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1. Introduction

In recent years quite a number of phenomena well described by the classical
concept of electron trajectories have been discovered in the field of physics of
metals. A number of quantum mechanical operations were realized. while
constructing the theory: a gas of elementary excitations (quasi-particles
known as “electrons”) that complies with a complicated dispersion which is
related to reflecting the symmetry of a crystal lattice, is introduced and use is
made of the Fermi statistics leading to the concept of Fermi surfaces. Then,
in quite a number of cases, the movement of a quasi-particle-electron may be
considered as classical with the use of such conceptions as the electron trajec-
tories, effective mass m, mean free path /, character of scattering at metal
surfaces, etc. It may be easily shown (see for example the discussion in Ref. 1)
that such a consideration is valid up to those magnetic fields at which the
distance between quantum energy levels is still very small as compared with
characteristic energies of the dispersion law. At the same time the sample size
should considerably exceed interatomic distances. Such a semi-classical
approach requires sometimes (as in the case of magnetic breakdown, for
example) additional quantum considerations. Nevertheless it is the main way
of describing all the phenomena concerning kinetic processes.

The Azbel-Kaner cyclotron resonance presents a typical example of the
quasi-classical effect. The classical concepts are quite adequate to describe it:
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182 V. F. GANTMAKHER [cH. S5, § 1

an electron moving within a magnetic field H, applied parallel to the surface
of the metal, repeatedly returns to the skin layer every time finding the field
near the surface in one and the same phase, if the condition w = n{ is satisfied
(w is the frequency of the incident radio wave, Q=e¢H/mc is the cyclotron
frequency of the electron, » is an integer).

The radiofrequency size effects described in the present article also belong
to this same category of phenomena. Let us consider a plane—parallel metal
plate of thickness d experiencing the influence of an electromagnetic incident
wave. The following inequality should be satisfied

s<d<t, M

where 9 is the skin-layer depth. When a constant magnetic field is applied to
the plate, the straight electron trajectories change into complicated space
curves. In case of a spherical Fermi surface, for example, circle and helical
trajectories occur. The specific parameters of these curves (such as circle
diameter, pitch of helical line, etc.) are inversely proportional to the magni-
tude of the magnetic field. It can be expected, naturally, that for such values
of the field when these sizes become equal to d some singularities may occur
in the surface impedance of the plate. '

Size effects in direct current conductivity were discovered a long time ago 4.
The first of them was the increase of electrical resistance of a thin film as
compared with the resistance of a bulk metal due to restriction of the electron
free path / by the sample dimensions - 10. Furthermore, there are a number of
cases in the magnetoresistance of thin samples where the resistance decreases
as the magnetic field increases 11, while for bulk metal the increase of the field
Ieads usually to the increase of the resistance. This phenomenon occurs due
to the twisting of the electron trajectories: an average drift of an electron in
the magnetic field for the time of free path ,=//v is found to be much smaller
than the value of / and accordingly the influence of the sample boundaries
becomes of little importance. Thus, as the field is increased, the difference
between the thin and bulk samples should diminish. The resistance of a
sample in the form of a plane-parallel plate in the magnetic field H applied
perpendicular to the sample surface has an oscillating character12”14. The
helical trajectory of the electron moving from one surface of the plate to the
other is cut off at some turn fraction depending on the value of H. The
magnitude of this fraction determines the oscillating component of the
current.

If a supplementary small parameter with the dimensions of length exists in
the experiment, the size effect may become more distinct. Sharvin and
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Fisher?!5, for example, in their recent experiments obtained a more distinct
direct current size effect owing to the fact that the current was injected into
and removed from the sample through thin points having a diameter ranging
from 107° to 10~ *cm. An “electron beam” in the metal interior was focussed
from one thin point to the other with the aid of a magnetic field.

In the case of radiofrequencies, the skin-layer depth § is such a small para-
meter that more pronounced size effects are found in the impedance changes
within narrow spaces of the fields (4H/H~d/d). To explain causes of this
phenomenon let us turn to the theory of the anomalous skin-effect.

2. Principles of the theory

2.1. ANOMALOUS SKIN-EFFECT IN ZERO MAGNETIC FIELD

As it is well known there are two different approaches to the problem of the
anomalous skin-effect which, generally speaking, do not compete with one
another. The first entirely qualitative approach was developed by Pip-
pard 16.17, who based his theory on rather fine conceptions known under the
name of “ineffectiveness concept”. Pippard suggested that an effective con-
tribution to the skin-current is made only by those electrons which spend
most part of the time between collisions in the skin layer. The velocity of such
electrons forms with the surface angles less than §//. The remaining electrons
leave the skin layer too fast and therefore the electric field has no time to
affect them. Thus, it is possible to distinguish at the Fermi surface the effec-
tive region having the width // and located along the line vn=0 (v is the
electron velocity, n is the normal to the metal surface). Then the effective
electron ratio amounts to the order of magnitude §//. Introducing the effective
conductivity o4 =(5*/I) o, instead of the static conductivity o, into the well-
known formulae for the surface impedance Z= R+iX and the complex pene-
tration depth at normal skin-effect

1 /4nw\* .
Z=- (22 etn, @)
¢\ oy
6% = (c*/4niw) Z, » (3)
we obtain
27w\ |
Z=2 <”2(” > etin, )

[Formula (3) introduced the complex value 5*. Later, the symbol § will be
used for the real part of this value.]
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The second approach to the problem of the anomalous skin-effect suggests
a strictly mathematical solution of the problem of the propagation of electro-
magnetic waves in metals, when the current value at a given point is deter-
mined by the field distribution in the vicinity of the point having an electron
free-path size. For the first time this problem was solved for a metal in zero
magnetic field by Reuter and Sondheimer8. Their approach required the
solution of a system of equations comprising Maxwell’s equations, Boltz-
mann’s kinetic equation for the distribution function of the electrons f
depending on coordinate »r, momentum p and time ¢

df of _of of [df
__Efﬂ_i_.fm-{—'———: —_— s 5
at o Pap T T ar T\t )
and the expression for the current density j(r) at the given point
) 2e
105 [ = was. ©

Here, f, is the equilibrium distribution function, and 4 is Planck’s constant.
Egs. (5) and (6) substitute for Ohm’s law j=0,E. It is convenient to write
the solution of these equations with respect to j(r) in the form suggested by
Chambers!?. For an unbounded metal this solution can be represented in

the form
to

2

j(ro,te) =~ 2;5 jd3p v 56};0 J dt E(r,, ) v,(t) e 7, @)

¢ - o0

where ¢ is the electron energy, E is the electrical field vector, functions v,(t)
and r,(f)=ro+{i, v, dt=r,(ro, to, t) describe the trajectory along which the
electron with momentum p arrives at point ry, and the frequency v of col-
lisions between electrons and scatterers is assumed to be independent of p.
The meaning of expression (7) can be easily explained in the following way.
The electron is scattered into the trajectory r, at the moment ¢ previous to 7.
It is assumed that immediately after collisions the distribution function of
the electrons is an equilibrium function and corresponds to an energy & — 4e,
where Ae is the energy acquired by the electron from the applied electric
field during the time interval (¢, #,) while moving along the trajectory. The
addition to the distribution function which is of interest to us is equal to
fole—Ae)—f,(e)= —(8f,/e)4,. The integration over d*p in (7) covers all the
possible trajectories passing through the point r,, while the second integral
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determines a magnitude of the addition f; =f—f, along each of these tra-
jectories (the factor exp {—(7,—¢)v} is the probability that the electron will
reach the point r, without collisions).

In the case of a bounded metal some of the trajectories passing through r,
originate on the surface; the lower limit — oo of the second integral converts
into #,(p). Introducing (7) into Maxwell’s equations we arrive at an integral-
differential equation the solution of which for a half-space is described in
Ref. 18.

The results 18 are well known. The attention should be drawn to only one of
them which will be referred to below. Under conditions of anomalous skin-
effect it is impossible to describe the field in a metal with the aid of a damped
exponential wave®.20. The precise expression for the field contains two compo-
nents. One of them is connected with effective electrons and describes a sharp
decrease of the field near a metal surface. The other component caused by in-
effective electrons has the form e~ %/¢2 (where =2/, z is the distance from
the surface). This component is small, but it damps relatively slowly. In view
of such a complicated form of field damping, the value § which figures in the
ineffectiveness concept should be strictly determined. We have taken the
value § from relation (3) though it differs, of course, from the distance at
which the field becomes practically zero®. In any case, it is just this value (3)
which is determined by the measurements 21-25 of R and X.

2.2. ANOMALOUS SKIN-EFFECT IN A MAGNETIC FIELD

In the case of radiofrequency size effects, which is of interest to us, an ad-
ditional constant magnetic field is applied to a metal. The criterion of skin-
effect anomaly in the presence of the magnetic field is as follows

d<D, ®

where D is the characteristic size of the electron trajectories.

Let us consider the modification of both approaches to the anomalous
skin-effect in the presence of a constant magnetic field. Since the shape of
electron trajectories will be often dealt with below, it is useful to mention
the possible forms of electron trajectories in a magnetic field when the free
path is sufficiently long. The integrals of the equations of motion

p=(e/)[oH],  v=0e/op ©)
have the form

Ppu = const., ¢ = const. (10)
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It means that in momentum space an electron travels along the line of inter-
section of the isoenergetic surface ¢=const. with a plane normal to the
direction of field H. (To avoid misunderstanding we shall use below the term
“orbit” for an electron movement in the momentum space.) As the left part
of eq. (9) is the velocity along the p-orbit and the right part of this equation
contains the velocity along the r-trajectory, it can be seen from eq. (9) that
the electron orbit in momentum space (p-space) and the projection of the
electron trajectory in the r-space on a plane perpendicular to H are similar to
the similarity factor es/c and are rotated relative to each other through the
angle 3n. A set of electron orbits exists for every direction of a magnetic field,
as the py may assume any magnitude within the Brillouin zone (the energy ¢ is
fixed and equal to the Fermi energy ¢g). The corresponding trajectories may
be closed, helical and open ones. The closed trajectories correspond usually
to cross-sections of the Fermi surface containing a centre of symmetry. It
should be noted that these trajectories are not necessarily lying within the
plane which is perpendicular to H and, in general, they are not necessarily in
the shape of flat curves. The helical trajectories are obtained in the case of
non-central closed orbits. The mean velocity # along these trajectories is
parallel to H and the pitch depends on py. In the vicinity of the elliptical
limiting points where the plane perpendicular to H touches the Fermi surface
(the orbit degenerates to a point and the trajectory becomes a straight line)
the pitch and period of motion in time are the same for all helical trajectories.
The open trajectories exist only in metals with open Fermi surfaces, but not
for all directions of the magnetic field. The main feature of these trajectories
is that the motion is infinite in the plane perpendicular to H. There are also
trajectories with self-intersections!:2 corresponding to isolated values of py
but we will not discuss them here. The particular set of trajectories is deter-
mined, of course, by the Fermi surface and the direction of H relative to the
crystallographic axis.

Let us return to eq. (7). In the presence of a constant magnetic field the
equation remains valid, since this field changes only the electron trajectories
and this is taken into account in the functions r,(¢) and #,(p). But the inte-
gration in (7) becomes more complicated. The method of solving the problem
of the anomalous skin-effect in the presence of a magnetic field was worked
out by Azbel and Kaner26-28. The scheme of their method may be described
in the following way (see also Refs. 6 and 7).

Let a half-space z>0 be filled with a metal and have an electromagnetic
wave Ee™ ! falling upon it from the outside. In the cases which are of interest
to us it is possible to neglect the component of field E, in a metal along the
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normal Oz7 27, Maxwell’s equations in this case may be reduced to the
following two equations

d’E, 4niw |
_711(2)3 X=X,y. (11)

The problem of a half-space is then replaced with the problem of a whole
space excited “from the inside” in the plane z=0. For this purpose the field
and the current are continued in an even fashion into the region z<O0:
E(—z)=E(z). From eq. (7) for the current which should be solved together
with egs. (11), this operation means that we change boundary conditions for
the distribution function and use again — oo as the lower limit in the intrinsic
integral of eq. (7). As it can be seen in Fig. 1, this is not equivalent to the case

() (b)

Fig. 1. Electron trajectories in a magnetic field: (a) at formal even extension of the elec-
tric field to the region z << 0; (b) at specular scattering.

of specular scattering of electrons at the surface. This operation means rather
that we have completely neglected the scattering at the surface. The odd
extension of the field and currents to the region z<0 may be used with the
same success 3.

A basis for neglecting the boundary can be found in the work of Reuter
and Sondheimer!8. Their results show that in zero magnetic field the char-
acter of scattering at the surface only slightly influences the impedance value.
A similar result was obtained for the case of anomalous skin-effect in a
magnetic field 26, when the problem of the cyclotron resonance was solved for
the case of diffuse scattering (see also below, p. 192).

The transition from the half-space to the whole space makes it possible to
use the Fourier transformation for the solution of egs. (11). Using plane
waves with wave vector along the z axis one may draw the following formal
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relationship ,
I (k) =a,5(k) &4(K), (12)

between the Fourier components of the electric field

[ee]

E(k)=2 f E,(z)coskz dz (13)
0
and those of the current
(k)= 2fja(z) coskz dz
(4]

[in eq. (12) the summation over index f§ is supposed]. In the result of the
Fourier transformation the differential equations for E(z) are replaced with
the algebraic equations for ¢(k) which can be readily solved. The result of the
solution is

&, (k) = — 2[k*] — 4niwc™ %8 (k)].5"E; (0), (14)

where [ is the unit matrix, (k) is the conductivity tensor introduced by
eq. (12) and the prime denotes the derivative with respect to z. In many
problems the x and y axes may be chosen. in such a way that the non-
diagonal components of the tensor become equal to zero and as a result
eq. (14) takes the form:

~ 2E,(0)

, —xy. 15
? —4riwc 2o,(k)’ =Y (15)

£.k) =

(The term —2E’(0) appears in egs. (14) and (15) due to the fact that in the
case where the field is evenly continued into the region z<0 the derivative
0E/0z has a discontinuity at the plane z=0.) The problem is brought now to
the calculation of the tensor o,,(k).

The meaning of the operations carried out up to now is as follows. The sharp
inhomogeneity of the field near the surface of the metal is presented in a
form of superposition of monochromatic plane waves &(k)e™ "’ cos kz,
where o 1is the frequency of the external wave and the wave vectors k& form
a continuous spectrum with the width 4k~J~*. Now it is necessary to
determine the relationship between the field and the current for such mono-
chromatic waves only.

Up to now we have used Maxwell’s equations only. To determine the
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function o(k) it is necessary to use the kinetic equation. We have to introduce
the field in the form of the monochromatic wave

E.(z) = &(k)e " cos kz (16)

into the expression for the current (7) and to take into account the shape of
the electron trajectories.

For consideration of the electron trajectories it is convenient to use vari-
ables in the momentum space suggested in Ref. 29: the energy ¢, the mo-
mentum component along the field p, and the dimensionless time 7. The first
two variables are, as is clear from (10), the integrals of motion determining
the electron orbit in the momentum space, while T determines the position
of an electron in the orbit (phase of motion). The quantity = Qt, where ¢ is
the time of electron motion in the orbit measured from an arbitrary initial
moment. The integration over dp in eq. (7) implicates the integration over
all the trajectories passing through the point r,. After replacement of d3p=
|m| de dpy dr, the integration over de and dpy implicates the use of all the
possible orbits and jé” dt means the integration over all the trajectories
corresponding to a definite orbit and passing through the point 7, (see also
Refs. 7 and 28).

Introducing the electric field expressed in the form (16) into the integrand
of eq. (7), we obtain for E for example parallel to x:

to

Y (201t0) = f 41 E,(z,1) v, (1) exp{— (1o — 1)} =

—

_ é”x(k)exgpz(—iuﬂo) J dr v, (¢) exp {__ :Cl;)—-i-l (- To)} X

T

X cos k {zo + ;J v, () dr’}. 17

T0

Decomposing the cosine sum into two components we leave only the even
term cos kz, cos {(k/Q)fv. dt} in accordance with the previously chosen con-
tinuous extention of the current to the region z<0%*. Introducing (17) into
(7) and taking into account (12), we finally obtain the following general

* The term with the product of the sines when integrating over d3p would become zero
due to the central symmetry of the Fermi surfaces. It is just this symmetry that permits us
to introduce even extensions for E and for j simultaneously.
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expression for o,4(k)

(k) = 2:3[ - <68L:> dsfm SPH j dtg v,(7o) %
X J dt vy (1) exp {v —in (1o — r)} cos {gjvz («")dr'}. (18)

It is expression (18) that is used at the initial stage for each particular calcu-
lation. After the g,4(k) is determined for the particular conditions of the
problem, such as the range of frequencies @, the magnitude of the magnetic
field and its direction relative to the surface, the shape of the Fermi surface,
etc., the field is determined according to the common formula

oo}

Ea(z)=}[J5’a(k) cos kz dz, (19)

0

where &,(k) is obtained with the use of expressions (14) or (15).

There is, however, another operation which is common for all particular
calculations. Since k~37!, the expression under the cos in eq. (18) may
have, according to the condition (8), large values and, hence, cos kz(7,,7) is
a rapidly oscillating function. In other words, the trajectory encompasses
many wave lengths and the phase of the electric field along the trajectory is
rapidly oscillating. As aresult itis possible to use the stationary-phase method
for the calculation of the integrals over 7, and 7 in eq. (18). The use of the
phase-amplitude diagram and Cornu spirals suggested by Pippard® is es-
sentially a graphic geometrical variant of the same method. The possibility
of using the stationary-phase method means that the main contribution to
o(k) is made by those parts of the electron trajectories where z(t) takes a
stationary value, i.e. by those parts which are near points v,= Q0z/0t=0.
We again arrive at the “effective region” v, =0 on the Fermi surface and the
“ineffectiveness concept” suggested by Pippard.

The effective region may intersect orbits of any type mentioned above
and therefore one or several effective points with v,=0 may occur on each
of the orbits. The width of the effective part 7.5 in the orbit may be de-
termined from the ratio of the length of the trajectory part near an effective
point for which the coordinate z change Az is less than  to the length of the
trajectory travelled during the period 27/Q (41 =2n).
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As it can be seen from Fig. 2, for the closed orbits and for a field applied
parallel to a metal surface, 7.z~ (8/R)?, where R is the radius of curvature of
the trajectory near an effective point. Thus, it turns out that 7.4 depends on
pr and H. As another example we may consider a helical trajectory in an
inclined magnetic field. In a lateral projection the helical trajectories are of

Fig. 2. A closed trajectory when H is parallel to the metal surface.

a sinusoidal shape. The sinusoidal curve shown in Fig. 3 has one point v,=0
through a period and at this point 3%z/dt> =0 too. It is easy to show that the
length of the effective part of the trajectory is equal to L=g%u#¢p~! and
therefore, 7.4~ (5/u)* (angle ¢ is assumed to be small).

&4

Fig. 3. A helical trajectory in an inclined magnetic field with one effective point through
a period (a lateral projection).
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The following important factor should be noted. The stationary-phase
method is used twice for the calculation of (k). The current at the given
point z, is determined first by electrons having v,(z,)=0 [integration over
orbit centres (over 1,); see eq. (7)]. But among them the main contribution
is made by those electrons which previously (when t<1,) have passed ef-
fective points with 0z/dt1=0 in regions of values z where the field E differs
from zero. So for the effectiveness of an electron at least two effective points
in its trajectory are necessary.

In fact, the strict theory uses to some extent the ineffective concept too.
The form of expression (18) reflects the fact that f; differs from zero along
the effective region only, where v, ~0. This is the main argument in favour of
the assumption that the scattering at the surface does not considerably influ-
ence the impedance of metal Z in a magnetic field because the electrons for
which v, is strictly equal to zero never collide with the surface. Nevertheless
it should be borne in mind that the trajectories of the type shownin Fig. 4

Fig. 4. Electron trajectories whose contribution to the skin current is essentially altered
due to the existence of the metal surface.

have not been taken into account correctly. This is of little importance in the
case of cyclotron resonance?26.27, since these trajectories do not determine
the nature of the phenomenon. But for monotonic dependences Z(H) in
weak and strong fields (with Q < w and Q> w) these trajectories may become
significant. The problem about impedance changes in these regions is not
clear yet, because the predicted behaviour of the impedance?? is not yet
confirmed experimentally 30-32,

The obtained form of function f; justifies also the replacement of the col-
lision integral in expression (5) with the relaxation term —f;v (Ref. 26). It is
the function f;, but not f;, which is important in the collision integral. Since
f1=~0, far from the region v,=0, the role of scattering processes reduces to
the removal of some electrons from the number of effective electrons, while
the replenishment at the expense of other electrons does not practically occur.
In this respect the electrons on the effective trajectories are similar to particles
in a beam: the only result of collisions is that they come out of the process.
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(In the general case of anomalous skin-effect, v should be considered as a
function of p, but this assumption only slightly complicates the formulae
given above719)

2.3. APPLICATION OF THE INEFFECTIVENESS CONCEPT TO THE STUDY OF SIZE
EFFECTS

The calculations of impedance in a magnetic field may be considerably fa-
cilitated by the use of the ineffectiveness concept. Heine 33 was the first who
used the ineffectiveness concept for a problem with a magnetic field in an
approximate theory of the cyclotron resonance. He determined approximate-
ly the current / in a skin layer with the aid of expression (7), introduced the
value . = I/ E, substituted it into eq. (2) and brought the problem to Pippard’s
scheme with another o .

Let us use the same scheme to show the existence of a radiofrequency size
effect in a plane-parallel plate of thickness 4 under the following conditions:
an electromagnetic wave E e ™'’ falls upon one side of the plate and E||Oy;
a constant magnetic field is applied parallel to the surface, H||Ox; the dis-
persion law is a square and an isotropic one, gg= pé/2m; the inequalities (1)
are well satisfied and, besides,

Q>v> 0. (20)

The last inequalities mean that for the time of free path an electron makes
several revolutions in the orbit, but it is possible to neglect the change of
phase of the field in the skin layer for this period of time. These conditions
may be practically satisfied if we take w<S 107-10% sec™*; H~10?-10° Oe at
the free path /~ 107! cm; 6 ~ 10™* cm corresponds to these frequencies.

For an electron which passes repeatedly through the skin layer, the last
integral in expression (7) is replaced with the geometric progression 33

Tef —w - 2w EOU)’TCE
Y, =Ey, — (1 + + +.)= T 21
1 Ovy Q ( € € ) (1 . e—w) ( )
Here, the factor
2n
e‘W=e-2”/9=<1 _= v~> (22)
Q

determines the change of the integrand in (7) for every other revolution of

the electron. The ratio 7.4/Q2=0Q" 1\/ 8/R(py) is the time required for passing
along the part of the trajectory within the skin layer. If after passing through
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the skin layer the electron at its first revolution collides with the opposite
side of the plate and scatters, only the first member

Y, = Equ,7.4/Q (23)

will remain from ¥,. [We neglect numerical factors of the order of unity in
expressions (21) and (23).] Considering — df,/d¢ as a é-function and replacing
the integration over 1, in accordance with the ineffectiveness concept with
multiplication by 7.z, we obtain the current in the skin layer

po P1

2¢% 2¢* 1
I'="5] dp.mo,(p)tea¥ =5 Eod( | pydp.+ | pydps).
pi 0
Neglecting the unit compared with 1/w we have
1 e? p2 .
G = gy = s (= 0 = §sin20). 9

where p; is the minimum value of the momentum component along the
field at which the electron can still move within the plate and

6, = arcsin(p,/p,) = arccos (edH/[2cp,).

The differentiation of (24) with respect to H immediately shows that
00.4/0H and, hence, 0Z/0H=(0Z/00 ) (00.5/0H) become infinite at the
point H=H,=2cp,/ed on the left. H, is the value of the magnetic field at
which the diameter of the electron trajectories belonging to the extreme Fermi
sphere section becomes equal to the plate thickness.

This result may be commented with the use of the following simple con-
siderations. The electrons move along helices with axes parallel to the surface
of the metal; the major part of the electron trajectories passes deep in the
metal where there is no high-frequency field (6 < D); on returning to the skin
layer, the electrons find there a high-frequency field in the same phase as it
was during the preceding passage through the skin layer (0 <). The de-
pendence of the impedance on the field, however, does not have a resonance
character, since the condition of constant phase of the electric field for all
passages of the electron through the skin layer is fulfilled for all fields. When
the field is decreased, the dimension of the electron trajectory increases and
the number of returns of the electron through the skin layer during the free
path time decreases. However, the electron returns to the skin layer only if
the diameter of its trajectory is less than the thickness of the sample (D <d).
When the opposite is true (D> d) the electron is scattered at the surface of
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the plate. A comparatively large number of trajectories has the same value
D, determined by the diameter of the Fermi sphere [the function D(py) has
an extremum at py =0]. Naturally, the function Z(H) has a certain singulari-
ty for a corresponding value of the field H,.

From the theoretical point of view the condition Q< w is of little signifi-
cance in this case. Replacing (20) with the relation

Q~w>»v (25)

we find that w in eqs. (21) and (22) becomes equal to

i)
w=—(—iw
Q y

and we cannot use the expansion of ¢ ~*. Under these conditions the dis-
continuity of the impedance derivative remains at H=H, (Ref. 34). Since
the denominator (1—e~*) is of resonance character with deep minima at
w=nQ (n=1,2,...), equal to 27v/Q, this discontinuity occurs against the
background of the cyclotron resonances.

There is one more effect in the frequency region (25). In the case of es-
sentially a non-square dispersion law m is a function of py. The electrons
participating in the cyclotron resonance are located in the momentum space
near the extremal orbit and have the same trajectory size D=2pc/eH.
When H is less than H,=2pc/ed, these resonance trajectories do not pass
into the plate and as a result the cyclotron resonances should vanish.
This phenomenon, observed experimentally by Khaikin3> who called it
“cyclotron resonance cut off”, is the first one in the whole group of radio-
frequency size effects discovered later on.

Such semi-qualitative calculations as those given above are of relatively
small value. It is more important that the ineffectiveness concept determines
the general approach to the whole group of problems, which is convenient
for this field. Using the terms of this concept we shall show, for example,
that in the presence of a magnetic field it is possible to observe the anomalous
penetration of the electromagnetic field into a metal, resulting in field and
current splashes deep inside the metal.

Let us consider a trajectory with one effective point (i.e. a point with v,=0)
within the skin layer, and the other points inside the metal. Such trajectories
are shown, for example, in Figs. 2 and 3. An electron moving within the skin
layer along such a trajectory obtains from the field the energy de=~ Evt q/Q
[see eq. (23)] as well as the changes of momentum Ap~ 4e/v and velocity
Av~Ap/m. For this reason the electron may be considered as a personifi-
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cation of the non-equilibrium addition to the distribution function or, in
other words, as a carrier of a part of the current 4j~ edv in the skin layer.
As the electron moves along the trajectory, Ap and Av somehow change.
But at the next effective point of the trajectory, which is located deep in the
metal out of the skin layer, the electron will move again parallel to the
surface and will reproduce its change of velocity Av and, hence, of the
current Aj.

The value u, showing the displacement of the electron into the depth of
the metal while travelling from one effective point to the other, depends on
pu- Therefore, different trajectories, which participate in the skin-layer cur-
rent, have their effective points located at various depths. As a result the
secondary current must, generally speaking, be diffused through a considera-
ble depth. But at a depth u,,,, corresponding to the extremum of function
u(py), the number of effective trajectories increases sharply. It is obvious that
a sharp increase (a splash) of current and electromagnetic field may also
be expected at such depths.

These considerations are applicable to the trajectories of various types.
In case of a square dispersion law and a magnetic field applied parallel to
the metal surface, the splash should occur at a depth Dy=2p,c/eH, due to
orbits in the vicinity of the central section of the Fermi sphere. Since this
splash is a peculiar skin layer for electrons rotating deep in the metal, it, in
its turn, causes the next splash at a depth 2D, etc. As a result, a system of
splashes determined by the chain of electron trajectories will appear within
the metal.

The splashes caused by helical trajectories in the vicinity of the limiting
points in a slightly inclined magnetic field are formed in a somewhat different
way. They are determined not by a chain of trajectories, but by one group
of trajectories passing directly from the metal surface and having many
effective points located at various depths (see Fig. 3).

The possibility of the existence of splashes was described for the first time
by Azbel 28 and then the occurrence of splashes under various conditions was
studied theoretically and experimentally by Kaner and the author38™ 38, as
well as by Kip'and his collaborators 39. Later on we will return to the splashes.
Here we want to show only that size effects are tightly connected with the
existence of splashes. Let us assume, indeed, for the sake of simplicity that
[~d> 5. Then in the case of a single-side excitation by an incident wave, the
distribution of the field in the plate will coincide in a first approximation
with the distribution in a semi-infinite metal. Since u,,, depends on H, by
changing H we may change the depths of the location of splashes. It means
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that a splash may be brought to the opposite surface of the plate from which
the energy will be radiated into space. At certain values of the magnetic
field the electromagnetic radiation can penetrate the metal plate.

Our considerations based on the “ineffectiveness concept” have already
led us to several possibilities for a different size effect occurrence: the cutoff
of trajectories, anomalous penetration of the field due to chains of trajectories
and due to trajectories with v_#0. Realizations of these possibilities are
discussed in Sections 3.2-3.5. There is one more possibility related to a small
slowly damping component of the field from the ineffective trajectories. (For
instance, a helical trajectory is ineffective when H||n.) Relations between the
plate thickness o and the extremal ineffective electron trajectories may also
lead to radiofrequency size effects. Such effects are described in Section 3.6.

3. Various types of radiofrequency size effects

3.1. METHODS OF DETECTION OF SIZE EFFECTS

The experiments on the detection of the radiofrequency size effects may be
approached from different sides not only in the figurative, but almost in the
literal meaning of this expression. One of the possible approaches was realized
by Khaikin35 at frequencies f~10!%/s. The sample in the form of a disk
was used as a wall of the resonator and therefore the characteristics of the
sample were studied from the side of the same surface upon which an initial
electromagnetic wave was falling.

Khaikin?3 used a strip resonator ensuring linearity of H.F. currents on
the sample surface 40. This condition is very important for the study of physi-
cal properties of metals. The strip resonators have a comparatively small
quality factor and this makes it difficult to use them in common radio-
spectrometers for the microwave range. This difficulty was overcome by the
use of the frequency modulation method for which the generation frequency
coincided with the natural resonance frequency and for which the imaginary
part of the surface impedance Z= R+1X was measured. The records illus-
trating the cyclotron resonance cutoff in tin are shown in Fig. 5. Later on the
cyclotron resonance cutoff was observed also in bismuth 4! and indium42, In
all these cases the Fermi surface differs considerably from the sphere and
this facilitates the observation of the effect.

The experiments with the “single-side geometry” are badly adapted to the
registration of the anomalous penetration of the field. To register from the
side of the incident wave z=0 the arrival of the splash to the opposite surface
z=d, from the latter the “reflected signal” should return. As the electro-
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magnetic waves cannot propagate within the metal in the usual way, this
“signal” should return due to the action of the same splash mechanism with
the help of electrons drifting to the surface z=0.

For this reason, for the observation of size effects related to the anomalous
penetration, it is natural to measure the signal which has passed through the
plate. Such a method of studying the size effect was used by Walsh and

X |}
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oH 71 I(59 Oe

jary
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H Oe
e J I ! .
o) 05 1 15 2 2.5

Fig. 5. A cutoff of the cyclotron resonances in tin35. Records on tin single crystals of
thickness 2 mm (curves I and II, the latter with greater amplification) and of thickness
1 mm (curve III); T = 3.75 °K, f~ 10 G¢/s, n| [100], H | [001].

Grimes43:44, The transmitting coil excited by the radiofrequency generator
was placed near one of the sample surfaces and the other similar coil at the
opposite surface served as the receiver. The main experiments were carried
out at a frequency of 4 Mc/s, but the frequency could be changed within a
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wide range. Due to the modulation of the constant magnetic field and the
use of a lock-in detector, just a part of the signal which passed through the
sample could be selected (in principle the same scheme of experiment may
be accomplished for the microwave range too45.46),

At the same time there is another approach, which may be used for the
observation of both the cutoff effects and the effects of the anomalous pene-
tration. This approach is based on the double-side excitation of the plate with
an electromagnetic wave. The major part of experiments in the field of the
radiofrequency size effects was carried out with the help of such methods of
excitation.

At high frequencies the excitation of this type takes place in those cases
when the sample is placed in the centre of the resonant cavity (see Ref. 40 —
the resonator with a rectangular sample with the size 13 x 6 mm?). Such a
resonator was used for the observation of the non-resonant orbit cutoff4?
(the impedance jump) for the same group of carriers in Sn for which the
cyclotron resonance cutoff had been observed previously. A special thin
sample with d=0.18 mm was prepared for this experiment and as a result the
cutoff field was displaced to the region of large fields. The intervals between
the cyclotron resonances in this region were wider and the field H, was just in
one of such intervals.

To produce the double-side excitation at lower frequencies w~
10%—108%sec™! the sample may be placed inside an induction coil L (Refs.
48, 49). Including this coil in the tank circuit of a radiofrequency generator,
we can use an ordinary nuclear radiospectrometer. When the generator
frequency f is measured as the function of the field H (to be more precise
when the value df/0H is measured, since the measurements are always
carried out with the use of the modulation technique), then

of oL 34

of O _ % 26)
0H OH OH '
where
d
1
5eﬁ=H(O)ReJH(z)dzz2Reé*. @n

0

When measuring the dependence of the circuit voltage U on the field, we
simultaneously determine the changes of the coil quality factor, i.e. we deter-
mine the changes in the quantity of energy S dissipated in the sample:
0UJ0H ~-0S/0H. Determining the surface impedance of the plate in the case
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of double-side excitation as Z = R+iX=(8n/c) E(0)/H(0) (with an additional
factor of 2) and taking into account that E(0)= — E(d), H(0)= H(d), we shall
obtain the usual formulae

87 E(0) dno [(H(z)dz 4now

X =—Im —" = = Ok 28
¢ THO) & H@©O) 2 (28)

$n _ E(0) 321% S
R=—Re =— 5
c H(O) ¢* |H(0)

(29)

Thus, the measurable values 0d.4/0H and 0S/0H depend on the relation be-
tween the fields on the surface E(0)/H(0), i.e. in the long run they depend on
the quantity of effective electrons in the skin layer irrespective of the place
where these electrons have obtained the energy previously (in the same or in
the opposite skin layer). For this reason in the case of the double-side excita-
tion each face of the plate serves simultaneously as the transmitting and
receiving one and it is possible to observe all the known radiofrequency size
effects.

Fig. 6. A sample placed within a measuring coil; double-side excitation.

Fig. 6 illustrates the practically used disposition of the sample relative to
the coil turns having a rectangular cross-section. The disposition of this type
ensures the plane polarization of an incident electromagnetic wave with
vector E applied along the turns. To change the polarization it is necessary to
rotate the sample inside the coil. Homogeneity of the H.F. field amplitude on
the sample surface is not usually required. If necessary it may be easily ob-
tained by making the coil length exceed the sample size 32,50,

All the results we shall discuss were obtained at low frequencies w~
107 sec™ ! in the case of the double-side excitation. We shall discuss separate-
ly effective and ineffective trajectories. Within these two groups the classifi-
cation of the size effects will be based on the types of the related electron
trajectories.
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3.2. CLOSED TRAJECTORIES

3.2.1. Cutoff of trajectories

The records of the quantity df/0H ~ —0X/0H as a function of the magnetic
field are shown for bismuth and indium in Figs. 7 and 8*, The conditions of
the experiments are outlined in the data given in the captions to the figures.
When carrying out the experiments it is sufficient to ascertain that the position
of the lines being observed does not depend on the frequency f, but is in-
versely proportional to the sample thickness. This is the main criterion for
the lines of the radiofrequency size effect.

Let us turn first to the lines located on the left part of the records. They
correspond to that size effect which was discussed in the previous section
[egs. 21)-(24)]: the size of the extremal electron trajectory is equal to d.
Surely the presence of two skin layers does not permit us to conclude that
this is a pure cutoff effect. If the field H slightly exceeds H,, the electron
passes through both skin layers and in both layers it behaves as an effective
one. This phenomenon is not taken into account in the expressions (21)-(24).
But this is, probably, essential for the intensity and shape of the line only.
For this reason we shall call this effect the cutoff of the extremal trajectories.
When the field H is applied parallel to the surface, the value H, is related to
the size of the extremal orbit 2p in the direction [nH ]| by the relationship

2p =(efc)dH (30)

which is obtained by integration of the corresponding component of eq. (9).
By virtue of the non-quadratic dispersion law the extremal trajectory can
have a complex form. Then the value 2p in (30) is its caliper dimension.

As it is shown in the figures, the cutoff in indium and bismuth is observed
in various ranges of the magnetic field. This reflects the difference in calipers
of their Fermi surfaces.

Rotating H in the sample plane we change the direction in which the caliper
is measured. Using the relation between the line position and the direction of
the field, it is possible to determine the form of that part of the Fermi
surface which is related to the line. In the bismuth sample, for example, the
line in the field H, at H|| C, (curve 1 in Fig. 7) is determined by two elec-
tron “‘ellipsoids™. When the field is rotated, the “ellipsoids” become non-
equivalent and the extremal calipers of orbits on them in the direction [nH |
become different (curve 2). (For explanations relative to curve 3 see p. 205).

* All the results for In given below were obtained in experiments carried out by the author
together with 1. P. Krylov.
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Fig. 7. Records of size effect lines in bismuth for different directions of the magnetic

field within the surface plane. n||C3; the polarization of the electric field is shown at the

scheme of the Fermi “ellipsoids” disposition. d = 1 mm, f= 12Mc/s, T = 1.8°K

Indices at the vectors H and at the extremal cross-sections S and S correspond to the
number of the curve.
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Fig. 8. Records of the size effect lines in indium. n|[001], E|[100], H|(100), f =5

Mc/s, d = 0.3 mm. Curve 1: H is parallel to the sample surface. Curve 2: H is inclined at

2°30. (For explanations relative to curve 2, see p. 212.) Weak lines in double fields are

plotted in addition with a magnification of 5 (curves 1’ and 2’). “a -+ g” denotes a size
effect line due to a chain of trajectories (see Ref. 53).
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Eq. (30) is obtained with the assumption that H is applied parallel to the
plate surface. Under this condition (30) is valid for the Fermi surface of any
shape. But we have another situation when the magnetic field is inclined 51
In the simple case of a spherical Fermi surface, the closed trajectory turns
together with the field and always remains within the plane perpendicular
to H. The field is inclined by an angle ¢. The shift of the line relative to the
central section may occur, therefore, only due to the change of the effective
thickness of the plate (due to the replacement of d with d/cos ¢).

For a non-spherical Fermi surface, a closed trajectory is not always in the
plane perpendicular to H. In this case the average drift of the electron along
the field during one-half of the period, while travelling from one side of a
plane—parallel plate to the other, may differ from zero. When the field H is
inclined to the surface, the drift of the electron along the field is projected on
the normal to the surface n. For this reason, when determining the line
position one should take into account the velocity component vy which is not
included in the vector equation (9). In the case, for example, of the Fermi
surface in the form of a cylinder with axis P perpendicular to n, inclination of
the field in the (n, P) plane will lead to the line shifting towards the larger
fields like H= Hy/cos ¢. At small values of ¢ the shift of the line AH~ ¢?.

A linear dependence of the shift on the angle is also possible. For example,
in the case of the cylinder with axis P inclined to the surface at an angle ¥ and
with the field in the (n, P) plane we have, ¢ being small,

He)=Hy "

vos () = To 1 =0 18). (31)

All these formulae are obtained from eq. (9). Their deduction is an excellent
exercise for studying the peculiarities of electron motion in the case when
the Fermi surface has a complicated shape.

3.2.2. Chains of trajectories

Let us return to the field applied parallel to the sample surface. For a
complicated Fermi surface several extremal cross-sections and, correspond-
ingly, several cutoff lines may exist for each direction of the field. Sometimes
up to seven such extremal sections could be observed in tin49:52, These first-
order lines should not be confused with the lines in the multiple fields
H,=nH, (n=2,3,...) occurring due to the trajectory chains mentioned
above (p. 196). It is such lines that are shown in the right parts of the records in
Figs. 7 and 8. These lines are, essentially, another type of size effects caused
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by the anomalous penetration of the field and the splashes. As it is shown in
the figures, various relations may exist between the amplitudes of the lines of
the first (H=H,) and the second (H=2H,) orders. The same phenomenon
was observed also in tin?® and tungsten44. The lines in the multiple fields
were obtained for one of two groups of first-order lines with approximately
the same intensity and were not obtained for another group..

A detailed theoretical analysis of the rate at which the intensity of splashes
caused by the chains of extremal trajectories decreases was carried out by
Kaner37. It was shown that for a system of slowly damping splashes it is
necessary that practically all the electrons participating in producing the skin
layer current were ‘‘focussed” at the same depth, i.e. that they had the same D
with an accuracy up to 4D~ 4. We shall illustrate this by some evaluations.

Let the Fermi surface be a sphere with the radius p,. Near the central
cross-section éD/opy =0 and

AD ~ Dg (APH/P0)2 : (32)

This estimate along with the conditions 4D ~ & determines the relative share
of electrons which form the splash. Since the part of electrons in the layer
puy of the Fermi sphere is approximately equal to the areas ratio
Do Apu/pe= Apy/po, the intensity of the splash I at the depth D, is about
a=(8/D)* of the current value near the surface. The next splash weakens
again by a times and therefore the damping becomes very rapid: I(n)~a"
[the precise calculations37 show that an additional factor is introduced into
I(n): I(n)~a"n™*; in the case of @ <1 this factor is insignificant].

Assume now that the Fermi surface is in the form of a cylinder which is
parallel to a metal surface. Then all the electrons have one and the same value
D, and therefore the current is not spread out in the metal depth (¢=1). It is
shown in Ref. 37 that in this case the splash intensity decreases like I(n)~n "2,
i.e. it decreases slowly. In the case of the Fermi surface consisting of a sphere
and a cylinder (or even of two cylinders with different radii) both systems of
splashes caused by two extremal diameters should decrease in accordance
with the exponential law, though with various values of a. The latter phenom-
enon may be casily illustrated with the aid of the drawings in Fig. 7. As is
known, the Fermi surface in bismuth consists of three electron “ellipsoids”
(in our case one of them does not contribute to the radiofrequency con-
ductivity because of the polarization of the vector E) and a hole-type surface.
In the case of field direction H; (curve 1) formation of the splash system is
caused by two electron Fermi surfaces and the resolution of this system is
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caused by the hole-type surface. In the case of field direction H; (curve 3)
only one electron “‘ellipsoid” participates in the formation of the splash
system, while the second “ellipsoid” together with the hole-type surface
causes the “dissolving” of the splashes. For this reason in the case of the field
direction H; the value @ turns out to be smaller and the amplitude of lines
decreases more rapidly.

When studying the intensity of the lines of radiofrequency size effect, one
should bear in mind that D changes with the number of the line D(n)=dn,
and a"~ (n5/d)*". This leads to the decrease of the difference between the
intensity of successive lines of the size effect in multiple fields.

Naturally, in the presence of several extremal diameters the splashes should
also occur and at depths of z;=Zn;D;. The chain of trajectories, in this case,
is composed of various ““links”. The line of such a chain is shown in Fig. 8
(line “a+g”; cf. Ref. 53).

From the theoretical point of view, the exotic case of the Fermi surface in
the form of a cylinder is not the only possibility for the occurrence of weakly
damping splashes caused by the chains of the closed trajectories. In Ref. 28
the cyclotron resonance in metals with a non-quadratic spectrum was sug-
gested as the mechanism reducing the contribution of the non-focussed
electrons to the conductivity: Q depends on py and therefore only the
electrons near the extremal cross-section with dpy satisfying (32) participate
in the cyclotron resonance. These electrons absorb the energy from the skin
layer Q/v times, while the other electrons are not phased-in with the external
field. The experimental observation of such a mechanism of the splash oc-
currence will entail great difficulties. First of all Apg/p, in (32) is of the order
of (2/v)~* and therefore the expression (32) takes the form Q/v> Do/6> 1.
It means that very long free paths, strong magnetic fields and high frequencies
are required. Then, in the case of a plane—parallel plate the following two
conditions are superposed simultaneously on the field H : w=nQ and D=d/n’
(n and »’ are integers). The scheme of a proper experiment would therefore
become considerably complicated.

Another way of decreasing the splash damping, which may be used for any
relationship between ® and ©, consists in a slight inclination of the field
relative to the surface3?.

Let us turn again to the spherical model of the Fermi surface. If the field is
inclined to the surface at an angle ¢, only those electrons repeatedly return
to the skin layer which have sufficiently small average velocity of drift along
the field vy,. The corresponding orbits are near the central closed orbit in the
interval Apy/po~d/lp. Assuming that all these effective electrons are focussed
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at a depth D, in the interval 4D <J, and using the expression (32) we obtain
the following condition for ¢:

02> 6Dy J1*. (33)

On the other hand, to ensure the slow damping of splashes it is necessary that
these electrons make the main contribution (4py - p,) (I/Do) > pi, i.e.

@ <0/Dy. (34
It follows from (33) and (34) that when
D} < 1?9, (35)

there is a range of inclinations of the magnetic field at which the skin current
is determined mainly by electrons near the central section focussed at a
depth D,. Under these conditions the splashes damp slowly: I(n)~n"%.
The condition (35) is sufficiently rigid and, besides, as in the case of a cylinder,
one and only one extremal diameter is required. Therefore, strictly speaking,
the effect of the considerable decrease of the splash damping at the inclined
magnetic field suggested in Ref. 37 is not checked experimentally. For indium
and tin, however, in a number of cases the increase of the line intensity in
multiple fields was observed for inclined fields, in spite of the fact that the
experimental conditions corresponded to the relation D3 ~61? instead of the
expression (35). In a sample of tin, for example, withd=0.5mm and n | [001],
the intensity of a line with H,~400 Oe (line 1,, see Ref. 52) decreased by a
factor of 20 after transition to the double field. At an inclination of 3° the line
amplitude in the field 2H, increased by a factor of 2 while the main line
remained unchanged.

3.3. HELICAL TRAJECTORIES

3.3.1. Vicinity of limiting point

While the field H and, hence, the mean velocity vz are parallel to the surface,
the behaviour of helical trajectories is the same as that of the closed trajec-
tories (see Fig. 9). Assume, for example, that due to the complicated dis-
persion law we have a non-central orbit with v, =0 and the extremal caliper
in the [nH] direction. The line of the size effect caused by such an orbit will
not differ from the lines caused by the central orbits (closed trajectories).
Incline, then, the magnetic field at an angle ¢. This leads immediately to
the appearance of the projection vy directed along the normal and as a result
the depth of the effective points changes. A system of weakly damping
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splashes may also occur under such conditions. These splashes are formed
owing to the electron trajectories passing directly from the surface. Let us
discuss this problem in detail first for the case of helical trajectories in the
vicinity of an elliptical limiting point in the field H inclined to the surface ata
small angle.

Fig. 9. A helical trajectory in a magnetic field parallel to the sample surface.

In first approximation, all electrons in this vicinity drift equally along the
field during the period T = 27/Q. This phenomenon is well known in electron
optics as ““focussing of electrons by a longitudinal magnetic field”. At the
limiting point, the velocity v, is parallel to H, |v,| =v, sin ¢, moo=K ~* (K
is the Gaussian curvature of the Fermi surface, &( p)=e¢ at the limiting point).
As the average drift of an electron into the interior of the metal during the
period T, is equal to uy;, =|v,To| =2ncmi,/eH, then

2me )
g = K~ ¥sing. (36)
eH -

In the case of a spherical limiting point K “*=p,, i.e. it is equal to the radius
of the Fermi sphere, and

Upm = D¢ sin @, 37

where D,=2p,c/eH. Of course the focussing takes place repeatedly after one,
two, three or more revolutions in the electron trajectories.

Let us now deduce the conditions which should be imposed upon the angle
¢ of the magnetic field inclination to ensure the occurrence of slowly damping
splashes of the field deep in the metal. The first condition is quite obvious:
Uy > 0. It means that the splash should leave the skin layer. This condition
leads to the following inequality

@ > 0/veT, - (38)

The second condition may be formulated in the following way: among the
focussing electrons there should be effective ones. The angular interval on
the Fermi surface between the limiting point and the effective region is equal
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to ¢ (see Figs. 3 and 10). Consequently the angular size Y of the region
occupied on the Fermi surface by focussing electrons should exceed g, i.e.
¥ > ¢. The magnitude y is evaluated in the following way: for the deepest
splashes which may be reached by electrons directly from the surface
(z~1sin ¢ ~1gp), the dispersion of the displacement Au should be less than 6.
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Fig. 10. Vicinity of the limiting point O at a Fermi sphere in an inclined magnetic field.

Since the electron velocity along the field is v, ~ vo(1 —1¥/?), we shall obtain
lpy* ~ &, hence Y ~(6/19)* and

@ < (8/1)*. (39)

The conditions (38) and (39) determine the interval of angles ¢ at which
the group of effective electrons will be successively focussed at depths
Uy =nlyy (n=1, 2,...). It should be emphasized that the constant a which
determines the significance of this group from the viewpoint of contribution
to the skin current enters only once into the expression for the amplitude,
irrespective of the splash number. The decrease of the amplitude during the
transition from n-splash to (n+ 1)-splash is determined only be the length of
path 4,~aexp (—u,/lp). That is why the focussing at a depth of distant
splashes was required in (39). Violation of (39) means that the limiting point
is far from the effective region. It has been shown in Ref. 54 that splashes
do exist in this case too, but the electrons which form such splashes do not
belong to the vicinity of the limiting point. (About forming the splashes
when ¢ > (6/1)*, see Section 3.3.3.)
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An example of the size effect from the limiting point is shown in Fig. 11.
This effect may be easily distinguished as the period 4H greatly depends on
the inclination angle

27nc
AH = —

K™%
eH

®. (40)
The existence of a line at a certain magnetic field means that the trajectories
in the vicinity of the limiting point contain integer revolutions between the
surfaces of the plate at this field. It should be noted, that transition from
one size effect line to the other is related to the change of the field while the
length of the trajectory from one surface of the plate to the other remains
unchanged. When passing from one number to the other the amplitude de-
creases due to the dependence a(H), as well as due to the change of the
absolute value of the line width H. The latter is essential for the measure-
ments of a derivative.

oR
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x 16
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Fig. 11. Records of the limiting point size effect lines in indium. The point is near [111].
n|[011], E|[111],d = 0.3 mm, ¢ = 7°15’, f = 1.6 Mc/s.

As it is shown in Fig. 11, the temperature increase, i.e. the decrease of the
length of path /, influences only the amplitude of the lines but not the line
width. This phenomenon may be easily understood if we try to retrace how
the same result follows from the theory [egs. (11)-(19)].

Remember that the sharp inhomogeneity of the field in the skin layer can
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be described with the aid of a superposition of monochromatic plane waves
whose wave numbers k£ have a continuous spectrum of width Ak~d~ 1.
The electrons drifting inside the metal interact most effectively with those
field-spectrum harmonics whose wavelength A is contained an integer
number of times in the distance u;;, : #y;,, = N A. This condition separates from
the continuous spectrum a discrete series of wavelengths which can penetrate
to an anomalously large depth into the metal. The interference of these waves
gives rise to quasi-periodic field maxima at depths z,=nu,;,,. The widths of
these maxima are determined by the width of the initial wavelength spectrum
and therefore they are of the order of J. The height of the maxima and their
decrease with distance are determined by non monochromaticity of the waves
with anomalous deep penetration, i.e. in final analysis by the length of the
electron free path /.

3.3.2. Extremal non-central orbits

As was stated above, in the case of a complicated dispersion law the extremal
non-central orbits may exist. Let us consider the behaviour of the size effect
lines caused by such orbits in an inclined field I, It is necessary, of course,
to account again for the drift of electrons along the field. The lines are
observed when d=u, where u=Q"" [>v, dr and 1, and 7, are two effective
points of the orbit. When the pitch of the helical line is A<D (h=v,T,=
2nv,/9), we have the following approximate formula for u

U,y =Dcoso+(n—3%)hsineg, (n=0,1,2,...). (41)

The factor (n—4) is equal to a number of revolutions in electron paths from
one surface of the plate to the other. The value n=0 corresponds to the case
where the component of the drift velocity vy sin ¢ is opposite to the main
motion along the turn and its projection on the z axis is negative. The
values n=1, 2,... correspond to the positive projections of the velocity (see
Fig. 12, where a helical trajectory is once more pictured in the lateral pro-
je:ction). Using (41) at small values of ¢, we obtain for the line position

h
Hn_%=H0[1+(n-—%)qu], (n=0,1,2,...). (42)

It is clear from the meaning of the factor (n—%) that the amplitudes of the
first two lines should be of the same order, while the others should decrease
rapidly with number due to the increase of the path A from one surface to
the other.

Thus, the size effect lines caused by the non-central orbits should split as
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the field inclines. Such a splitting was experimentally observed in indium 31
(see Fig. 8; under favorable circumstances the line corresponding to #+2 is
seen also; on the curve of Fig. 8 it is obscured by the line “a+g”). The
splitting would exceed the line width only if #¢ > 4, i.e. v, should be sufficient-
ly large. This condition is satisfied in indium due to the form of its Fermi
surface.

Fig. 12. A helical trajectory in an inclined magnetic field with two effective points through
a period.

As always, the radiofrequency size effect may be brought in correspondence
with a picture of splashes inside a metal. The helical trajectory, shown in
Fig. 9, contributed to both the skin current and to the splash at a depth D.
When the condition Ap>d becomes satisfied, the splashes w,=hnsin ¢
(n=1, 2,...) split from the skin layer and a set of splashes u,. , determined
by the formula (41) occurs instead of the splash at a depth u= D. The splash
amplitude will certainly decrease with the increase of the index along the
exponential curve

Ay~ aexp(— A1),
where
Ay ~ knD, (k=41,%..)

and the factor a, as previously, determines the contribution to the skin
current made by the focussing electrons. Generally speaking, each of these
splashes may be initial for a chain and the damping along the chain will
be determined by the factor a". When the exponential factor in 4, extin-
guishes all splashes but u, ,, then the size effect line in the double field will
split into 3, the triple field into 4, etc. (see Fig. 8).

References p. 232



CH. 5, § 3] RADIOFREQUENCY SIZE EFFECTS IN METALS 213

3.3.3. The spherical Fermi surface in an inclined magnetic field

In an inclined field, two functions D and /4 depending on p, are contained
in the expression for w. In the case of indium, the extremum u(p,,) is deter-
mined by the extremum D(py). However, this is not necessary. The function
u(py) may have an extremum when D(py) and h(py) are not extremal if
taken separately. In particular this is true for the spherical Fermi surface.

Let us determine the orbit position on the sphere with the aid of an angle
0 (see Fig. 13). The value =0 corresponds to the central orbit and 0= +%
corresponds to the limiting points. Effective points exist in orbits at [0] <0,,,,,
where 0,,,,=3n—¢; at 0=0,,, the trajectory has only one effective point
through a period (see Fig. 3).

Effective reqglon

Q

Fig. 13. Different orbits on the Fermi sphere in an inclined magnetic field.

In the previous description of the slowly damping splashes caused by the
closed trajectories it was assumed that /> D. It gave us the possibility to
formulate conditions (34) and (35) under which the contribution to the skin
current made by the helical trajectories could be neglected. Let us now
consider another case: conditions (34) and (35) are not satisfied. Then all
the orbits within the range (—0,,,,, 0...x) are equivalent. Their contribution
to the skin current is proportional to a number of electrons contained in them.

In Fig. 12 a trajectory with 0+#£8,,,, is shown. Sphericity of the Fermi
surface permits us to write instead of (41) precise formulae for u, (8) and
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U, —-% (0)

u,(0) = nnD, sin ¢ sin 6,
U,_4 (0) = D,y cos ¢ cos 0 (nng + \/1 —g* —qarccosq), (n=0,1,2,...),
(43)

g@)=tgotgld, qO0n,)=1. (44)

where

" The effective points u, cannot be observed in the size effects of the first order
since u, <u,_,. Let us turn to the effective points with half-integer indices
considering u,_, as functions of the angle 6. It can be easily shown that
u_, (the depth of the effective points for the orbits with f#<0) is a mono-
tonic function of 0; the functions u,_, with n>0, which have a physical
sense for the values >0, may have extrema. For example, the function u,
has two extrema with positions determined by the equation

n—Cq\/l—q2=arccosq, C=tg %o. (45)

One of them is a minimum which is very shallow for all values of ¢. Another
is a maximum located in the region g<1/ \/i. It may exceed u,(0) by more
than 20% (see Fig. 14).

Existence of an extremum of u(f) means that focussing of a group of
effective electrons takes place at the depth u,,,. Hence a splash must arise at
that depth, and when d=u,,, a size effect must also occur.

We consider first u=1u,,,,. [t appears to be a quite peculiar situation. When
the conditions (33)—(35) are satisfied, the conductivity is determined mainly
by the vicinity of the central orbit. However, when H decreases [i.e. when
D, increases and the condition (35) ceases to be fulfilled], another splash
should appear and this splash should be followed by the appearance of the
second size effect line satisfying the condition d=u,,,,. Possibly, just such a
structure of the H.F. field within a metal explains the splitting of the lines
of the cyclotron resonance in sodium in the presence of an inclined magnetic
field 35, though the splitting in this case occurs at much smaller tip angles
than those which may be expected on the basis of the simple calculations
given above.

The magnitude u,,;, practically does not differ from

u, =4nDgy sin 2¢, (46)

where the effective point of the boundary effective trajectory with 8=0,,,, is
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Fig. 14. Graphs which illustrate eq. @3) foru, (n=1);a=tgoe.

located. It follows from the comparison of (46) and (37) that if the field is
inclined the limiting point splashes convert into the boundary effective tra-
Jectory splashes at the depth nu,, (n=1, 2,...). Subsequent inclination of the
field leads to the decrease of the difference Upax — Umin (see Fig. 14). At
¢ ~20-25 ° the splashes (and corresponding size effect lines) should amalgate.
Their intensity under these circumstances should increase because a focussin g
of a comparatively wide layer of orbits takes place. A further increase
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of the angle ¢ results in deterioration of the focussing and the size effects
lines should disappear.

3.4, OPEN TRAJECTORIES

In the case of open trajectories, the most essential is the direction of the field
relative to the crystallographic axes, but not relative to the metal surface,
since it may occur that the open trajectories exist only in a small range of
angles. When the average electron velocity  is directed along the surface,
the effect does not differ from that of the closed trajectories. The line position
determines the extremal “amplitude of crimping” of the open trajectories.
If the angle y between # and n differs from 90°, we have an analogy with
the helical trajectories. The pictures shown in Figs. 3, 9 and 12 may be used
for a schematic illustration of the behaviour of the open trajectories if H is
assumed to be perpendicular to the picture plane (and y=1in—¢). At small
values of y, when the “crimp” of the trajectory is insignificant, or, to be more
precise, when we have only one effective point during the period, as it is shown
in Fig. 3, the value u of the average drift of electrons inside the metal is the
same for all open trajectories and is given by

'

u = (ch/eH)cos vy, 47

where b is the period of the open orbit (reciprocal lattice). Thus, the “fo-
cussing” in this case is effected automatically due to the dispersion law. The
requirement for the presence of effective electrons among the focussing ones
means that trajectories having at least one effective point should be contained
among the open trajectories (concerning the opposite case, see p. 219).

The size effect from the open trajectories was observed in tin only38. To
save space we shall not demonstrate here the curves which are given in the
original paper. We only note that at y=0 (which is the condition of the
experiment) the velocity v in the effective points should be perpendicular to
the mean velocity .

3.5. TRAJECTORIES WITH BREAKS

It seems that we have already discussed all possible types of electron orbits.
However, when the size effect in indium was studied 3, a number of ““super-
fluous”’ lines was observed (the indium Fermi surface had already been known
approximately from both experimental and theoretical investigations). None
of the mechanisms discussed above could explain the existence of these
“superfluous” lines. The detailed study of the anisotropy of these lines, their
behaviour at an inclination as well as the form of the Fermi surface as a whole
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made it possible to show that the occurrence of these lines was caused by
the presence of breaks in the electron trajectories. The example of an orbit

. with breaks existing in indium is shown in Fig. 15.
The occurrence of size effect lines caused by breaks in the electron tra-
jectories indicates the presence of an electromagnetic field not only near the
splashes, but also in the intervals between them. To estimate qualitatively

Fig. 15. Fermi surface of indium in the second zone in accordance with the nearly-free-
electron model. Circled part of the orbit a denotes a break; b is a non-central orbit with
an extremal caliper in [100] direction.

this field let us consider the distribution of the electromagnetic field in the
depth of a metal with a Fermi surface in the form of a circular cylinder. An
electron, which obtained the addition to the velocity 4v in the skin layer,
passes into a depth along the circular trajectory. If at a depth z this electron
moves at an angle x to the surface, the horizontal component of the current
produced by this electron is equal to e 4v cos k. (The vertical component is
compensated by the electrons moving towards the surface along the analo-
gous trajectory at an angle x; =2n—x.) Taking into account the fact that
the number of electrons belonging to the given trajectory at a depth z is
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