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The high-frequency properties of bismuth are investigated as functions of the magnetic field H in the
cyclotron-resonance region in a wide range of the incident-wave frequency w . The nonlinear-reflectionsignal
at the second-harmonicfrequency Zw was registered in the experiment. Both cyclotron resonances, detined by
the usual condition w = n 0 (0= eH/mc, n = E,2,3, ....),in the form of spikes of the generated signal, and
resonances of the type Zw = n/.f2 (n' = 1,2,3, ....), in the form of radiation dips, were observed in this signal.
An additional structure can be seen'in the intervals between the resonances. With increasing incident-wave
amplitude, the resonance lines are inverted and broaden. A qualitative model, based on the ineffectiveness
concept and demonstratingthe onset of resonances of both types, is presented.

PACS numbers: 76.40. + b

INTRODUCTION
When an electromagnetic wave with frequency w of
sufficiently large amplitude is incident on the surface
of a metal, a wave of double the frequency 251 is generated in the skin layer of the metal because of the
nonlinear properties of the electron-hole plasma. Under conditions of anomalous skin effect, the amplitude
A and the phase (P of this wave depend on the relations
between the spatial and temporal parameters of the
electron trajectories (the Larmor radius R , cyclotron
frequency 51, and others), on the one hand, and on the
corresponding parameters of the wave in the skin layer
(the depth 6 , the frequency w) on the other. In particul a r , a s reported in Ref. 1, cyclotron resonances can be
observed in the dependence of the amplitude of the generated wave on the magnetic field. Besides the resonances defined by the usual conditions
Q.=o/n, Q=eH/mc, n=1, 2, 3,.. .

(we shall call them integer resonances), there were
observed in Ref. 1 also resonances of the type
~2.-,~=2o/n',
n'=i, 2, 3,.. . ,

(2)

which a r e due to satisfaction of the resonance conditions a t the doubled frequency (half-integer resonances).
At even n', the half-integer resonances (2) a r e superimposed on the integer resonances (1) with n=n'/2.
The existence of nonlinear cyclotron resonance was
indicated in a cycle of theoretical paperszd dealing
with nonlinear reflection of an electromagnetic wave of
frequency 251 from a metal in a magnetic field parallel
to the surface in the case of the anomalous skin effect.
Reference 1 was preliminary in character and left a
number of questions unanswered. In particular, the
resonance lines were too broad and the positions of
their maxima did not agree very well with the calculated values. At the same time, the results of the
theoretical calculation^^^ turned out to be extremely
sensitive to the boundary conditions on the metal s u r face and to bulk scattering. These circumstances
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stimulated further experimental investigations of the
nonlinear cyclotron resonance in bismuth.
We report here the results of an experimental inves tigation of second-harmonic generation in the region of
cyclotron resonance in bismuth on samples of two orientations (normal to the surface n (ICS and n l(Cz)in a
wide range of incident-wave amplitudes. It turned out
that the dependence of the amplitude of the signal on the
magnetic field was determined not only, and not even
s o much, by the state of the surface as by the amplitude of the incident wave.

PROCEDURE
The experiment consisted of irradiating a bismuth
sample by an electromagnetic wave of high frequency
w/2n = 9.3 GHz, and detecting a signal of frequency of
2w in the sample.
The sample 1 (Fig. 1) in the form of a disk of 17.8
mm diameter was placed at the bottom of a bimodal
cylindrical resonator 2 operating on the E,,, mode at a
frequency 9.3 GHz and on the Hi,, at double that frequency. The sample was electrically insulated from the
resonator by a paper liner 3.
The resonator was excited by a pulsed magnetron
with pulse duration 2 p s e c at a repetition frequency
40 Hz. The radiation spectrum of the magnetron M contained many harmonics that could serve as sources of
a false signal. To protect against harmonics from the
magnetron, a system of absorbing filters F was used.
The attenuator A l was used to vary the wave power
absorbed in the resonator from 0.1 to 400 W; at a r e s onator Q equal to 2000, this corresponds to a maximum
amplitude 0.5 to 30 Oe of the high-frequency fields at
the sample.
Radiation of fundamental frequency w was applied to
the input of the resonator through 23 x 10 mm waveguide
4 through a slit S,. The 2w harmonic was extracted
through slit S2, through waveguide 5 of cross section 11
x 5.5 mm , so that the fundamental-frequency radiation
could not enter the receiver. The received signal was
fed through attenuator Ap to a superheterodyne receiver
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FIG. 2. Configuration of the fields in the resonator at the
frequencies o ( a ) and 2 0 ( b ) (the solid and dashed lines represent the electric and magnetic field, respectively); S, and Sz,
are slits that couple the resonator with the waveguides.

possible to rotate the sample of the resonator directly
during the time of the helium experiment.
FIG. 1. Block diagram of high-frequency channels and construction of the bimodal resonator.

and then through a peak voltmeter to they -input of an
x -y recorder. The quantity measured was the power

P,, of the radiated wave of frequency 2w, i.e., a quantity proportional to the square of the amplitude E2, of
the doubled-frequency electric field a t the surface of
the metal:

In practice, the receiving system operated in the r e gime (3) only when the received signal reached a certain
finite value. It was therefore convenient to investigate
weak signals by applying a microwave bias to the detector. In this case the second harmonic was first separated from the magnetron spectrum and was used as
the reference wave. It was fed through a channel containing the attenuators A, and A,, the rectifiers V 2 and
V,, and the phase shifter R to the receiving system,
where this reference signal of amplitude Ere, was mixed with the received signal E , , . Inasmuch as only the
dependences of E , , on the magnetic field a r e of importance in experiment, the quantity recorded by the plot>> IE~,(H)I is
t e r under the condition

IE~.~~

Am (H)=I2EomEm(H) /

- I Eem (H)1 .

(4)

The presence of a phase shifter in the reference-signal
channel made it possible to measure the variation of
the phase of the wave generated in the sample a s a function of H.
The resonator was tuned in the following manner. A
klystron (not shown in Fig. 1) was used first to determine the natural frequency w of the resonator a t the
Eel, mode. Next, moving the piston 6 with the aid of the
rod 7 and the gear 8, the corresponding frequency of
the resonator in the Hill mode was tuned to the value
2w. Since the frequency of the E mode depends very
little on the height of the resonator, exact matching of
the frequencies could be attained by repeating this procedure 2 o r 3 times (the absence of backlash was ensured by spring 9). The last stage consisted of tuning
the magnetron to the frequency w . The gear 10 made it

Liquid helium flowing around the sample kept it from
overheating. Special experiments have verified that
decreasing the magnetron-pulse duration by a factor
of 50 does not change the observed picture. At the
same time, a change in the bath temperature by several
tenths of a degree can be revealed by the changes in
the shapes of the curves. All the results cited in this
article were obtained by T = 1.5 K .
The magnetic field was produced by a Helmholtz s y s tem. The magnetic field could be rotated in the plane
of the sample surface through any angle, and also inclined *5" to the surface. The earth's field was cancelled out beforehand with approximate accuracy 2-3%.
Figure 2 shows the configuration of the electric and
magnetic fields of both modes a t the sample located in
the resonator. The amplitude of the magnetic field at
the frequency w is zero a t the center and on the wall,
s o that it reaches a maximum H, at a distance 9 mm
from the center. The signal from the receiving waveguide came only from that resonator 2w component
whose currents were perpendicular to the slit S2,, i.e.,
only the field of the mode shown in Fig. 2 was registered.
Most experiments described in the present article
were performed on samples with the normal n(IC3.
The samples were always mounted such that the C,
axis was directed along the slit S,, (see Fig. 3; the
accuracy of the setting was monitored by the symmetry
of the effect and could reach 10'). The currents produced by the electrons of the ellipsoid a did not participate therefore in the formation of the registered mode.

,,,
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FIG. 3. Arrangement of the electron ellipsoids in samples
with n 11 C3 relative to the high-frequency field.
Gantmakher et a/.
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FIG. 4. Typical plot of Pw(H) for the sample with nil C3 and
H 11 C2; the null level Pz, =O equals zero and the maximum field
amplitude H, in oersteds are marked on each curve (the
numbers on the left); Pz,is an arbitrary units.

At H parallel to the slit (the C 2 direction), the ellipsoid

fi a n d y produced resonances in the s a m e fields. With
the magnetic field along the vector C,, the resonant
fields from the ellipsoid p w e r e half as strong as from
the ellipsoid y

.

Altogether, investigations were made on seven s a m ples with thickness from 0.6 to 2 mm.

RESULTS
Figure 4 shows a typical plot of the signal a t the
doubled frequency as a function of the magnetic field
H directed along the C , axis (C, direction in Fig. 3),
when the ellipsoids p and y a r e equivalent. T h e vertical lines mark the values (1) and (2) of the resonant
fields, calculated from the known values of the cyclotron m a ~ s e s . ~
The most intense second-harmonic generation takes
place in fields corresponding to integer resonances (1).
On the lower plot of Fig. 4 one can s e e three such r e s o nances with indices 1 , 2 , and 3. T h e width of the resonance with n = 1 is approximately AH/H 32%. In the
gaps between the integer resonances (1) there i s also
radiation that depends nonmonotonically on the magnetic
field. One can s e e clearly against the background of
this radiation the resonances (2) with half-integer indic e s , which take the form of abrupt dips.
Phase measurements have shown that on passing
through the resonances the phase of the signal changes
by approximately 2n. Despite the difference in the line
shape, rapid changes in the signal phase occur in either
type of resonance only n e a r the resonant value of the
field. T h i s gives grounds for stating that the broad
maximum to the left of the half-integer resonances is
outside the resonance line proper. This i s a l s o clearly
seen in the plots obtained with the reference signal.

FIG. 5. Cyclotron resonances with large indices in radiation
of doubled kequency for the sample with n 11C3 and I31C2;A
is in arbitrary units.

on the magnetic-field s c a l e shifts together with the
resonance lines. T h i s s e e m s to indicate that the background signal i s formed mainly by bulk electrons that
do not collide with the sample surface. T h e broad
maximum on the left of the half-integer resonances is
one example of such a s t r u c t u r e , others being the maxim a a and b of Fig. 4, which a r e satellites of the resonance n = 1. Inasmuch as the relative width of the resonances increases with increasing number, it i s difficult
to s a y whetherehese satellites a r e duplicatednear resonances in weak fields.
On the upper curve of Fig. 4, against the background
of the satellite b, we can s e e clearly a narrow minimum
X. When the magnetic field is rotated relative to the
C 2 axis and the two ellipsoids become nonequivalent,
this minimum splits just as the resonant maximum.
Notwithstanding the detailed investigations of the cyclotron resonance in B i in the linear regime> the
elaborate additional structure on the curves of Fig. 4
has made it desirable to perform a supplementary
experiment-measurement of the impedance with the
s a m e setup and under the s a m e conditions. Figure 6
shows the magnetic-field dependence of the signal U
proportional to the change of the power of the wave of
frequency 2 0 passing through the resonator. (The signal from the klystron was fed to the resonator through
the channel A,-A,, s e e Fig. 1; the reflected signal
passed through the broad waveguide 4 directly to the
detector, and from it to t h e y -input of the plotter.) This
signal is proportional to a linear combination of small
changes of the r e a l and imaginary parts of the impedance U = a!AR +@AX. On the U(H) curve one can s e e the

A s seen from Fig. 5 , the resonance lines retain the
s a m e shape a l s o for resonances of high o r d e r with large
n and n'.
Besides the half -integer resonances, the background
signal contains also an additional structure. When the
magnetic field is rotated the position of this structure
933
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FIG. 6. Variation of the power of a wave of frequency 18.6
GHz passing through the resonator in the linear regime, as a

function of the magnetic field (arbitrary units).
Gantmakheret a/.
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FIG. 7. Plot of P&(H) for the sample with n Ic3and HIIc~.
The values of H, are indicated on the right of the curves. The
upper and lower rows of indices pertain to resonances from
the ellipsotds /3 and y respectively.
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FIG. 9. Dependence of the radiated power Pz, on the power

cyclotron resonances clearly, and there is no additional
structure whatever.
The indicated features of the shapes of the resonances
a r e preserved also a t H IIC, (the two lower curves of
Fig. 7), although the picture here is more complicated
because of the difference between the cyclotron masses
of the ellipsoids fl and y . There i s also a minimum X
near the integer resonance ns= 1.
F o r the sample with the other direction of the normal,

n IIC,, the shape of the P,,(H) curve near half -integer
resonances was exactly the same as in Figs. 4, 7, and
8.

Usually the wave amplitude A,, at the doubled frequency is proportional to the square of the field a t the
fundamental frequent y697

This implies that the perturbation theory can be used to
describe the frequency conversion. All the results
discussed s o far pertain to the interval of amplitudes
A, in which (5) is valid. It was easy, however, to go
outside the region (5) in the described experiments. In
this case the deviation from the square law s e t s in a t
much smaller amplitudes in the field of an integer resonance than outside the field (see Fig. 9). In addition,
the larger the index of the resonance, i.e., the weaker

P, incident on the sample in different magnetic fields, n(~,,
H 1 1 ~ ~ The
. numbers at the curves indicate a ratio H I / H where
Hi ~31.5Oe i s the field of the integer resonance n = l .

its fields, the sooner the deviation s e t s in. Saturation
of the regonant signai is accompanied by broadening of
the resonance line.
The result of saturation of the resonant signal is inversion of the cyclotron resonance lines (see Figs. 7
and 8). The inversion s e t s in sooner the weaker the
field in which the resonance is located. It is typical
that even after the inversion has occurred, pronounced
resonance lines a r e preserved, although they a r e broadened and shifted towards weaker fields. This is seen
particularly clearly on the upper curve of Fig. 7.
We note in this connection that the experimental curve
given in Ref. 1 corresponds to intermediate amplitudes
H,, when some of the resonances have already been
inverted.
DISCUSSION

The appearance of a signal a t the doubled frequency
can be described in the following manner. Owing to the
nonlinear properties of the medium, a component
j:O,'(z) a t the doubled frequency 2 0 appears in the current induced by the incident large-amplitude wave.
This component plays the role of an extraneous current,
i.e., of an external source that excites in the metal
the electromagnetic field at double the frequency. The
value of this field, a s well as the value of the total
current jz,(z) flowing in the metal, depends on the line a r conductivity oz, at the doubled frequency:
jlo(z, H ) =j::'

.,+
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FIG. 8. Inversion of resonance lines with increasing Hu. The
values of H, are marked on the right of the curves. The
sensitivities differ for the different curves; n I(C3,H ( 1 ~ ~ .
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(z, H ) +&.(H)

Ez,,

(6)

where the linear conductivity I?,,, generally speaking,
can be also nonlocal. Since the amplitude of the wave
radiated into the vacuum is determined by the field E z w ,
it is seen from (6) that the cause of the nonmonotonic
P2,(H) dependence observed in the experiment can be
jiO,' a s well a s d,,.
F o r a rigorous calculation of jio,'(z) it is necessary to
solve the kinetic equation, in analogy with the procedure used in Refs. 3 and 4. We confine ourselves here
Gantmakher et aL
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to qualitative but intuitive arguments based on the ineffectiveness concept: with account taken of one of the
possible nonlinearity mechanisms, namely, the influence of the magnetic field of the wave on the parame t e r s of the electron trajectories in an external magnetic field. It is known that a t low frequencies this infiuence leads to a number of nonlinear effects.' In contrast to Ref. 9, we shalI take into account the influence
of the field of the wave not on the dimension of the o r bit but on the period of revolution in it.

"

In analogy with Ref. 10, we express the current j induced in the metal in t e r m s of the number N,,, of the
effective electrons and of their effective range I,,,:
j=Eo.lf-Eap

-=Eoo0e'*'No 1
1
N-11 LI,

ei*t~,

(7)

P-0

where E = ~ , e ' " ' i s the electric field of the external
wave, oo=~,e21/p, is the static conductivity, I is the
mean free path, and the quantities t , take into account
the change of the phase of the wave in the pth return to
the skin layer and the probability v of scattering in the
volume, v << w .

where T , is the change, due to the wave field H, which
we assume directed parallel to the external field H,
in the time of flight through the skin layer:
t,"=a cos lo(mT+t)1,

a=T(6/R)"(H./H)

(8)

(numerical factors of the o r d e r of unity have been left
out of a).
Let the wave amplitude H, be not too large, s o that
the inequality
poatl

(9)

holds. Since the t e r m s of importance in (7) a r e those
withp s a / v , and this relation determines the relative
width AH/H = v / a of the resonance line, the inequality
(9) reduces to

The inequality (9) allows us to expand

in (7) in a s e r i e s and confine ourselves to the term
linear in a. Summing (7) and separating from it the
term proportional to exp(i2wt), we obtain

Thus, the extraneous current (11) contains resonant
factors in the denominator for both integer ( I ) and halfinteger (2) resonances, but the singularities in the integer resonances a r e stronger, since for these resonances both quantities in the parentheses in the denominator reach the minimum value v/S2 simultaneously.
As for the conductivity e2,(H), we can formulate the
following statement. A resonant conductivity increase
of any origin (cyclotron resonance, paramagnetic resonance, etc.) decreases the radiation P2, from the metal
935
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because of the additional energy dissipation a t the frequency 2w in the resonating system. In particular, such
a resonating system can be those very electrons that
generate the current (11). For these electrons the
linear conductivity 02,, according to Ref. 10, is given
by

If we now solve, in the ineffectiveness-concept approximation, Maxwell's equations with ji0,' in the form
(11)and 02, in the form (12), we find that in the resonances in Eq. (6) we have j2,m0 and the field is

This means that in integer resonances one should obs e r v e an increase of the generation by Q/v times, while
in the half-integer resonances the singularities in ji6,'
and a2, cancel each other. Generation bursts a r e indeed
observed in experiment in integer resonances, but not
in half-integer ones, thus confirming that the singularities of j:) a r e stronger in integer than in half-integer
resonances.
In fact, both the current ji0,' and the conductivity 02,
contain, besides the resonant t e r m s (11) and (l2), also
nonresonant terms. In the linear theory it is assumed,
e.g., that the large nonresonant contribution to the conductivity is due to glancing electrons and that it is
precisely this contribution which is responsible for the
small amplitude of the cyclotron resonance in the s u r face impedance. Glancing electrons contribute, of
course, also to the current jiO,' but this contribution can
depend only monotonically on the magnetic field. The
nonmonotonic structure of the signal in the intervals
between the resonances is therefore evidence that the
role of the bulk electrons in the formation of the extraneous current is not restricted to the term (11) but
contains also another term. It is possible that this
second nonlinearity mechanism is due to excitation of
cyclotron waves in a metal."

Obviously, a t the integer-resonance (1) points the
principal role in j:) is played by the resonant term (11).
If we compare jiO,' in two integer resonances, we obtain
from (11) j:O,'m~:'~. In experiment, the amplitudes of
the first two resonances satisfy well the relation P2,
aH,. This can be regarded as an indication that the
resonant term in a2, i s inessential in the region of integer resonances just as in the linear theory.
F a r from the integer -resonance points, and in partic ular near the half-integer resonances, the t e r m s in the
current j:) may turn out to be of the same order.
Since the resonant term varies strongly in the region
of the half-integer resonance not only in amplitude but
also in phase, the total current j:O,' in fields (2) can,
depending on the phase of the nonresonant term, have not
not only a maximum but also a minimum a s well a s an
intermediate value. In addition, in view of the presence
of the nonresonant term in 02,, the left-hand side of (6)
cannot be regarded a s equal to zero even a t the instant
of resonance, and relation (13) is therefore not satisfied. These two circumstances make it impossible to
construct a simple qualitative picture for half-integer
Gantmakher eta/.
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resonances (2).
We proceed now to inversion of the resonances. The
statement that n e a r integer resonances only the resonant t e r m (11) i s of importance in the extraneous c u r rent jjO,' is apparently valid only a t relatively s m a l l H,.
A s s e e n f r o m Fig. 9, the signal P2,(H) in a resonant
field saturates relatively rapidly, probably because the
inequality (10) is violated. Therefore the minimum of
the resonance can be the consequence of interference
between the resonant and nonresonant t e r m s in the
current jI0,'. One cannot exclude, however, a l s o anothe r possibility, namely, that the resonant t e r m (12) in
the conductivity oz,, which has relatively little effect
on the impedance, manifests itself in the nonlinear eff e c t s much more strongly because of the aforementioned
outflow of energy a t the frequency 2 0 to the resonant
system.
T h e preceding reasoning allows us to construct a
qualitative picture that explains the main experimental
facts. It appears, however, that it cannot explain the
additional s t r u c t u r e on the curve, such as, e .g., the
broad maximum on the left of the half-integer r e s o nance point. It must be assumed that many details of
this structure will find explanation in a m o r e rigorous
theory. At the s a m e time, the experimental study of
this s t r u c t u r e can likewise not be regarded as completed. It is probable that a study of samples with other
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orientations will yield additional information concerning this structure. In particular, we a r e planning to
verify whether the minimum X on Figs. 4 and 7 is a
manifestation of a resonance of the electrons from the
vicinity of the limiting point.
The authors thank A. P. Kopasov and V. T. Dolgopolov
for a discussion of the results.
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