æå âðåìÿ òåíçîð ñâîáîäíîé äèñòîðñèè (9) íå óäîâëåò-
âîðÿåò óñëîâèÿì ñîâìåñòíîñòè, òàê êàê âñå ñëàãàåìûå, êðîìå âòîðîãî è øåñòîãî íå ÿâëÿþòñÿ ãðàäèåíòà-
ìè íåêîòîðûõ âåêòîðîâ. Ïîýòîìó è â öåëîì: íå ñóùåñòâóåò òàêîãî íåïðåðûâíîãî âåêòîðà, ãðàäèåíòîì
êîòîðîãî ìîã áû áûòü òåíçîð ñâîáîäíîé äèñòîðñèè (9).

Ïîäñòàâëÿÿ (8) è (9) â óðàâíåíèÿ ðàâíîâåñèÿ ìîìåíòîâ (6), îáíàðóæèì, ÷òî îíè òîæäåñòâåííî óäîâëåò-

âîðÿþòñÿ ïðè ïðîèçâîëüíîì âåêòîðå-ïîòåíöèàëå ψ
i
, åñëè ïàðàìåòðû 1 1

1 2,a a , 2 2
1 2,a a , 1 1 1

1 2 3, ,c c c  è

1 2 3 4, , ,D D D D  óäîâëåòâîðÿþò ñèñòåìå îäèííàäöàòè íåîäíîðîäíûõ ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

22 22 1 22 1 22 1 12
1 2 3

22 22 1 22 22 1 12 12
2 3

22 22 1 22 22 1 12 12
2 3

(2 3 )

( ) ( ) ( )

( ) ( ) ( )

c c c

c c

c c

µ λ λ λ λ
µ χ µ χ µ χ
µ χ µ χ µ χ

 + + + = −


+ + − = − +
 − + + = − −

                                                                                      (10a)

22 12 1
4 2

22 22 22 22 1 22 22 22 1 22 22 22 1
0 3 6 7 1 0 3 6 2 0 3 7 3

22 22 22 22 22 12 1 12 1
1 2 3 4 1 2

22 22 22 22 1 22 22 1 22 22 1
0 5 8 10 1 0 5 2 0 5 3

22 22
2

2 2

(3 ) ( / 2 ) ( / 2 )

(2 3 )

( 3 ) ( ) ( )

( )

D a

C C C C c C C C c C C C c

D D D D a a

C C C C c C C c C C c

D

µ µ

µ λ λ λ λ λ λ

µ χ

− =
= + + + + + + + + +

+ + + + − − =
= + + + + + + +

+ + 22 22 12 12 1 22 22 1 22 22 1
3 1 3 10 2 6 8 3

22 22 22 22 12 12 1 22 22 1 22 22 1
2 3 1 8 7 2 3 10 3

( ) ( ) ( / 2 ) ( )

( ) ( ) ( ) ( ) ( / 2 )

D a C C c C C c

D D a C C c C C c

µ χ µ χ
µ χ µ χ µ χ







 − − − = + + +
 − + + − + = + + +

                         (10b)
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22 22 22 22 22 22 22 22 22 22
0 3 6 7 1 0 3 7 2 0 3 6 3

22 22 22 22 22 22 12 2
0 3 6 7 8 10 4 2

22 22 22 22 22 22 22 22 22 22
0 5 8 10 1 0 5 2 0 5 3 0 5 4

12 2 2
1 2

22
6

(3 ) ( / 2 ) ( / 2 )

( ) 2 0

( 3 ) ( ) ( ) ( )

( ) 0

(

C C C C D C C C D C C C D

C C C C C C D a

C C C C D C C D C C D C C D

a a

C

µ

λ

+ + + + + + + + + +
+ + + + + + − =

+ + + + + + + + + −
− + =

22 22 22 12 12 2
8 2 3 10 3 1

22 22 22 22 12 12 2
3 10 2 7 8 3 1

) ( / 2 ) ( ) 0

( / 2 ) ( ) ( ) 0

C D C C D a

C C D C C D a

µ χ
µ χ







 + + + − − =
 + + + − + =

                          (10c)

à òåíçîð ijD o  ñèñòåìå îäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

22 22
, 0ijkmnl ij kl ijmn ijC D C D− =o o .                                                                                                                       (11)

Ïîäñòàâëÿÿ (8) è (9) â óðàâíåíèÿ ðàâíîâåñèÿ ñèë, îáíàðóæèì, ÷òî çàïèñàííûå ñ ïîìîùüþ âåêòîðíîãî
ïîòåíöèàëà:

11 11 12 12 1 12 12 1
2 3 ,

11 11 12 12 1 12 12 1 1
1 2 3 ,

11 11 1 12 12 12 12
1 2 3 ,

11 11 1 1 12 12 12 1
1 2 1

[( ) ( ) ( ) ]( )

[(2 ) (2 3 ) (2 )( )]

[( ) ( ) ( ) ] ( )

[(2 )( ) (2 3 ) (2

i k ki

k ki

i k ki

c c

c c c

a D D

a a D

µ χ µ χ µ χ ψ ψ
µ λ µ λ µ λ ψ

µ χ µ χ µ χ ψ ψ
µ λ µ λ µ λ

+ + + + + − ∆ − +

+ + + + + + + −

− + − − − + ∆ ∆ − −

− + + − + − + 2
2 3 4 ,

11 11 2 11 11 2 2
1 , 1 2 ,

)( )]

( ) ( ) (2 )( ) 0

k ki

V
i k ki k ki i

D D D

a a a P

ψ
µ χ ψ ψ µ λ ψ

+ + ∆ +

+ + ∆∆ ∆ − + + + ∆∆ + =

                               (12)

îíè äàþò ðàçðåøàþùèå óðàâíåíèÿ íà âåêòîð-ïîòåíöèàë, åñëè òåíçîð *
ijD  îäíîâðåìåííî ñ ñèñòåìîé (11)

óäîâëåòâîðÿåò åù¸ è îäíîðîäíûì îòíîñèòåëüíî ïåðåìåùåíèé óðàâíåíèÿì ðàâíîâåñèÿ ñèë:

12
, 0ijmn mn jC D =o .                                                                                                                                       (13)

Äàäèì ñëåäóþùèå îïðåäåëåíèÿ ïàðàìåòðàì ñðåäû ÷åðåç èñõîäíûå êîìïîíåíòû òåíçîðîâ ìîäóëåé:

11 11 12 12 1 12 12 1
2 3

11 11 12 12 1 12 12 1 1
1 2 3

2 2 11 11 1 12 12 12 12
1 2 1 2 3

2 2
1 2

11 11 1 1 12
1 2

( ) [( ) ( ) ( ) ]

(2 ) [(2 ) (2 3 ) (2 )( )]

( )( ) [( ) ( ) ( ) ]

(2 )( )

[(2 )( ) (2 3

c c

c c c

l l a D D

l l

a a

ω ω

θ θ

µ χ µ χ µ χ µ χ
µ λ µ λ µ λ µ λ

µ χ µ χ µ χ µ χ
µ λ

µ λ µ λ

+ = + + + + −
+ = + + + + + +

+ + = + − − − +
+ + =

= + + − + 12 12 12
1 2 3 4

2 2 11 11 2
1 2 1

2 2 11 11 2 2
1 2 1 2

) (2 )( )]

( ) ( )

(2 ) (2 )( )

D D D D

l l a

l l a a

ω ω

θ θ

µ λ
µ χ µ χ
µ λ µ λ







 − + + +
 + = +


+ = + +

                                           (14)
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Îáðàòèì âíèìàíèå íà òî, ÷òî ïàðàìåòðû 1 1
1 2,a a , 2 2

1 2,a a , 1 1 1
1 2 3, ,c c c  è 1 2 3 4, , ,D D D D  âûðàæàþòñÿ ÷åðåç

êîìïîíåíòû èñõîäíûõ òåíçîðîâ êëàññè÷åñêèõ è íåêëàññè÷åñêèõ ìîäóëåé óòî÷íåííîé òåîðèè Ìèíäëèíà â
ñîîòâåòñòâèè ñ ñèñòåìîé (10).

Òîãäà óðàâíåíèÿ ðàâíîâåñèÿ ñèë (12) ñ ó÷åòîì (14) ïðèâîäÿòñÿ ê âèäó:

1 2

, ,

1 2 2
1 , 1 ,

2 2 2
2 , 2 ,

0

(...) ( )( (...) (...) ) (2 )(...)

(...) ( (...) (...) ) (...) (...)

(...) ( (...) (...) ) (...) (...)

V
ip pq qj j i

ip ip ip ip

pq pq pq pq pq

qj qj qj qj qj

L H H P

L

H l l

H l l

ω θ

ω θ

ψ
µ χ δ µ λ

δ δ

δ δ

+ =

= + ∆ − + +
 = ∆ − + ∆ −
 = ∆ − + ∆ −

                                                                       (15)

Ôîðìà è ñòðóêòóðà óðàâíåíèé ðàâíîâåñèÿ ñèë (15) ïîêàçûâàþò, ÷òî âåêòîð-ïîòåíöèàë ñîäåðæèò íàðÿäó

ñ ÷àñòíûì ðåøåíèåì 
*
iψ  íåîäíîðîäíûõ óðàâíåíèé (15) òðè ôóíäàìåíòàëüíûõ ðåøåíèÿ 0 1 2, ,i i iψ ψ ψ :

0 1 2 *

0 0 0 0
, ,

1 1 2 1 1 2 1 1
1 , 1 ,

2 2 2 2 2 2 2 2
2 , 2 ,

1 2 *

( )( ) (2 ) 0

( ) 0

( ) 0

0

i i i i i

ip p ip p p pi p pi

pq q p q pq q pq p

qj j q j jq j jq q

V
ip pq qj j i

L

H l l

H l l

L H H P

ω θ

ω θ

ψ ψ ψ ψ ψ

ψ µ χ δ ψ ψ µ λ ψ

ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ

ψ

= + + +

 = + ∆ − + + =


= ∆ − + − =
 = ∆ − + − =

+ =

                                                                       (16)

Ââåäåì äëÿ êàæäîãî ôóíäàìåíòàëüíîãî ðåøåíèÿ ñâîé âåêòîð ïîòåíöèàë:

0 0 0 0
, ,

1 2 1 1 2 1 1
1 , 1 ,

2 2 2 2 2 2 2
2 , 2 ,

( ) ( ) / (2 )

( )

( )

p p j jp j jp

q q j jq j jq q

j j p pj p pj j

l l

l l

θ ω

θ ω

ψ φ φ φ µ χ µ λ

ψ φ φ φ φ

ψ φ φ φ φ

 = ∆ − + + +


= ∆ − + −
 = ∆ − + −

                                                                                         (17)

Òîãäà ðàçðåøàþùèå óðàâíåíèÿ íà âåêòîðû êëàññè÷åñêèõ 0
iψ  è äâóõ êîãåçèîííûõ ïåðåìåùåíèé 1 2,i iψ ψ

ìîãóò áûòü ïðåäñòàâëåíû ïðîèçâåäåíèåì äâóõ ñêàëÿðíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà, äåéñòâóþùèå íà
ñîîòâåòñòâóþùèå âåêòîð-ïîòåíöèàëû:

0 0

1 1 2 2 1
1 1

2 2 2 2 2
2 2

( ) 0

[ (...) (...)][ (...) (...)] 0

[ (...) (...)][ (...) (...)] 0

ip p i

pq q p

qj j q

L

H l l

H l l

ω θ

ω θ

ψ µ χ φ

ψ φ

ψ φ

 = + ∆∆ =


= ∆ − ∆ − =
 = ∆ − ∆ − =

                                                                                    (18)

Îáðàòèì âíèìàíèå íà òî, ÷òî êëàññè÷åñêîå ðåøåíèå 0
pψ  â (17) åñòåñòâåííûì îáðàçîì ðàñïàëîñü íà

ñóììó âèõðåâîãî è ïîòåíöèàëüíîãî ïîëÿ. Äåéñòâèòåëüíî, ïîëå 0 0
,( )p j jpφ φ∆ −  èìååò äèâåðãåíöèþ, òîæäå-
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ñòâåííî ðàâíóþ íóëþ, è ïî îïðåäåëåíèþ ÿâëÿåòñÿ âèõðåâûì. Ñîîòâåòñòâåííî, ïîëå 0
, ( ) / (2 )j jpφ µ χ µ λ+ +

èìååò ðîòîð, òîæäåñòâåííî ðàâíûé íóëþ è ïî îïðåäåëåíèþ ÿâëÿåòñÿ ïîòåíöèàëüíûì. Ê ñîæàëåíèþ, òàêîå
åñòåñòâåííîå ðàçäåëåíèå íå ïðîèçîøëî ñ îñòàâøèìèñÿ äâóìÿ êîãåçèîííûìè ïîëÿìè. Òåì íå ìåíåå, òàêîå
ðàçäåëåíèå ìîæíî îñóùåñòâèòü, ïðèáåãíóâ ê ñëåäóþùåé ïðîöåäóðå. Ïðåäñòàâèì âåêòîð-ïîòåíöèàëû êîãå-
çèîííûõ ïîëåé êàê ñóïåðïîçèöèè ñîáñòâåííûõ ôóíêöèé îïåðàòîðîâ âòîðîãî ïîðÿäêà, ÿâëÿþùèõñÿ ñîìíîæè-
òåëÿìè â óðàâíåíèÿõ (18):

1 1 1

2 1 1
1

2 1 1
1

0

0

p p p

p p

p p

l

l

ω θ

ω ω
ω

θ θ
θ

φ φ φ

φ φ

φ φ

= +

 ∆ − =


∆ − =

2 2 2

2 2 2
2

2 2 2
2

0

0

p p p

p p

p p

l

l

ω θ

ω ω
ω

θ θ
θ

φ φ φ

φ φ

φ φ

= +

 ∆ − =


∆ − =
                                                                                    (19)

Ñ ó÷åòîì (19), âåêòîð-ïîòåíöèàëû 1
qψ  è 2

qψ  â ñîîòâåòñòâèè ñ (17) áóäóò âûðàæàòüñÿ ÷åðåç 1 1,p p
ω θφ φ  è

2 2,p p
ω θφ φ  â ñëåäóþùåì âèäå:

0 0 0 0
, ,

1 2 2 1 1 2 2 1
1 1 , 1 1 ,

2 2 2 2 2 2 2 2
2 2 , 2 2 ,

( ) ( ) / (2 )

( )( ) ( )

( )( ) ( )

q q j jq j jq

q q j jq j jq

q q j jq j jq

l l l l

l l l l

ω ω θ
θ ω θ ω

ω ω θ
θ ω θ ω

ψ φ φ φ µ χ µ λ

ψ φ φ φ

ψ φ φ φ

 = ∆ − + + +


= − ∆ − − −
 = − ∆ − − −

                                                                                   (20)

Ïåðâûå ñëàãàåìûå â (20) èìåþò äèâåðãåíöèþ, òîæäåñòâåííî ðàâíóþ íóëþ, è ïî îïðåäåëåíèþ ÿâëÿþòñÿ
âèõðåâûìè ïîëÿìè. Âòîðûå ñëàãàåìûå èìåþò ðîòîð, òîæäåñòâåííî ðàâíûé íóëþ, è ïî îïðåäåëåíèþ ÿâëÿ-
þòñÿ ïîòåíöèàëüíûìè ïîëÿìè.

Îáðàòèì âíèìàíèå íà òî, ÷òî â (20) âõîäÿò òîëüêî âèõðè âåêòîðíûõ ïîëåé 1 2,p p
ω ωφ φ . Ïîýòîìó ìîæíî

ïîòðåáîâàòü, ÷òîáû è ñàìè âåêòîðíûå ïîëÿ 1 2,p p
ω ωφ φ  áûëè âèõðåâûìè:

1
,

2
,

0

0

p p

p p

ω

ω

φ
φ

=

=                                                                                                                                                   (21)

Ñîîòâåòñòâåííî, â (20) âõîäÿò òîëüêî ãðàäèåíòû äèâåðãåíöèè âåêòîðíûõ ïîëåé 1 2,p p
θ θφ φ . Ïîýòîìó ìîæ-

íî ïîòðåáîâàòü, ÷òîáû è ñàìè ýòè âåêòîðíûå ïîëÿ ÿâëÿëèñü ãðàäèåíòàìè ñêàëÿðîâ:

1 2 2 1
1 1 ,

1 2 2 2
2 2 ,

( )

( )

p p

p p

l l

l l

θ θ
θ ω

θ θ
θ ω

φ φ
φ φ

= − −

= − −                                                                                                                                (22)

Òîãäà ñîîòíîøåíèÿ (20) ïðèîáðåòàþò ôèíàëüíûé âèä:

0 0 0 0
, ,

1 2 2 1 1
1 1 ,

2 2 2 2 2
2 2 ,

( ) ( ) / (2 )

( / 1)

( / 1)

q q j jq j jq

q q q

q q q

l l

l l

ω θ
θ ω

ω θ
θ ω

ψ φ φ φ µ χ µ λ

ψ φ φ

ψ φ φ

 = ∆ − + + +


= − +
 = − +

                                                                                        (23)
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Âåðíåìñÿ òåïåðü ê âûðàæåíèþ (7). Âåêòîð ïåðåìåùåíèé ñ ó÷åòîì (16), (17), (19) è (23) âûðàæàåòñÿ
÷åðåç ôóíäàìåíòàëüíûå ôóíêöèè ñëåäóþùèì îáðàçîì:

1 2 *

0 1 0 1 0 2 0 2 0
1 2 , 1 2 ,

1 1 1 1 1 1 2 1 2 1
1 2 , 1 2 ,

2 2 1 2 1 2 2 2 2 2
1 2 , 1 2 ,

* * 1 * 1 * 2 * 2 *
1 2 , 1 2 ,

i i i i i

i i i k ki i k ki

i i i k ki i k ki

i i i k ki i k ki

i i i k ki i k ki

R U u u R

U a a a a

u a a a a

u a a a a

R a a a a

ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ
ψ ψ ψ ψ ψ

= + + +

 = − ∆ − + ∆∆ + ∆


= − ∆ − + ∆∆ + ∆


= − ∆ − + ∆∆ + ∆

= − ∆ − + ∆∆ + ∆




                                                                             (24)

Çäåñü ââåäåíû îáîçíà÷åíèÿ êëàññè÷åñêîãî âåêòîðà ïåðåìåùåíèé Ui è äâóõ ïîëåé êîãåçèîííûõ ïåðåìå-

ùåíèé 1
iu  è 2

iu . C ó÷åòîì (20), ïîëó÷èì âûðàæåíèå ïåðåìåùåíèé ÷åðåç ôóíäàìåíòàëüíûå ôóíêöèè:

1 0 0 1 1 0
1 , 1 2 ,

2 2 1 2 1 1 2 2
1 1 1 1 1 2 1 21 1 2 2 1

1 1 ,2 2 2 2 2 2 2
1 1 1 1 1 1 1

2 2
2 2 12

2
2

[(...) (...)]( ) [(...) ( ) (...)] ( ) / (2 )

( ) ( ) ( )
(1 ) ( )( 1 )

( )
(1

i i j ji j ji

i i j ji

i

U a a a

l l a a a a a a
u l l

l l l l l l l

l l a
u

l

θ ω ω θ
θ ω

ω ω ω ω θ θ θ

θ ω

ω

φ φ φ µ χ µ λ

φ φ

= − ∆ ∆ − + − + ∆ + +

− + −= − + + − − + −

−= −
1 2 1 1 2 2

1 1 2 1 22 2 2 2
2 2 ,2 2 2 2 2 2

2 2 2 2 2 2

* * 1 * 1 * 2 * 2 *
1 2 , 1 2 ,

( ) ( )
) ( )( 1 )i j ji

i i i k ki i k ki

a a a a a
l l

l l l l l l

R a a a a

ω θ
θ ω

ω ω ω θ θ θ
φ φ

ψ ψ ψ ψ ψ







+ + + + − − + −


= − ∆ − + ∆∆ + ∆

                               (25)

Âåðíåìñÿ ê âûðàæåíèþ (9). Òåíçîð ñâîáîäíûõ äèñòîðñèé, âûðàæàåòñÿ ÷åðåç ôóíäàìåíòàëüíûå ôóíê-
öèè ñëåäóþùèì îáðàçîì:

2 1 0 0 0 1 0 0 1 0 0
2 , 3 , 4 , 3 , 2 , 1 , 1 ,

2 2 2 2
1 1 1 11 2 1 1 1 2 1

2 3 1 , 2 3 1 2 3 4 ,2 2
1 1

2 2
1 1 1 2

3 2 12
1

{ }

( ) ( )
{ ( / ) [( ) ( )]

( )
( / )

ij ij i j i j k kij j i j i ij k k ij k k

i j k kij

j

D D c D D c D c D

l l l l
c D l c c l D D D

l l

l l
c D l

l

θ ω θ ωω θ
ω θ

ω θ

θ ω
ω

ω

ψ ψ ψ ψ ψ δ ψ δ ψ

φ φ

φ

= + + ∆ + + + ∆ + + ∆ +

− −+ + − + + + + −

−+ +

o

2 2
1 11 1 2 1

, 1 1 1 ,2
1

2 2 2 2
2 2 2 21 2 2 1 1 2 2

2 3 2 , 2 3 2 2 3 4 ,2 2
2 2

2 2 2 2
2 2 2 21 2 2 1 2

3 2 2 , 1 1 22 2
2 2

( )
( / ) }

( ) ( )
{ ( / ) [( ) ( )]

( ) ( )
( / ) ( / )

i ij k k

i j k kij

j i ij k

l l
c D l

l

l l l l
c D l c c l D D D

l l

l l l l
c D l c D l

l l

θ ωω θ
θ

θ

θ ω θ ωω θ
ω θ

ω θ
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+
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                        (26)

Îáðàòèì âíèìàíèå íà òî, ÷òî ñîîòíîøåíèÿ (18) îïðåäåëÿþò ðàçðåøàþùèå óðàâíåíèÿ äëÿ äåâÿòè êîì-

ïîíåíòîâ òðåõ òðåõìåðíûõ âåêòîðîâ, áóäü òî ôóíäàìåíòàëüíûå ôóíêöèè 0 1 2, ,i i iψ ψ ψ , èëè âåêòîðû  êëàññè-
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÷åñêèõ iU  è êîãåçèîííûõ ïåðåìåùåíèé 1
iu  è 2

iu . Òàêèì îáðàçîì, îñòàëîñü ïîñòðîèòü åù¸ òðè ôóíäàìåí-
òàëüíûõ ôóíêöèè, êîòîðûå îïðåäåëÿþòñÿ ñèñòåìîé îäíîðîäíûõ óðàâíåíèé (11), (13). Äëÿ óäîáñòâà ââåäåì

îïðåäåëåíèÿ ñâîáîäíîãî èçìåíåíèÿ îáú¸ìà θ o , ñïèíà ijω o  è ñâîáîäíîãî ôîðìîèçìåíåíèÿ ijγ o :

( ) / 2

( ) / 2 / 3

kk

ij ij ji

ij ij ji kk ij

D

D D

D D D

θ
ω

γ δ

 =


= −
 = + −

o o

o o o

o o o o

                                                                                                              (27)

Òîãäà ðàçâåðíóòîì âèäå, ñ ó÷åòîì (3),(4) è (27), ñèñòåìà (11) èìååò âèä:

2 22 22 2 2
1 2 , ,

2 22 2 2 2 2
6 2 , 3 , 4 , ,

2 2 2
2 , 3 , 4 , ,
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,
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                                                 (28)

Çäåñü ââåäåíû íîâûå îïðåäåëåíèÿ ìîäóëåé òåíçîðà Ìèíäëèíà, êîòîðûå ÿâëÿþòñÿ ìíîæèòåëÿìè ïðè
ñîîòâåòñòâóþùèõ ñëàãàåìûõ ïëîòíîñòè ïîòåíöèàëüíîé ýíåðãèè êðèâèçí:

2 2 2 2 2 2 2 2
1 , , 2 , , 3 , , 4 , ,
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
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Êàê õîðîøî âèäíî èç ñòðóêòóðû ïëîòíîñòè ïîòåíöèàëüíîé ýíåðãèè êðèâèçí, ìîäóëè 6 7,M MC C  ñòîÿò ìíî-

æèòåëÿìè ïðè êàíîíè÷åñêèõ ïîëîæèòåëüíî îïðåäåëåííûõ êâàäðàòè÷íûõ ôîðìàõ, îáðàçîâàííûõ ñâåðòêàìè

òåíçîðîâ òðåòüåãî ðàíãà 2
,ij kγ  è 2

,ij kω .
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Ïÿòü ìîäóëåé 1 2 3 4 5, , , ,M M M M MC C C C C  ÿâëÿþòñÿ ìíîæèòåëÿìè íåêàíîíè÷åñêîé êâàäðàòè÷íîé ôîðìû

îòíîñèòåëüíî òðåõ âåêòîðîâ 2 2 2
, , ,, ,k kj j kj jθ γ ω . Øåñòîé ìîäóëü, êîòîðûé ôîðìàëüíî äîëæåí áûë ñòîÿòü ìíî-

æèòåëåì ïðè áèëèíåéíîì ñëàãàåìîì 2 2
, ,k kj jθ ω , ïðèíóäèòåëüíî ïîëîæåí ðàâíûì íóëþ, ÷òîáû ñîîòâåòñòâóþ-

ùàÿ ýòîìó ñëàãàåìîìó ïîòåíöèàëüíàÿ ýíåðãèÿ íå áûëà íå ïîëîæèòåëüíî îïðåäåëåííîé [6].
Â ðàçâåðíóòîì âèäå, ñ ó÷åòîì (3), (4) è (27), ñèñòåìà (13) èìååò âèä:

12 12 12
, , ,2 2 0i ij j ij jK θ µ γ χ ω+ + =o o o .                                                                                                            (29)

Ïîäåéñòâóåì íà âòîðîå è òðåòüå óðàâíåíèÿ ñèñòåìû (28) îïåðàòîðîì äèâåðãåíöèè, à íà óðàâíåíèå (29)
� îïåðàòîðîì Ëàïëàñà. Â ðåçóëüòàòå, èñêëþ÷àÿ ñòàðøèå ïðîèçâîäíûå, ïîëó÷èì:
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 =

o

o

o

                                                                                                                                              (30)

Âîçâðàùàÿñü ê èñõîäíîé ñèñòåìå (28)-(29), ñ ó÷åòîì (30) èìååì:
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Ïåðâàÿ ñèñòåìà çàïèñàíà îòíîñèòåëüíî ïÿòè ëèíåéíî íåçàâèñèìûõ êîìïîíåíò òåíçîðà äåâèàòîðà ijγ o .

Âñå îíè óäîâëåòâîðÿþò óðàâíåíèþ Ãåëüìãîëüöà, ïðè÷åì ìåæäó íèìè ñóùåñòâóþò òðè ñâÿçè, îïðåäåëÿå-

ìûå âåêòîðíûì óðàâíåíèåì , 0ij jγ =o .

Âòîðàÿ ñèñòåìà èìååò ðåøåíèå, âûðàæåííîå ÷åðåç ïñåâäîñêàëÿð Ω, óäîâëåòâîðÿþùèé óðàâíåíèþ Ãåëü-
ìãîëüöà:

22
7 2 0

ij ,k ijk

M

Ý

C

ω
χ

 = Ω


∆Ω − Ω =

o

                                                                                                                         (31)

Çàêëþ÷åíèå

Ïîñòðîåíî îáùåå ðåøåíèå óðàâíåíèé óòî÷íåííîé òåîðèè Ìèíäëèíà. Îíî ñîäåðæèò òðè êîìïîíåíòû

âåêòîðà êëàññè÷åñêèõ ïåðåìåùåíèé Ui, øåñòü êîìïîíåíò äâóõ âåêòîðîâ êîãåçèîííûõ ïåðåìåùåíèé 
1
iu  è

2
iu , äâå èç ïÿòè êîìïîíåíò òåíçîðà-äåâèàòîðà íåñîâìåñòíûõ äèñòîðñèé ijγ o  è ïîòåíöèàë òåíçîðà íåñîâìåñ-

òíûõ ïîâîðîòîâ Ω. Ïî ýòèì ôóíäàìåíòàëüíûì ðåøåíèÿì ñòðîÿòñÿ îñíîâíûå êèíåìàòè÷åñêèå ïåðåìåí-
íûå: âåêòîð ïåðåìåùåíèé è òåíçîð íåñîâìåñòíûõ äèñòîðñèé. Äâà ïîëÿ êîãåçèîííûõ ïåðåìåùåíèé ÿâëÿþò-
ñÿ èëè êîìïëåêñíî-ñîïðÿæåííûìè, èëè (â âûðîæäåííîì ñëó÷àå) îïðåäåëÿþòñÿ êðàòíûìè îïåðàòîðàìè â
ñîîòâåòñòâèè ñ (15) è (16). È â òîì, è â äðóãîì ñëó÷àå ïîëÿ êîãåçèîííûõ ïåðåìåùåíèé â òåîðèè Ìèíäëèíà
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ïðèíöèïèàëüíî íå ìîãóò áûòü ñâåäåíû ê ïîëþ êîãåçèîííûõ ïåðåìåùåíèé òåîðèè Òóïèíà. Äåéñòâèòåëüíî,
ïîëå êîãåçèîííûõ ïåðåìåùåíèé â òåîðèè Òóïèíà îïðåäåëÿåò äîïîëíèòåëüíûå ïåðåìåùåíèÿ â èäåàëüíîé
(áåçäåôåêòíîé) ñðåäå. Ñ äðóãîé ñòîðîíû, ìîäóëè òåíçîðà Ìèíäëèíà îïðåäåëÿþò ñâîéñòâà äåôåêòíîé ñðå-
äû è, ñîîòâåòñòâåííî, ñâîéñòâà êîãåçèîííûõ ïîëåé òåîðèè Ìèíäëèíà.

Õàðàêòåðíûå äëèíû êîãåçèîííûõ âçàèìîäåéñòâèé � êà÷åñòâåííî èíûå ìåõàíè÷åñêèå ïàðàìåòðû ñðå-
äû. Â òåîðèè Òóïèíà - ýòî õàðàêòåðíûå äëèíû êîãåçèîííûõ âçàèìîäåéñòâèé â èäåàëüíûõ (áåçäåôåêòíûõ)
ñðåäàõ, à â òåîðèè Ìèíäëèíà � õàðàêòåðíûå äëèíû êîãåçèîííûõ âçàèìîäåéñòâèé â ñðåäàõ ñ ïîëÿìè ñîõðà-
íÿþùèõñÿ äèñëîêàöèé. Ñåìü êîìïîíåíò òåíçîðà Ìèíäëèíà îïðåäåëÿþò: äâå õàðàêòåðíûå äëèíû ïîòåíöè-
àëüíûõ ÷àñòåé êîãåçèîííûõ ïåðåìåùåíèé, äâå õàðàêòåðíûõ äëèíû âèõðåâûõ ÷àñòåé êîãåçèîííûõ ïåðåìå-
ùåíèé, õàðàêòåðíóþ äëèíó ïîòåíöèàëüíîé ÷àñòè ñïèíîâ (íåñîâìåñòíûõ ïñåâäîïîâîðîòîâ), è õàðàêòåðíóþ
äëèíó òåíçîðà-äåâèàòîðà íåñîâìåñòíûõ äåôîðìàöèé.

Òàêèì îáðàçîì, íåîáõîäèìû äîïîëíèòåëüíûå èññëåäîâàíèÿ ïî îáîñíîâàíèþ ñîêðàùåíèÿ êîëè÷åñòâà
êîìïîíåíòîâ òåíçîðà Ìèíäëèíà ñ ñåìè äî øåñòè.

Êðàåâàÿ çàäà÷à ïðåäñòàâëÿåò ñîáîé ñèñòåìó äâåíàäöàòè àëüòåðíàòèâíûõ ïàð ãðàíè÷íûõ óñëîâèé â êàæ-
äîé íå îñîáåííîé òî÷êå ïîâåðõíîñòè òåëà.

Ïîäðîáíûé àíàëèç ñïåêòðà êðàåâûõ çàäà÷ â òåîðèè Ìèíäëèíà ÿâëÿåòñÿ ñëîæíîé, òðåáóþùåé îòäåëüíî-
ãî èññëåäîâàíèÿ, ïðîáëåìîé.
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