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The theoretical fundamentals for describing the behavior of noninteracting electrons in one-
dimensional systems arc presented: the transport characteristics of an ideal wire connecling two
thermostats: a description of clastic scattering by a chaotic sequence of barriers using

Landauer’s formula; gigantic chaotic oscillations of the resistance: localization; and, the influence

&

ol correlations in a random potential on the localization. © 2005 American Institute of

Physics. [DOI: 10.1063/1.1884437]

The purpose of the present brief review is to present the
theoretical fundamentals for describing one-dimensional sys-
tems ol noninteracting electrons and illustrating their behav-
ior on the basis of known experiments. The number of one-
dimensional objects which are available to experimentalists
has increased substantially in the last few years. Examples
arc organic meltals,’ semiconductor nanowires,” carbon
nanotubes.” and even real. short chains of metal atoms.* This
has drawn more people into working with such objects and
has made it necessary to provide them with a quite rigorous
introduction to this problem.

The criterion for one-dimensionality is associated with
the structure of the electron spectrum of free electrons with

wave functions exp(ik-r) and the appropriate geometry of

the region of their existence
e=h2ki2m+e (i), i=12... (1

Here &y is the wave number in the direction in which the
clectron motion is unbounded; & is the size-quantized part
of the encrgy associated with motion in bounded directions: i
cnumerates the size-quantized subbands, A system is one-
dimensional (172) if all clectrons [it into the bottom subband.
For a degencrate electronic system the criterion is

er<Ay. A=g, (i=2)—e. (i=1). (2)

If several size-quantized subbands lic below the Fermi level,
then the system is quasi-one-dimensional.

Generally speaking, interelectronic interactions have a
large effect on the behavior of electrons in 1D systems. Con-
cepts such as the Luttinger liquid and a wave of charge or
spin density arose precisely from studying 1D systems. Tak-
ing account of interactions greatly complicates the analysis
of the experimental data and often makes the analysis am-
biguous. Conscquently. itis helpful to have as a starting basis
a clear picture of the behavior of noninteracting electrons in
1D systems. This picture is presented in the present review.
First, it is postulated that the wave function of an clectron is
a planc wave exp(ik-r) and interference processes in the
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wave ficld formed as a result of the propagation and scatter-
ing of this wave in a one-dimensional potential are exam-
ined.

According to the Peierls theorem a 1D system with an
ideal periodic potential is unstable with respect to the appear-
ance of a new period and a wave of charge density.” and
arbitrarily weak disorder in a one-dimensional medium re-
sults in localization.® Nonetheless, conduction in a 1D Sys-
tem of noninteracting electrons is possible because of tem-
perature, the finite length of the 1D system. and correlations
in a random potential.

1. IDEAL WIRE

We consider first an ideal wire with no scattering. even
clastic scattering. Let an ideal wire of length A conncet two
reservoirs to which a potential difference V is applied. Then
any clectron entering the wire on one side leaves the wire on
the other side with probability one. In addition, let the diam-
eter of the wire be so small that the spectrum (1) of the wire
below the Fermi level e contains a linite number »=2N_ of
size-quantized subbands (they are also called channels: in the
abscnce of a magnetic ficld, for every /<< N, therc exist two
channels with different spin directions):

e (1<ep for i=1,2,...,N,. (3)

If Ny= 1. then the 1D system is said 1o be a single-channel
system (taking the spin of the system into account it could
also be called a two-channel system), and for N, > it is
called a multichannel system. Since the wire is ideal. the
channels inside the wire are independent of one another and
do not exchange electrons. The clectron density »; in channel
i, the longitudinal velocity of the electrons v, and the den-
sity of states g; at the Fermi level are related by the relations

1,»,=fz""’(r?;:/(?/()&.:sl. g,:(f?n,v/:')e)gji,’:1/277fiv,.
N,

gi=ep—e (D), 22 n,=u. (4)
i=1

The presence of a potential difference V between the reser-
voirs means that because of the difference in the electron
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density dn,=g,eV there is a difference between the electron
fluxes entering the channel ¢ from the right- and left-hand
sides. In the expression for the current the concrete param-
eters of the channel appearing in the relations (4) cancel. so
that the current J; in the channel is independent of the index
i and cquals

Ji=evdn=(’RTh)V. (5)

The conductance v =J/V and the resistance p = 1/vy of

such a wire are determined by the total current J=2J; and
equal

----- (e Ratyv. pg=2ahle?) (). (6)

Vid™

The index here underscores the fact that Eq. (6) refers to an
deal wire.

The result (6} is remarkable in several respects. In the
tirst place it has been found that in a 1D system, even a
multichannel system, dissipation occurs even in the absence
of scattering. In the second place, however surprisingly, the
resistivity pig ol the wire is independent of its fength and is
determined only by the quantization of the electronic spec-
trum. Both of these circumstances are a manifestation of the
principle of nonlocality. The electrons acquire energy in lo-
cations where a field is present. L.e. in or at the edges of the
wire. and give up energy when they are thermalized in a
reservoir, e, far from the wire.

It is no accident that we do not specily more accurately
where the electric field is concentrated. The arguments which
have Ted 10 Eq.
the electric field along the wire. Additional considerations
are required to determine this distribution. Ordinarily, it is
found that the field is distributed nonuniformly along a chan-
nel and concentrated predominantly ncar its ends. In this
respect an interesting example are edge channels which are
formed along the edge of a sample between the contacts in
the presence of a quantum Hall effect. Tn a strong magnetic
ticld perpendicular to the plane of a two-dimensional elec-
tron gas all electrons colliding with and reflected from the
surface necessarily collide with the surface again in the next
turn ot their cyclotron motion. The direction of their dis-
placement along the surface in the time between two colli-
sions with the surface is determined by the sign of the vector
product of the ficld and the normal to the region of the two-
dimensional gas and is independent of the angle of incidence
and the angle of reflection of the electron. The current along
the surface is described using the concept of a one-
dimensional channel, which is ideal because of the absence
of backscattering. The tangential electric field along the edge
of a sample, i.c.. along a 1D channel, is everywhere zero in
the presence of a quantum effect of the field, and the entire
voltage drop is concentrated at the boundary with one of the
contacts.’

It would appear that the assertion that the resistance of a
wire is independent of its length contradicts a simple argu-
ment. Imagine an ideal wire 1o be divided into two parts
which are connected in series. If the resistance is p;y in cach
part. then the total resistance should be 2p,y. But it is not
enough to simply divide the wire into two parts. In order for
both parts to be independent resistances an  additional
reservoir-thermostat must be inserted between them, and this

{6) do not predetermine the distribution of
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reservoir-thermostat would make the electronic waves pass-
ing through it incoherent. If the temperature of the wire is
different from absolute zero, T#0, so that there exists a fi-
nite length L <<= over which an inelastic collision and
phase interference of the electronic wave occur, then such
thermostats appear automatically at distances L, from one
another.

Thus there is an upper bound on the length of an ideal
wire, A<<L,. The lower bound is actually the diameter of
the wire. This is evident from an analysis of a Sharvin
contact,® where an insulating flat diaphragm with an opening
with area S divides two three-dimensional metal half-spaces.
one of which is an “ideal” crystal in the sense that the mean-
free path length there is 1> JS. The resistence of such a
contact is
(hmS
l (7)

PRA F

e 2 2,2
where i, m, kp=(3 )" and ep=Hh-ky/2m are the con-

centration, mass. Fermi momentumn, and Fermi energy, re-
spectively, of the electron gas in an ideal half-space, and the
~sign appearing instead of an = sign significs that numeri-
cal coelficients are dropped in the expression. It is casy to
verify that the expression (7) is identical in structure to the
expression (6) for piy, and the numerator in the fraction in
parentheses in Eq. (7) is the characteristic splitting &, be-
tween the size-quantized subbands. It is easy to verify for a
square opening that this distance is indeed proportional to
Gl

Since an experimental channel can be very short, Eq. (6)
can be checked experimentally. Figure 1 shows the results of
measurements of the conductivity of a narrow channel under
4 split gap connecting two regions of a 20 electron gas in a
GaAs~Al Ga, - As heterostructure ? As the blocking voltage
V, on the gate increases, the depleted region expands sone-
what because it extends slightly beyond the edge of the gate.
As one can see in the inset in Fig. 1, the conducting channel
narrows, which means that the number of channels N, de-
creases. The short length of the channel makes it possible to
obtain a ballistic regime. i.c. a no-scattering regime, in it. In
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FIG. . Conductance y of a ballistic contact between 2D regions of a
GaAs-Al,Ga;_,As hclelo%tluuum as a function of the gate voltage regulat-
ing the width of the contact.” Inset: layout of the measuring cell.
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the structure shown in Fig. 1 the electron density is 3.56
X 10" em™?2, the mean-free path length at 0.6 K is about 8.5

pm. and the characteristic dimensions of the channel arc of

the order of 0.25 um.

It is evident in the inset in Fig. | that the measurement is
performed by a two-contact scheme, so that the measured
resistance R ., contains the resistance R, of the contacts
and the resistance of the adjoining wide sections of the 212
layer. The conductance. which is of interest to us, is ¥
=p ' =(Reas— Reon) . The resistance R, was assumed
to be 4.35 k€), so that it corresponds approximately to the
results of independent measurements. After this quantity is
subtracted the function ¥(V,) becomes a scquence of steps
of the same height

Avg=(e*R2mh)Av=e*/mh, (8)

in complete agreement with Eq. (6).

2. ELASTIC SCATTERERS

We now assumec the wire to be nonideal and, for simplic-
ity. a onc-channel system. Let elastic scatterers be present in
the hatched scction of the wire (Fig. 2). There is no need to
specify their relative arrangement more accurately——we shall
consider the entire hatched region to be a single scattering
object. In quantum mechanics, it is characterized in the one-
dimensional case by complex reflection r and transmission ¢
coefficients, which couple the amplitudes of the reflected and
transmitted waves with the amplitude of the incident wave.
Electronic fluxes ji,/e and j/ /e are incident from the left
and right on the batched region. Each electron is reflected
with probability R=|r|* and is transmitted with probability
T=1|".

R:j/ /./.in:j;"/ji,n * T:‘/'l/jin:.jl’/ji’n * (())
R+T=1.

If the voltage drop on the hatched region is zero, then the

total electron flux n the wire is also zero. In the presence of

a potential difference 6V, a density difference on=ge oV
appears at the boundaries of the region. In one-dimensional
systems all clectrons move along the wire and therefore be-
long to one of the fluxes appearing in Egs. (9). This makes it
possible to relate i with the electron densities in the fluxes
and cxpress SV in terms of the current:

SV = S . Jint e +./‘r, ./.i,n+j/,~ +J; . 27—\)’(’./1'1']“,/'1'21)

SV = —— = - = :

2 > 2
ge e~ gu e gu e‘gu

{10)

Here ¢ and v are the density of states and the modulus of the
velocity of the clectrons at the Fermi level. Since the total
current J is
. . o7
A.//:T(/in__./inh (1
the ratio J/ 8V makes it possible to represent the conductance
Vimp=J/ 8V and the resistance pimp:.\';n'p of the hatched re-
gion in the form
e? T e* T
\“ = _— =
S 2aqh RO 2wk 1 -T

J:ji11~./:*ﬂ.j; :jj,n_./;
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FIG. 2. One-dimensional conductor connecting two reservoirs and consist-
ing of two ideal sections along the edges and the scattering section AB at the
center.

27h R 2ah R

Ping= o = = e ——. (12)
imp PP T o2 | —R

The idea of representing elastic scattering centers as po-
tential barriers in the path of propagating waves and express-
ing the transport characteristics of the system in terms of the
reflection and transmission cocfficients of the wave for these
barriers was first advanced by Landauer." Conscquently. the
corresponding tormulas, specifically, the expression for the
conductance (12). are named after Landauer. In principle
Landauer’s technique is applicable to systems of any dimen-
sion. but it is especially convenient and often used for 1D
systems.,

Landauer’s formula in the form (12) was derived under
the assumption that the potential difference is applied di-
rectly to the scattering region between the points A and B in
Fig. 2. This is why the conductance (12} with weak scatter-
ing, 7~ 1. R<¢1, can be greater than the conductance (6) of
a system with no scatterers. If the potential difference in the
system in Fig. 2 is applied to the reservoirs, then the resis-
tances of the ideal wire and the scatiering region are con-
nected in scrics and the conductance of the entire system is

R O 2ah | R
L B + .\‘impE piat Pimp™ 5 ‘ I+ 7’ .
e ;

v ——T, (13)

Now, the conductance y—y;y as 7— 1, as should be. The
expression (13) for y can also be obtained directly by apply-
ing a potential difference to the reservoirs, writing the elec-
tron flux from one reservoir into another. and taking account
of single scattering (compare with the derivation of Eq. (6)).
This means that adding the resistances in accordance with
Ohm’s law in the arguments for Eq. (13) was justificd. How-

FIG. 3. Scattering section in a 1 D conductor consisting of two barriers. The
complex amplitudes A..... D of the waves arriving at and leaving
both barriers are normalized to the initial arriving wave. indicated by the
number |.



334 Low Temp. Phys. 31 (3-4), March-April 2005

ever, this is by no means always the case for one-
dimensional systems because the incident and reflected
waves interfere with one another.

We shall now consider two successive barriers in a
single-channel one-dimensional conductor (Fig. 3) and we
shall express in terms of the parameters 7y, Ry, 15, and R,
of the initial barriers the parameters 7 and R= 1~ T of the
compound scaltering object tormed. If a wave with ampli-
tude | is incident on the barrier from the left, then the sta-
tionary wave ficld formed will contain four additional waves:
the reflected wave A, the transmitted wave D, and two op-
positely propagating waves B and C between the barriers
(Ao D are the complex amplitudes of the waves). Ex-
pressing the amplitudes of the waves moving to the right and
left of cach of the barriers in terms of the amplitudes of the
incident waves, we obtain four equations:

A=r+Cty, B=t1,+Cr,, Ce '¢=Bcr,,

D=Be%t,. (14)

Here the fact that the reflection coefficient of the barrier is
independent of the side from which the wave is incident is
taken into account, ry=r;: the factors exp(*ig) take ac-
count of the phase shift of the wave over the distance from
one barrier to the other. From Egs. (14) follows

t?i"cflfz
D=———7—,
F—¢'r s

, 1T
T=|DJ*= et "
1+ Ry Ry—2VR, RAcos ¢

where =2 ¢+ arg(r ry). The conductance Y, of the a com-
pound ““two-barrier” scatterer, marked in Fig. 3 by the dotted
line, s

e T e 7,7,

il ——— . (16)
2ah 1 =T 2mh R,["+' le”z \,’W}'\’,IIRZ cos

}'3:

Il a compound “double-barrier”™ scatterer consists of two

identical barriers, ri=r=r'. 1,=t,=1', Ry=R,=R".
and so on, then
¥ ¢? (T")?
> 2h 4R'sin? 012
012=g@+arg(r'y=kl+arg(+'), (17)

where k is the wave number and { is the distance between the
barriers.

The conductance (16) depends not only on the param-
eters of the two initial barriers. Through the angle # it also
depends on the distance between the barriers. Ultimately. we
are interested in a 1D conductor with a large number of
randomly positioned barriers. Therefore we can average over
all possible distances between them, making the assumption
that the angle ¢ assumes any value from 0 to 27 with equal
probability. Such averaging is not eatirely correct, but it
makes it possible to follow the trends arising as the length of
the chain of one-dimensional barriers increases (see Ref. 11
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FIG. 4 Conductance y of a long quasi-one-dimensional channel in a field-
effect transistor, fabricated on the surface of n-Si, in the accumulating layer
regime as a function of the gate voltage V, . The width of the channel can
vary from 0 up to the maximum value ~ | zm, set by the construction (see
the scheme shown in the inset), using voltages on the control electrodes p™*
and on the gate.

s I . . -
and also the original work'? for a more detailed discussion).
The average conductance Y, of a system ol two barriers
follows from the average value cos #=0:

T'L et (1=R)(I-Ry)
27h R+ R, 2mh R+ R,

2
— e”

=

(18)

For comparison we shall give the classical expression for
a sum of two successive resistances p; =y, ' and p,=y; ":
S(el) S TN R -
)f':(»\'l +.\’2 ) ]=(/)|+p2) !

4

= ()— [ ‘RI + ‘Rz \VI
IR, TSR,

_ et (1=RNI-R,)
2wl Ry +Ry-2R R,y

(19)

In Eq. (19) there is an extra, compared with Eq. (18), term in
the denominator, proportional to the product of the transmis-
sion coefficients R R, for two barriers.

3. GIGANTIC OSCILLATIONS OF THE RESISTANCE

We shall discuss one other feature of transport in 1D
systems. Figure 4 shows the transport characteristics of a
quasi-one-dimensional system fabricated on the basis of an
accumulating layer in a ficld-effect transistor on a »-Si
surface.” At low temperatures a noise-like component with
very large amplitude appears in the dependence of the con-
ductance y on the gate voltage V,. This is not real noise.
The signal does not depend on the time, and if the sample 1s
not heated to room temperature, then in a repeated experi-
ment the curve y(V,) will be reproduced right down to the
smallest details. Tt is cvident that at low temperatures and
gate voltages V,, allowing for a narrow channel and low car-
rier concentration, the conductance undergoes as a function
of V,, chaotic narrow oscillations whose total range increases
with decreasing temperature. For a different sample, and
even for the same sample, with repeated cooling from room
temperature the detailed structure of the oscillations is differ-
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ent with the same overall paltern of evolution of oscillations
with a change in the temperature and voltage V.

The fundamental reason for the chaotic oscillations is
one-dimensionality. All defects in a wire are connected in
series. and the current lines cannot circumvent any of them.
Conscquently. switching off one strongly scattering defect
can strongly influence the total resistance. The question is
how a change in 'V, that changes the concentration and Fermi
energy & of the carriers can switch on, switch off, or change
the cffectiveness of individual defects.

Let us return to the expression (17) for the conductance
¥ of a symmetric ““double-barrier™ scatterer. In the discus-
sion above we averaged the expression (16) over cos § on the
hasis that there s a spread in the values of the distances /;
between the barriers. But the angle ¢=4/; appcaring in 8
depends not only on /; but also on the wave number k. i.e.,
on the energy &, of the scattering electron. For one specific
scattering pair ol barriers with a fixed vatue of ; it follows
from Eq. (17) that R, assumes values {rom 0 to 4p.

0=R=4dp, (20)

depending on the energy of the incident electron. Here i
should be recalled that the transport propertics of a 1D sys-
tem are determined precisely by the clectrons from a neigh-
borhood of &, because the opposite clectron fluxes with
lower energies compensate one another. We mentioned above
that there are problems with averaging the expression for the
resistance {16). They are duc precisely to the wide range (20)
of vamation of K.

The space between two barriers is a potential well. In
this well. generally speaking, there is a collection of levels g,
whose widths are due to the transmittances ¢, and 7, of the
barriers. As the electron energy & shills relative to the sys-
tem of levels in this well the tunneling probability oscillates.
reaching a maximum at resonance ep=¢,. Conscquently,
the gigantic chaotic oscillations of the resistance can be de-
scribed theoretically precisely in terms of resonance
tunneling."

The model of localized states in 1) systems employs
the idea of electronic levels inside composite scatterers. At
sufficiently low temperatures reflections [rom distant barriers

|<N<L,/I 21

remain coherent. Consequently. according to the relation (25)
presented below, these reflections for sufficiently large L,
compensate the  barrier transmittances of f, and 7, and
make the state between them localized. Hopping conductiv-
ity should be expected under these conditions. Indeed. Fig. 5
displays measurements of the temperature dependence of the
conductance which were performed at several minima of the
curve presented in Fig. 4. Tt is evident that for measurements
on the feft-hand side of the plotin Fig. 4. for lower values of
V., when the conductance is small, the oscillations are large
and there is every reason (o regard the channel to be one-
dimensional. the points follow well the functional depen-
dence

v=vgexp = (T /T (22)
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FIG. 5. Temperature dependences at the minima of the conductance of a
channel of a field-effect transistor for three different valucs of the gate
voltage V, M

in complete agreement with Mot’s formula for the tempera-
ture dependence of hopping conductivity with variable hop-
ping distance:

A Uid 1)

0= Py cxp(l,;w— , Twﬁﬁ(gﬂf‘[)‘l. (23)
where d is the dimension ol the space and € 1s the decay
length of localized states.

For large values of V, the channel expands and gradu-
ally converts into a two-dimensional channel. The conduc-
tance increases. and the amplitude of the chaotic oscillations
decreases.  The  experimental  points  of  the  function
log y(T ~""%) obtained with gate voltage V,=6.3 V deviate in
Fig. 5 from a straight line. but lhéy rectify in the
(log v. T~ ') plane, once again in complete agreement with
Hg. (23).

4. LOCALIZATION

Let us consider a long chain of identical, weakly scatter-
ing barriers, R "< | and 7' ~1, located at random distances
{; from one another and each having a small resistance p'
=2 mhle’ R ’/’T’)vaﬂi/e2 (the average distance be-
tween the barriers /=1, is the clastic mean-free path length).
We shall calculate the resistance Ry=Y, '=(2mhi/e?)
X(Ry!Ty) of a compound scattering object consisting of N
barricrs using a recurrence relation following from Eq. (18):

72,;\; . RN - + R'
v Tu T

As long as the number of barriers N is small. so that Np'
<27hle’. the resistance Ry increases lincarly: Ry=~Np
%N, The reflection probability Ry also increases almost lin-
carly. But R cannot exceed 1. Conscquently, at some value
of N we can set Ry=Ry.=~1 in Eq. (24), whence it im-
mediately follows that

24

Tv=Ty T Ty—s(T =50 as N,
(s=const. a=InT'<0). (25)
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The exponential decrease of the transmitted-wave intensity
7T, with increasing N is a demonstration of 1D localization
for a specific example.

5. ROLE OF CORRELATIONS IN A RANDOM POTENTIAL

The general assertion of Ref. 16 that 1D localization
oceurs in a random potential and the illustration (25) of this
assertion for a spectfic model assumed that there are no cor-
relations. However, localization may not occur if the chaotic
one-dimensional potential is not completely random but con-
tains correlators. To show this we return to Eq. (17) for the
conductance Y, of the symmetric “*double-barrier” scatterer
shown in Fig. 3. 1t follows form this formula that there exists
a wave number ky= —arg(r"¥/! for which the barrier is com-
pletely transparent to the incident wave and there is no re-
flected wave R5=0. If in our model (24)—(25) the isolated
barriers are replaced with double barriers (17), then an elec-
tron with energy FI():flzk(:;/zm will be delocalized.

This idea was elaborated in the so-called dimer modet."
This model uses not one-dimensional barriers but rather a
one-dimensional chain of periodically arranged potential
wells. The chain consists of two types of wells with energy
levels £, and E,. The wells are distributed along the odd
lattice sites completely randomly. without any correlations,
and cach even site contains a well of the same type as the
odd site o the left of it. This means that identical wells occur
in pairs, whence the name of the model (Fig. 6a). If the
distance between the wells 1s «. then the lattice obtained can
be represented as a sum of two random but identical sublat-
tices, shifted by ¢ with respect to one another, both with
period 2« and an entirely random distribution of wells over
the sites.

We shall assume that pairs with energy E, belong to the
main lattice and pairs with energy F, are defects. As we have
already seen, in this model localized states can exist for cer-
tain specilied values of the energy. Now, it is necessary to
formulate the condition under which electrons with this en-
ergy can propagate in the main lattice.

Consider one dimer detect consisting of two wells with
energy E, in an ideal lattice consisting of £, wells (Fig. 6b).
Let the overlap integral between neighboring wells be J.
Then bands with a quasicontinuous distribution of levels &
.~ 2J coska are formed to the right and left of a defect.

E,—E,)|<2J. (26)

il

Uy

FIG. 6. Dimer model of a one-dimensional random potential. The changes
occurring in the positions of the levels as a result of the overlapping of the
wells are not shown (a). The electron levels in a one-dimensional lattice
with one dimer defect (b).

V. F. Garstmakher

then the unperturbed energy level £, of a defect falls within
the band and a distinguished value k=kqy. cosky=—2J/(E,
—E}), for which the reflection probability of a defect R=0,
appears in the band.

In the dimer model correlations exist only between near-
est neighbors. For such correlations delocalized states arise
only for discrete values of the energy. To obtain a band of
delocalized states distant correlations must be used, retaining
in so doing an element of randomness. An algorithm for
constructing such a potential was proposed in Refs. 16 and
17. Here we present only a specific example of such an al-
gorithm, constructed to perform an experimental check by
means of microwave simulation.

Microwave simulation of localization processes is pos-
sible because the time-dependent Schrodinger equation

A Y h’
i ——=——AV+ UV (27
ar 2m
and the classical wave equation

1 W
oo

=AW —UW (28)

(¢ is the speed of light) have much in common.® The substi-
tution W= ¢ "y reduces both equations 1o

(A= UA+kHW=0 (29)
the only difference being that for the Schrodinger equation

w=(hi2m)k", (30)
and tor the wave equation

w=ck. (3

As an example of microwave simulation we present the
experiment of Ref. 19 where the transmission coflicient of a
long waveguide was measured as a function of {requency for
an clectromagnetic wave in the microwave range. The wave-
guide scheme is shown in Fig. 7. The working frequency
range was chosen to lie inside the frequency range where the
waveguide is in a single-mode regime: 7.5 GHz=c¢/24a
<wlm<cla=15 GHz, where a is the large dimension of
the transverse cross section of the waveguide.

To simulate the random potential N= 100 scalterering
pins are inserted at equal distances along the waveguide.
Using micrometric screws the pins can be inserted to dilfer-
ent depths u,, where T==n=N. The depth is set using the
formula

100 micrometric screws

FIG. 7. Schematic diagram of a single-mode waveguide with 100 scatterers,
in which the transmission coefficient ¢ for an electromagnetic wave was
measured as a function of the frequency.'” All dimensions are given in mm.
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FIG. 8. Transmission coefficient + of a wave in a one-dimensional channel
in the presence of periodically arranged random scatterers which are corre-
lated by means of a specially chosen correlation function.” Solid line—
numerical experiment with N= 10* scatterers; dashed line—microwave ex-
periment with N=100 scatterers, averaged over five different realizations.
The correlation function is the same.

x
_ .2
u,= i, Z ﬁmzrﬂ-m ’

m=—x

2 (w2
Bu=— f) Ve(u)cos(2mu)dpu. (32)
{

Here Z,, ., are random numbers from — 1 1o + 1. They in-
troduce an clement of randomness into the potential. The
correlations between all i, are provided by the factors 8,
determined in terms of the function ¢fw). The latter function
is chosen using a special mathematical algorithm depending
on the type of transmission spectrum required for the one-

dimensional system. An cxample of the implementation of

such a program is shown in Fig. 8. This was used to choose
a function ¢(w) for which two transmission bands should
arise inside the working range. The solid line in the figure
shows the transmission coefficient, determined in a numeri-
cal experiment, of a waveguide with a one-dimensional se-
quence of N=10* scatterers chosen in accordance with Eq.
(32) using the prescribed function @(u). The dashed line
shows the result of a real microwave experiment with a se-
quence of N= {00 scatterers averaged over five different re-
alizations.
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6. CONCLUSIONS

These are the basic fundamentals of the behavior of non-
interacting clectrons in one-dimensional systems with a ran-
dom potential. They should be kept in mind when discussing
any cxperiments in such systems. even if the interelectronic
interactions play the main role in the observed phenomena.
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